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TRANSLATORS’ PREFACE 


T he Theory of Relativity is at the moment the 
subject of two main lines of inquiry : there is 
an endeavour to express its principles in logical 
and concise form, and there is the struggle with ana- 
lytical difficulties which stand in the way of further 
progress. In the midst of such problems it is easy 
to forget the way in which the theory gradually grew 
under the stimulus of physical experiment, and thus 
to miss much of its meaning. It is this growth which 
the present collection of papers is designed chiefly 
to exhibit. In the earlier papers there are some 
things which the authors would no doubt now ex- 
press differently ; the later papers deal with problems 
which are not by any means yet fully solved. At 
the end we must confess that Relativity is still very 
much of a problem — and therefore worthy of our 
study. 

The authors of the papers are still actively at 
work on the subject— all save Minkowski. His paper 
on “ Space and Time ” is a measure of the loss which 
mathematical physics suffered by his untimely death. 

The translations have been made from the text, 
as published in a German collection, under the title 
“Des Relativitatsprinzip” (Teubner, 4th ed., 1922). 
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Th^ second paper by Lorentz is an exception to this. 
It is reprinted from the original English version in 
the Proceedings of the Amsterdam Academy. Some 
minor changes have been made, and the notation has 
been brought more nearly into conformity with that 
employed in the other papers. 


W. P. 
a B. j. 
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H. A. LORENTZ 
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wnd opUsehen Erscheimmgm in bewegten Korpem,” 
Leiden, 1895, §§ 89-92. 




MICHELSON’S INTBEFEEBNOB BXPEEIMBNT 
By H. a. LORBNTZ 

1- A S Maxwell first remarked and as follows from a 
/\ very simple calcnlation, the time required by a ray 

JL ^of light to travel from a point A to a point B and 
back to A must vary when the two points together undergo 
a displacement without carrying the ether with them. The 
difference is, certainly, a magnitude of second order ; but it 
is sufGiciently great to be detected by a sensitive interierence 
method. 

The experiment was carried out by Michelson in 1881.* 
His apparatus, a kind of interferometer, had two horizontal 
arms, P and Q, of equal length and at right angles one to 
the other. Of the two mutually interfering rays of light the 
one passed along the arm P and back, the other along the 
arm Q and back. The whole instrument, including the 
source of light and the arrangement for taking observations, 
could be revolved about a vertical axis; and those two 
positions come especially under consideration in which the 
arm P or the arm Q lay as nearly as possible in the direction 
of the Barth’s motion. On the basis of Fresnel’s theory it 
was anticipated that when the apparatus was revolved from 
one of these principal posiHom into the other there would 
be a displacement of the interference fringes. 

But of such a displacement — ^for the sake of brevity we 
will call it the Maxwell displacement — conditioned by the 
change in the times of propagation, no trace was discovered, 
and accordingly Michelson thought himself justified in con- 
cluding that while the Barth is moving, the ether does not 
remain at rest. The correctness of this inference was soon 
brought into question, for by an oversight Michelson had 

* Miohelson, Ametioan fonmal of Sdenoe, 32, 1881, p. 120. 
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tak^n the change in the phase difference, which was to be 
expected in accordance with the theory, at twice its proper 
value. If we make the necessary correction, we arrive at 
displacements no greater than might be masked by errors of 
observation. 

Subsequently Michelson* took up the investigation anew 
in collaboration with Morley, enhancing the delicacy of the 
experiment by causing each pencil to be reflected to and fro 
between a number of mirrors, thereby obtaining the same 
advantage as if the arms of the earlier apparatus had been 
considerably lengthened. The mirrors were mounted on a 
massive stone disc, floating on mercury, and therefore easily 
revolv^. Each pencil now had to travel a total distance of 
22 meters, and on Fresnel’s theory the displacement to be 
expected in passing from the one principal position to the 
other would be 0*4 of the distance between the interference 
fringes. Nevertheless the rotation produced displacements 
not exceeding 0 02 of this distance, and these might well be 
ascribed to errors of observation. 

Now, does this result entitle us to assume that the ether 
takes part in the motion of the Earth, and therefore that the 
theory of aberration given by Stokes is the correct one? 
The difficulties which this theory encounters in explaining 
aberration seem too great for me to share this opinion, and 
I would rather try to remove the contradiction between 
Fresnel’s theory and Miohelson’s result. An hypothesis 
which I brought forward some time ago,t and which, as I 
' subsequently learned, has also occurred to Fitzgerald, | enables 
us to do this. The next paragraph will set out this hypo- 
thesis. 

2. To simplify matters we will assume that we are work- 
ing with apparatus as employed in the first experiments, and 
that in>the one principal position the arm P lies exactly in 

* Mif^elflon aud Morley, Axnerioan JoamaJ of Soienoe, 84, 1887, p. 888 ; 
Phil. Mag., 24, 1887, p. 449. 

tLorentz, Zittingsverslagen der AkaA, v. Wet. te Amsterdam, 1892-98, 
p.74. 

t As Fitzgerald kindly tells me, he has for a long time dealt with his 
hypothesis in his leotores. The only published reference which I can find to 
the hypothesis is by Lodge, Aberration Problems,” Phil. Trans. B.6., 184 
A, 1898 
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the direction of the motion of the Earth. Let v be the 
velocity of this motion, L the length of either arm, and hence 
2L the path traversed by the rays of light According to the 
theory,* the turning of the apparatus through 90° causes the 
time in which the one pencil travels along F and back to be 
longer than the time which the other pencil takes to complete 
its journey by 

L«» 
c* • 

There would be this same difference if the translation had no 
influence and the arm P were longer than the arm Q by 
Similarly with the second principal position. 

Thus we see &at the phase differences expected by the 
theory might also arise if, when the apparatus is revolved, first 
the one arm and then the other arm were the longer. It 
follows that the phase differences can be compensated by 
contrary changes of the dimensiona 

If we assume the arm which lies in the direction of the 
Earth’s motion to be shorter than the other by 
at the same time, that the translation has the influence which 
Fresnel’s theory allows it, then the result of the Michelson 
experiment is explained completely. 

Thus one would have to imagine that the motion of a 
solid body (snch as a brass rod or the stone disc employed in 
the later experiments) through the resting ether exerts upon 
the dimensions of that body an influence which varies accord- 
ing to the orientation of the body with respect to the direction 
of motion. If, for example, the dimensions parallel to this 
direction were changed in the proportion of 1 to 1 + d, and 
those perpendicular in the proportion of 1 to 1 + e, then we 
should have the equation 

e - 5 = . .. . . (1) 

in which the value of one of the quantities 8 and e would 
remain undetermined. It might be that c =• 0, S *» - 
but also e — ivyc\ 8 *« 0, or e <» 8 = - 

3. Surprising as this hypothesis may appear at first sight, 

* Ot Lorentz. Aroh. Nierl.. 2. ifiST. m. les-iTfl. 
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yet we shall have to admit that it is hy no means fax-fetched, 
as soon as we assume that molecular forces are also trans- 
mitted through the ether, like the electric and magnetic forces 
of which we are able at the present time to make this as- 
sertion definitely. If they are so transmitted, the translation 
will very probably affect the action between two molecules or 
atoms in a manner resembling the attraction or repulsion be- 
tween charged particles. Now, Since the form and dimensions 
of a solid body are ultimately conditioned by the intensity of 
molecular actions, there cannot fail to be a change of di- 
mensions as well 

From the theoretical side, therefore, there would be no 
objection to the hypothesia As regards its experimental 
proof, we must first of all note that the lengthenings and 
shortenings in question are extraordinarily small We have 
- 10"®, and thus, if « = 0, the shortening of the one 
diameter of the Earth would amount to about 6 '5 cno. 
The length of a meter rod would change, when moved from 
one principal position into the other, by about ^ micron. 
One could hardly hope for success in trying to perceive such 
small quantities except by means of an interference method. 
We should have to operate with two perpendicular rods, and 
with two mutually interfering pencils of light, allowing the 
one to travel to and fro along the first rod, and the other 
along the second rod. But in this way we should come back 
once more to the Michelson experiment, and revolving the 
appSiratus we should perceive no displacement of the fringes. 
Beversing a previous remark, we might now say that the dis- 
placement produced by the alterations of length is com- 
pensated by the Maxwell displacement. 

4. It is worth noticing that we are led to just the same 
changes of dimensions as have been presumed above if we, 
firstly, without taking molecular movement into consider- 
ation, assume that in a solid body left to itself the forces, at- 
tractions or repulsions, acting upon any molecule maintain 
one another in equilibrium, and, secondly — though to be sure, 
there is no reason for doing so — if we apply to these molecular 
forces the law which in another place* we deduced for 

* Viz., g 23 of the hook, “ Veisuoli einer Iheorie der elekttisohen und opti- 
lohen Ersoheiaaiigen in bewegtfn Kfirpem." 
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electrostatic actions. For if we now understand by Si and 
S, not, as formerly, two systems of charged particles, but two 
systems of molecules — ^the second at rest and the first moving 
with a velocity v in the direction of the axis of x — between the 
dimensions of which the relationship subsists as previously 
stated ; and if we assume that in both systems the x com- 
ponents of the forces are the same, while the t/ and e com- 
ponents differ from one another by the factor ^^1 - then 
it is clear that the forces in Si will be in equilibrium when- 
ever they are so in Sj. If therefore Sg is the state of equilibrium 
of a solid body at rest, then the molecules in Si have precisely 
those positions in which they can persist under the influence 
of translation. The displacement would naturally bring about 
this disposition of the molecules of its own accord, and 
thus effect a shortening in the direction of motion in the 
proportion of 1 to ^1 - in accordance vrith the formulas 
given in the above-mentioned paragraph. This leads to the 
values 



in agreement -with (1). 

In reality the molecules of a body are not at rest, but in 
every “ state of equilibrium ” there is a stationary movement. 
What influence this circumstance may have in the phe- 
nomenon which we have been considering is a question which 
we do not here touch upon ; in any case the experiments of 
Michelson and Morley, in consequence of unavoidable errors 
of observation, afford considerable latitude for the values of 
S and e 
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ELECTROMAGNETIC PHENOMENA IN A SYSTEM 
MOVING WITH ANY VELOCITY LESS THAN 
THAT OP LIGHT 

By H. a LOEENTZ 

§ 1, A I A HE problem of determining the influence exerted 
I on electric and optical phenomena by atranslation, 

JL such as all systems have in virtue of the Earth’s 
annual motion, admits of a comparatively simple solution, so 
long as only those terms need be taken into account, which 
are proportional to the first power of the ratio between the 
velocity of translation v and the velocity of light c. Cases in 
which quantities of the second order, i.e. of the order 
may be perceptible, present more difficulties. The first ex- 
apiple of this kind is Michelson’s well-known interference- 
experiment, the negative result of which has led Fitzgerald 
and myself to the conclusion that the dimensions of BoUd 
bodies are slightly altered by their motion through the ether. 

Some new experiments, in which a second order effect was 
sought for, have recently been published. Rayleigh* and 
Brace t have examined the question whether the Earth’s 
motion may cause a body to become doubly refracting. At 
first sight this might be expected, if the just mentioned 
change of dimensions is admitted. Both physicists, how- 
ever, have obtained a negative result. 

In the second place Trouton and Noble J have endeavoured 
to detect a turning couple acting on a charged condenser, 
the plates of which make a certain angle with the direction of 
translation. The theojry of electrons, unless it be modified 
by some new hypothesis, would undoubtedly require the 

•Kayleigh, Phil. Mag. (6), 4, 1909, p. 678. 
tBraoe, Phil. Mag. (6), 7, 1904, p. 817. 

i Trouton and Noble, Phil. Trans. Boy. Soo. liond., A 902, 1908, p. 165. 

11 
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existence of such a couple In order to see this, it will suffice 
to consider a condenser with ether as dielectric. It may he 
shown that in every electrostatic system, moving with a 
velocity v,* there is a certain amount of “ electromagnetic 
momentum.’’ If we represent this, in direction and magni- 
tude, by a vector Q, the couple in question will be determined 
by the vector product t 

[Q • v] (1) 

Now, if the axis of e is chosen perpendicular to the con- 
denser plates, the velocity v having any direction we like ; 
and if U* is the energy of the condenser, calculated in the 
ordinary way, the components of Q are given t by the follow- 
ing formulee, which are exact up to the first order, 

^ 2U ^ 2U „ 

Ga = -^ Vx, Qy « “r 

Substituting these values in (1), we get for the compon- 
ents of the couple, up to terms of the second order, 

2U 2U . 

®y®r, - -pr- »*®X| 0- 

These expressions show that the axis of the couple lies in 
the plane of the plates, perpendicular to the translation. If 
a is the angle between the velocity and the normal to the 
plates, the moment of the couple will be 17(o/c)* sin 2a ; it 
tends to turn the condenser into such a position that the 
plates are parallel to the Earth’s motion. 

In the apparatus of Trouton and Noble the condenser was 
fixed to the beam of a torsion-balance, sufficiently delicate to 
be deflected by a couple of the above order of magnitude. 
No effect could however be observed. 

§ 2. The experiments of which I have spoken are not the 
only reason for which a new examination of the problems 
connected with the motion of the Earth is desirable. Poin- 

• A vector will be denoted by ^ Olacondon letter, Uh nM^niludo by tho cor- 
responding Latin letter. 

+ See my article : “ Weitetbildung dor ManwoUVehen Theorio, Bleetroa- 
entheorie,” Mathem. Baoyolopiidie, V, X4, g SI, fc (Thin article will be ouotod 
a8“M.B.”) 

t“M.Bl.,”§66,o. 
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car4 * has objected to the existing theory of electric and optical 
phenomena in moving bodies that, in order to explain Michel- 
s6n’s negative result, the introduction of a new hypothesis 
has been required, and that the same necessity may occur 
each time new facts will be brought to light. Surely this 
course of inventing 'special hypotheses for each new experi- 
mental result is somewhat artificial. It would be more 
satisfactory if it were possible to show by means of certain 
fundamental assumptions and without neglecting terms of 
one order of magnitude or another, that many electromagnetic 
actions are entirely independent of the motion of the system. 
Some years ago, I already sought to frame a theory of this 
kind.t I believe it is now possible to treat the subject with 
a better result. The only restriction as regards the velocity 
will be that it be less than that of light, 

§ 3. I shall start from the fundamental equations of the 
theory of electrons, t Let D be the dielectric displacement in 
the ether, H the magnetic force, p the volume-density of the 
charge of an electron, v the velocity of a point of such a 
particle, and P the ponderomotive force, i.e. the force, 
reckoned per unit charge, which is exerted by the ether on a 
volume-element of an electron. Then, if we use a fixed 
system of co-ordinates, 


div D = p, div H = 0, . 


0 Tit 

F = D + i[v.H]. J 


( 2 ) 


I shall now suppose that the system as a whole moves in 
the direction of x with a constant velocity v, and I shall 
denote by u any velocity which a point of an electron may 
have in addition to this, so that 

Oj! ■» 0 + Ux, Vy = %, Vz = 

* Poinoaii, Bapports da Oongtts de physique de 1900, PatiB, 1, pp. 32, 38. 
tliorentz, Zittingsretslag Akad. v. Wet., 7, 1899, p. 607; Amstetdam 
Ptoo., 1898-99, p. 427. 
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If the equations (2) are at the same time referred to axes 
moving with the systems they become 

div D = /o, div H = 0, 
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Fy = Dy — — ttaH*), 


F* “ D* + — ®B[y + -(UaS-y ~ UyHe). 


§ 4. We shall further transform these formulse by a change 
of vairiableB. Putting 


- «8 




(3) 


and understanding by I another numerical quantity, to be 
determined further on, I take as new independent variables 

z' = ^Iz, y = Zy, «' => te, . . . (4) 

(5) 

and I define two new vectors D' and H' by the formnlse 
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Here dS' is an element of the space S', r' its distance from 
P', and the brackets serve to denote the quantity p and the 
vector p'u' such as they are in the element dS', for the value 
<' - r'/c of the fourth independent variable. 

Instead of (15) and (16) vre may also mite, taking into 
account (4) and (7), 

■ <"> 

• • ■ (“) 

the integrations now extending over the electromagnetic 
system itself. It should be kept in mind that in these 
formulse r' does not denote the distance between the element 
dS and the point (x, y,z) for which the calculation is to be 
performed. If the element lies at the point y^, we 
must take 

r' - - *i)* + (y - yO* + (« - ^i)“. 

It is also to be remembered that, if we wish to determine 
and A' for the instant at which the local time in P is t', we 
must take p and pu', such as they are in the element dS at 
the instant at which the local time of that element is If - r'jc. 

§ 6. It will sufdce for our purpose to consider two special 
cases. The first is that of an electrostatic system, i.& a 
system having no other motion but the translation with the 
velocity ®. In this case u' = 0, and therefore, by (12), A' = 0. 
Also, is independent of t', so that the equations (11), (13), 
aud (14) reduce to 

V'2^' - - p', 

D' = - grad' 

H' 0 

After having determined the vector D' by means of these 
equations, we know also the ponderomotive force acting on 
electrons that belong to the system. For these the formulse 
(10) become, since u' =• 0, 

- |D'y, F* - |d'. . 



. ( 20 ) 
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The result may be put iu a simple form if we compare the 
moving system S, with which we are concerned, to another 
electrostatic system S' which remains at rest, and into which 
S is Ranged if the dimensions parallel to the axis of x are 
multiplied by fil, and the dimensions which have the direction 
of y or that of z, by I — a deformation for which (01, 1, 1) is an 
appropriate symbol In this new system, which we may 
suppose to be placed in the above-mentioned space S', we 
shall give to the density the value p, determined by (7), so 
that the charges of corresponding elements of volume and of 
corresponding electrons are the same in S, and S'. Then we 
shall obtain the forces acting on the electrons of the moving 
system S, if we first determine the corresponding forces in 
S', and next multiply their components in the direction of 
the axis of x by Z*, and their components perpendicular to 

that axis by This is conveniently expressed by the 


formula 


P(S)= 0^||)F(S') 


( 21 ) 


It is further to be remarked that, after having found D' by 
(19), we can easily calculate the electromagnetic momentum 
in the moving system, or rather its component in the 
direction of the motion. Indeed, the formtua 


shows that 


a = y[D.H]cZS 

Gras “ “^(DyHjc "" 

Therefore, by (6), since H' = 0 

- ^j(Dy* + r>*'®)dS = + D*'®)(iS'. (22) 

§ 7. Our second special case is that of a particle having 
an electric moment, i.e. a small space S, with a total charge 

=• 0, but with such a distribution of density that the 
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integrals jpaiiS, |pyd!S, |p«d!8 have values differing from 0. 

Let n, ? be the co-ordinates, taken relatively to a fixed 
point A of the particle, which may be called its centre, and 
let the electric moment be defined as a vector P whose com- 
ponents are 

!■ i» !■ . 

(23) 


Then 


dt 


|pfdS. Py 
jpMaiS, 


dt 


j'pijcZS, Pis 

= |p«s4S, 


iPi 

dt 


jpCdS . 

= |p«*cfS . (24) 


Of course, if 17, ^ are treated as infinitely small, Ug, Uy, Ut 
must be so likewise. We shall neglect squares and products 
of these six quantities. 

We shall now apply the equation (17) to the determination 
of the scalar potential for an exterior point P (x, y, z), at a 
finite distance from the polarized particle, and for the instant 
at which the local time of this point has some definite value 
t'. In doing so, we shall give the symbol [p], which, in (17), 
relates to the instant at which the local time in <28 is t' - r'jc, 
a slightly different meaning. Distinguishing by r\ the value 
of r' for the centre A, we shall understand by [p] the value 
of the density existing in the element <28 at the point 
(I) D> ^be instant 2, at which the local time of A is 
a - rjc. 

It may be seen from (5) that this instant precedes that 
for which we have to take the numerator in (17) by 




le ^ < 5 * ^ lo\r Tix 



units of time. In this last expression we may put for the 
differential coefficients their values at the point A. 

In (17) we have now to replace [p] by 




where relates again to the time Now, the value of t' 
for which the calculations are to be performed having been 



20 ELECTROMAGNETIC PHENOMENA 


chosen, this time to be a fnnction of the co-ordinates x, 
y, z of. the exterior point P. The value of [p] ^11 therefore 
depend on these co-ordinates in such a way that 


da; le SasLdtJ 
by which (25) becomes 


, etc. 




V.^ 3® ^ ^ ly 




Again, if henceforth we understand by r' what has above 
been called r'^, the factor p must be replaced by 



so that after all, in the integral (17), the element d8 is 
multiplied by 

[p] _ aim _ i_5M _ AIM 

7^ cV'LitJ 2>x r' ty r' iz r' 

This is simpler than the primitive form, because neither 
r, nor the time for which the quantities enclosed in brackets 
are to be taken, depend on x, y, z. Using (23) and re- 

menabering that J pd8 = 0, we get 


, ^ raPx-| _ 1 ra [PJ . a [Py] . ±[^\ 
^ dpcV'L 2>t J r' ^ ty r' ^ iz r )’ 


a formula in which all the enclosed quantities are to be 
taken for the. instant at which the local time of the centre of 
the particle is <' - r'/c. 

We shall conclude these calculations by introducing a new 
vector P*, whose components are 

P® = ^IPa, PV P* “ • • (26) 

passing at the same time to ®', y', z', t' as independent vari- 
ables. The final result is 




-L-MId _ + AM ^ ami 

^cV bt' 4p\b®' / by' r' W r' f 
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As to the formula (18) for the vector potential, its trans- 
formation is less complicated, because it contains the in- 
finitely small vector u'. Having regard to (8), (24), (26) , and 
(6), I find 


A' 


1 ^[P'3 

47rc/ M' 


The field produced by the polarized particle is now wholly 
determined. The formula (13) leads to 


D'= - 


47rc* 


1 ^ crad'f ^ 1 ^ I 


and the vector H' is given by (14). We may further use the 
equations (20), instead of the original formulae (10), if we 
wish to consider the forces exerted by the polarized particle 
on a similar one placed at some distance. Indeed, in the 
second particle, as well as in the first, the velocities u may be 
held to be infinitely small. 

It is to be remarked that the formulae for a system 
without translation are implied in what precedes. For 
such a system the quantities with accents become identical 
to the corresponding ones without accents ; also yS = 1 and 
2 = 1. The components of (27) are at the same time those 
of the electric force which is exerted by one polarized particle 
on another. 

§ 8. Thus far we have used only the fundamental 
equations without any new assumptions. I shall now suppose 
that the electrons, which I take to be spheres of radms 22 in 
the state of rest, home their dimensions changed by the effect 
of a translation, the dimensions in the direction of motion 
becoming fil times and those in perpendicular directions I 
times smaller. 

In this deformation, which may be represented by 



, each element of volume is understood to preserve 


its charge. 

Our assumption amounts to saying that in an electro- 
static system %, moving with a velocity v, all electrons are 
flattened ellipsoids with their smaller axes in the direction of 
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motion. If now, in order to apply the theorem of § 6, we 
subject the system to the deformation {fil, I, Q, we shall 
have again spherical electrons of radius B. Hence, if we 
alter the relative position of the centres of the electrons in 
by applying the deformation {fil, I, V), and if, in the points 
thus obtained, we place the centres of electrons that remain 
at rest, we shall get a system, identical to the imaginary 
system S', of which we have spoken in § 6. The forces in 
this system and those in S will bear to each other the rela- 
tion expressed by (21). 

In the second place I shall suppose that the forces be- 
tween uncharged particles, as well as those between such 
particles and electrons, are injltteneed by a tramlaUon in 
quite the same way as the electric forces in an electrostatic 
system. In .other terms, whatever be the nature of the 
particles composing a ponderable body, so long as they do 
not move relatively to each other, we shall have between the 
forces acting in a system (S') without, and the same system 
(S) with a translation, the relation specified in (21), if, as re- 
gards the relative position of the particles. S' is got from S 
by the deformation (y3i, Z, Q, or S from S' by the deformation 



We see by this that, as soon as the resulting force is zero 
for a particle in S', the same must be true for the correspond- 
ing particle in S. Consequently, if, neglecting the effects of 
molecular motion, we suppose each particle of a solid body 
to be in equilibrium under the action of the attractions and 
repulsions exerted by its neighbours, and if we take for 
granted that there is but one configuration of equilibrium, we 
may draw the conclusion that the system S', if the velocity v 
is imparted to it, will of itself change into the system S. In 
other terms, the translation will produce the deformation 



The case of molecular motion vpill be considered in § 12. 

It will easily be seen that the hypothesis which was 
formerly advanced in connexion with Michelson’s experi- 
ment, is implied in what has now been said. However, 
the present hypothesis is more general, because the only 
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limitation izaposed on the motion is that its velocity be less 
than that of light. 

§ 9. We are now in a position to calculate the electro- 
magnetic momentum of a single electron. For simplicity’s 
sake I shall suppose the charge e to be uniformly distributed 
over the surface, so long as the electron remains at rest. 
Then a distribution of the same kind will exist in the system 
S' with which we are concerned in the last integral of (22). 
Hence 

B 

and 


It must be observed that the product is a function of v 
and that, for reasons of symmetry, the vector Q has the 
direction of the translation. In general, representing by v 
the velocity of this motion, we have the vector equation 

■ ■ -W 

Now, every change in the motion of a system ■will entail 
a corresponding change in the electromagnetic momentum 
and will therefore require a certain force, which is given in 
direction and magnitude by 


dt 


(29) 


Strictly speaking, the formula (28) may only be applied 
in the case of a uniform rectilinear translation. On account 
of this circumstance — though (29) is always true — the theory 
of rapidly varying motions of an electron becomes very com- 
plicated, the more so, because the hypothesis of § 8 would 
imply that the direction and amount of the deformation are 
continually changing. It is, indeed, hardly probable that the 
form of the electron ■will be determined solely by the velocity 
existing at the moment considered. 

Nevertheless, provided the changes in the state of motion 
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be sufEiciently slow, we shall get a satisfactory approximation 
by using (28) at every instant. The application of (29) to 
such a quasi-itationary translation, as it has been called by 
Abraham,* is a very simple matter. Let, at a certain instant, 
ai be the acceleration in the direction of the path, and aj the 
acceleration perpendicular to it Then the force F will con- 
sist of two components, having the directions of these acce- 
lerations and which are given by 


if 


Pi = miBi and P^ = mga,. 


TOl 


e* d(j3lv) 
dv 


and 






. (30) 


Hence, in phenomena in which there is an acceleration 
in the direction of motion, the electron behaves as if it 
had a mass mi ; in those in which the acceleration is normal 
to the path, as if the mass w»e These quantities mi 
and ma may therefore properly be called the “ longitudinal ” 
and " transverse ” electromagnetic masses of the electron. I 
shall suppose that there is no other, no “ true " or 
“ material ” mass. 

Since /3 and I differ from unity by quantities of the order 
oVc*, we find for very small velocities 

This is the mass with which we are concerned, if there 
are small vibratory motions of the electrons in a system 
without translation. If, on the contrary, motions of this 
kind are going on in a body moving with the velocity v in the 
direction of the axis of «, we shall have to reckon with the 
mass TWi, as given by (30), if we consider the vibrations 
parallel to that axis, and with the mass if we treat of 
those that are parallel to OT or OZ. Therefore, in short 
terms, referring by the index 2 to a moving system and by 
2' to one that remains at rest, 


■ • (31) 


Abraham, Wied. Ann., 10, 1908, p. 105. 
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§ 10. can now proceed to examine the influence of the 
Barth’s motion on optical phenomena in a system of trans- 
parent bodies. In iscussing this problem we fix onr 
attention on the variable electric moments in the particles or 
** atoms of the system. To these moments we may apply 
what has been said in § 7. For the sake of simplicity we 
shall suppose that, in each particle, the charge is concentrated 
in a certain number of separate electrons, and that the 
“elastic” forces that act on one of these, and, conjointly 
with the electric forces, determine its motion, have their 
origin within the bounds of the same atom. 

I shall show that, if we start from ■ any given state of 
motion in a system without translation, we may deduce from 
it a corresponding state that can exist in the same S 3 rstem 
after a translation has been imparted to it, the kind of corre- 
spondence being as specified in what follows. 

(а) Let A-i, Aj, Aj, etc., be the centres of the particles in 
the system without translation ; neglecting molecular 
motions we shall assume these points to remain at rest. The 
system of points Ai, Aj, Aj, etc., fonned by the centres of the 
particles in the moving system 2, is obtained from A'l, A'j, 

A'„ etc., by means of a deformation j, i). According to 

what has been said in § 8, the centres will of themselves take 
these positions A'j, A'j, A'j, eta, if originally, before there 
was a translation, they occupied the positions Ai, A„ A,, 
etc. 

We may conceive any point P' in the space of the 
system 2' to be displaced by the above deformation, so that 
a definite point P of 2 corresponds to it. For two corre- 
sponding points P' and P we shall define corresponding 
instants, the one belonging to P', the other to P, by staiting 
that the true time at the first instant is equal to the local 
time, as determined By (5) for the point P, at the second 
instant. By corresponding times for two corresponding 
^particles we shall understand times that may be said to 
correspond, if we fix our attention on the centres A' and A of 
these particles. 

(б) As regards the interior state of the atoms, we shall as- 
sume that the configuration of a particle A in 2 at a certain 
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time may be derived by means of the deformation p ^ 

from the configuration of the corresponding particle in % , 
such as it is at the corresponding instant. In so far as 
thiH assumption relates to the form of the electrons them- 
selves, it is implied in the first hypothesis of § 8. 

Obviously, if we start from a state really existing in t e 
system X, we have now completely defined a state of the 
moving system "X. The question remains, however, whether 
this state will likewise be a possible one. . i 

In order to judge of this, we may remark in the first place 
that the electric moments which we have supposed to exist 
in the moving system and which we shall denote by P, wi 
be certain definite functions of the co-ordinates x, y, z of the 
centres A of the particles, or, as we shall say, of 
ordinates of the particles themselves, and of the time t. The 
equations which express the relations between P on one hand 
and x,y, z, t on the other, may be replaced by other equations 
containing the vectors P* defined by (26) and the quantities 
x', y', z, t' defined by (4) and (5). Now, by the above as- 
sumptions a and 6, if in a particle A of the mowng system, 
whose co-ordinates are x, y, z, we find an electric moment P 
at the time t, or at the local time t', the vector P' given by 
(26) vrill be the moment which exists in the other system at 
the true time t' in a particle whose co-ordinates are x,y,z. 
It appears in this way that the equations between P,x,y, 
z', a are the same for both systems, the difference being only 
this, that for the system X without translation these symbols 
indicate the moment, the co-ordinates, and the true time, 
whereas their meaning is different for the moving system, P , 
y\ z', t' being here related to the moment P, the oo-ordin- 
ates X, y, z and the general time t in the manner expressed 
by (26), (4), and (5). 

It has already been stated that the equation (27) applies 
to both systema The vector D' will therefore be the same 
in X and X, provided we always compare corresponding 
places and times. However, this vector has not the saine 
meaning in the two casea In it represents the electric 
force, in X it is related to this force in the way expressed by 
(20). We may therefore conclude that the ponderomotive 
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forces acting, in '$ and in on corresponding particles at 
corresponding instants, bear to each other the relation deter- 
mined by (21). In virtue of our assumption (6), taken in con- 
nexion with the second hypothesis of § 8, the same relation 
will exist between the “ elastic ” forces ; consequently, the 
formula (21) may also be regarded as indicating the relation 
between the total forces, acting on corresponding electrons, 
at corresponding instants. 

It is clear that the state we have supposed to exist in the 
moving system will really be possible if, in S and 2', the pro- 
ducts of the mass m and the acceleration of an electron are 
to each other in the same relation as the forces, ie. if 

OTa(S) = (P, ^^waCS') . . . (32) 

Now, we have for the accelerations 

. . ( 33 ) 

as may be deduced from (4) and (5), and combining this with 
(32), we find for the masses 

mCS) = m /9i, fiiym(Z'). 

If this is compared with (31), it appears that, whatever be 
the value of 2, the condition is always satisfied, as regards the 
masses with which we have to reckon when we consider 
vibrations perpendicular to the translation. The only con- 
dition we have to impose on I is therefore 

dv 

But, on account of (3), 
so that we must put 

^ 0 I const. 

dv 

The value of the constant must be unity, because we know 
already that, for « = 0, 2 = 1. 
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We are therefore led to suppose that the influence of a 
translation on the dimensions {of the separate electrons and 
of a ponderable body as a whole) is confined to those that 
have the direction of the motion, these becoming' /8 times 
smaller than they are in the state of rest. If this hypothesis 
is added to those we have already made, we may be sure that 
two states, the one in the moving system, the other in the 
same system while at rest, corresponding as stated above, 
may both be possible. Moreover, this correspondence is not 
limited to the electric moments of the particles. In corre- 
sponding points that are situated either in the ether between 
the particles, or in that surrounding the ponderable bodies, 
we shall find at corresponding times the same vector D' and, 
as is easily shown, the same vector H'. We may sum up by 
saying : If, in the system without translation, there is a state 
of motion in which, at a definite place, the components of P, 
D, and H are certain functions of the time, then the same 
system after it has been put in motion (and thereby deformed) 
can be the seat of a state of motion in which, at the corre- 
sponding place, the components of P', D', and H' are the same 
functions of the local time. 

There is one point which requires further consideration. 
The values of the masses mi and m^ having been deduced 
from the theory of quasi-stationary motion, the question 
arises, whether we are justified in reckoning with them in 
the case of the rapid vibrations of light. Now it is found on 
closer examination that the motion of an electron may be 
treated as quasi-stationary if it changes very little during the 
time a light-wave takes to travel over a distance equal to the 
diameter. This condition is fulfilled in optical phenomena, 
because the diameter of an electron is extremely small in com- 
parison with the wave-length. 

§ 11. It is easily seen that the proposed theory can 
account for a large number of facts. 

Let us take in the first place the case of a system without 
translation, in some parts of which we have continually 
P = 0, D - 0, H = 0. Then, in the corresponding state for 
the moving system, we shall have in corresponding parts (or, 
as we may say, in the same parts of the deformed system) 
P' “0, D' - 0, H' * 0. These equations implying P * 0, 
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D =» 0, H - 0,.as is seen by (26) and (6), it appears that those 
parts which are dark while the system is at rest, will remain 
so after it has been put in motion. It will therefore be im- 
possible to detect an influence of the Earth’s motion on any 
optical experiment, made with a terrestrial source of light, 
in which the geometrical distribution of light and darkness is 
observed. Many experiments on interference and diffraction 
belong to this class. 

In the second place, if, in two points of a system, rays of 
light of the same state of polarization are propagated in the 
same direction, the ratio between the amplitudes in thew 
points may be shown not to be altered by a translation. 
The latter remark applies to those experiments in which the 
intensities in adjacent parts of the field of view are compared. 

The above conclusions confirm the results which I formerly 
obtained by a similar train of reasoning, in which, however, 
the terms of the second order were neglected. They also 
contain an explanation of Michelson’s negative result, more 
general than the one previously given, and of a somewhat 
different form ; and they show why Bayleigh and Brace could 
find no signs of double refraction produced by the motion of 
the Earth. 

As to the experiments of Trouton said Noble, their 
negative result becomes at once clear, if we admit the hypo- 
theses of § 8. It may be inferred from these and from our 
last assumption (§ 10) that the only effect of the translation 
must have been a contraction of ffiie whole system of elec- 
trons and other particles constituting the charged condenser 
and the beam and thread of the torsion-balance. Such a 
contraction does not give rise to a sensible change of 
direction. 

It need hardly be said that the present theory is put for- 
ward with aU due reserve. Though it seems to me that it 
can account for all well-established facts, it leads to some 
consequences that cannot as yet be put to the test of experi- 
ment. One of these is that the res^t of Michelson’s experi- 
ment must remain negative, if the interfering rays of light 
are made to travel through some ponderable transpamnt 
body. 

Our assumption about the contraction of the electrons 
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cannot in itself be pronounced to be either plausible or in- 
admissible. What we know about the nature of electrons 
is very little, and the only means of pushing our way farther 
will be to test such hypotheses as I have here made. Of 
course, there will be difficulties, e.g. as soon as we come to 
consider the rotation of electrons. Perhaps we shall have to 
suppose that in those phenomena in which, if there is no 
translation, spherical electrons rotate about a diameter, the 
points of the electrons in the moving system will describe 
elliptic paths, corresponding, in the manner specified in § 10, 
to the circular paths described in the other case. 

§ 12. There remain to be said a few words about molecular 
motion. We may conceive that bodies in which this has 
a sensible influence or even predominates, undergo the same 
deformation as the systems of particles of constant relative 
position of which alone we have spoken till now. Indeed, in 
two systems of molecules %' and X, the first without and the 
second vrith a translation, we may imagine molecular motions 
corresponding to each other in such a way that, if a particle 
in T has a certain position at a definite instant, a particle in 
X occupies at the corresponding instant the corresponding 
position. This being assumed, we may use the relation (33) 
between the accelerations in all those cases in which the 
velocity of molecular motion is very small as compared with «. 
In these cases the molecular forces may be taken to be deter- 
mined by the relative positions, independently of the velocities 
of molecular motion. If, finally, we suppose these forces to 
be limited to such small distances that, for particles acting 
on each other, the difference of local times may be neglected, 
one of the particles, together with those which lie in its 
sphere of attraction or repulsion, will form a system which 
undergoes the often mentioned deformation. In virtue of 
the second hypothesis of § 8 we may therefore apply to the 
resulting molecular force acting on a particle, the equation 
(21). Consequently, the proper relation between the forcea 
and the accelerations will exist in the two cases, if we sup- 
pose that the masses of all particles are infiueneed by a trans- 
lation to the same degree as the eleotromagnetie masses of the 
electrons. 

§ 13. The values (30), which I have found lor the longi- 
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tudioal and transverse masses of an electron, expressed in 
terms of its velocity, are not the same as those that had 
been previously obtained by Abraham. The ground for this 
difference is to be sought solely in the circumstance that, in 
his theory, the electrons are treated as spheres of invariable 
dimensions. Now, as regards the transverse mass, the re- 
sults of Abraham have been confirmed in a most remarkable 
way by Elaufmann’s measurements of the deflexion of 
radium-rays in electric and magnetic fields. Therefore, if 
there is not to be a most serious objection to the theory I 
have now proposed, it must be possible to show that those 
measurements agree with my values nearly as well as with 
those of Abraham. 

I shall begin by discussing two of the series of measure- 
ments published by Kaufmann* in 1902. From each series 
he has deduced two (Quantities ij and {T, the “ reduced ’’ 
electric and magnetic deflexions, which are related as follows 
to the ratio 7 = ®/c : — 

7 = A:i|, ^ 

Here ( 7 ) is such a function, that the transverse mass is 
given by 

whereas and are constant in each series. 

It appears from the second of the’formulss (30) that my 
theory leads likewise to an equation of the form (35) ; only , 
Abraham’s function ( 7 ) must be replaced by 

|/9 = |(1 - 7 »)-V.. 

Hence, my theory requires that, if we substitute this 
value for ^fr ( 7 ) in (34), these equations shall still hold. Of 
course, in seeking to obtain a good agreement, we shall be 
justified in giving to ki and k other values than those of 
Eaufmann, and in taking for every measurement a proper 

Q 

value of the velocity », or of the ratio 7 . Writing sk^, ^ k't 

*KaiUfiiiaim, PbysU:, Zeitsohr., 4, 1902, p. 66. 
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and y' for the new values, we may put (34) in the form 

7 “ . • . . (36) 

and " 

(1-7'^)-*'“= • • • (37) 

Kaufmann has tested his equations by choosing for 
such a value that, calculating 7 and by means of (34), he 
obtained values for this latter number which, as well as might 
be, remained constant in each seriea This constancy was 
the proof of a sufficient agreement. 

I have followed a similar method, using, however, some 
of the numbers calculated by Kaufmann. I have computed 
for each measurement the value of the expression 

A'a - (1 - • • ■ (38) 

that may be got from (37) combined with the second of the 
equations (34). The values of ( 7 ) and have been taken 
from Xaufmann’s tables, and for 7 ' I have substituted the 
value he has found for 7 , multiplied by s, the latter coefficient 
being chosen with a view to obtaining a good constancy of 
(38). The results are contained in the tables on opposite 
page, corresponding to the Tables HI and IV in Kaufmann’s 
paper. 

The constancy of k'j is seen to come out no less satis- 
factorily than that of the more so as in each case the value 
of s has been determined by means of only two measure- 
ments. The coefficient has been so chosen that for these two 
observations, which were in Table III the first and the last 
but one, and in Table IV the first and the last, the values of 
Zc g should be proportional to those of kj. 

I shall next consider two series from a later publication 
by Kaufmann,* which have been calculated by Bunge f by 
means of the method of least squares, the coefficients ki 
and ki having been determined in such a way that the 
values of ij, calculated, for each observed f, from Kaufmann’s 
equations (34), agree as closely as may be with the observed 
values of tj. 

* Kaufmaxm, Q5tt. Naohi. Math. phys. El., 1908, p. 90. 

+ Eimge, ibid,, p. 826. 
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r - 


K 

y. 



2-147 

1-721 

0-794 

2-246 

0-766 

1-86 

1-786 

0-716 

2-268 

0-727 

1-78 

1-726 

0-678 

2-266 

0-661 S 

1-66 

1-727 

0-617 

2-266 

0-6076 

1-696 

1 

1656 

0-667 

2-176 


IV . 4 = 0-96 i . 


7- 

< K 7)- 


7 '. 


0*963 

3-28 

8-12 

0-919 

10*36 

0-949 

2-86 

7-99 

0-906 

9-70 

0-983 

2-73 

7-46 

0-890 

9-28 

0-883 

2-31 

8-32 

0*842 

10*86 


2-196 

8-09 


10-16 


2-06 

8-13 

0-792 

10-28 

0-801 

1-96 

8-13 

0-764 

10-28 

0-777 

1-89 

8-04 

0-741 

10*20 

0-762 

1-83 

8-02 

0*717 

10*22 

0-782 

1-786 

7-97 

0-698 

10-18 


I have deteimined by the same condition, likewise using 
the method of least squares, the constants a and b in the 
formula 

which may be deduced from my equations (36) and (37). 
Knowing a and h, I find 7 for each measurement by means 
of the relation 

For two plates on which Kaufmann had measured the 
electric and magnetic defiexions, the results are as follows 
(p. 34), the deflexions being given in centimetres. 

I have not found time for calculating the other tables in 
Kaufmann’s paper. As they begin, like the table for Plate 
15 (next page) with a rather large negative difference be- 
tween the values of v) which have been deduced from the 
observations and calculated by Bunge, we may expect a satis- 
factory agreement with my formulse. 
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I T is known that Maxwell’s electrodynamics — as usu- 
ally understood at the present time — when applied 
to moving bodies, leads to as3ntnmetries which do not 
appear to be inherent in the phenomena. Take, for example, 
the reciprocal electrodynamic action of a magnet and a con- 
ductor. The observable phenomenon here depends only on 
the relative motion of the conductor and the magnet, where- 
as the customary view draws a sharp distinction between the 
two cases in which either the one or the other of these bodies 
is in motion. For if the magnet is in motion and the con- 
ductor at rest, there arises in the neighbourhood of the 
magnet an electric field with a certain definite energy, pro- 
ducing a current at the places where parts of the conductor 
are situated. But if the magnet is stationary and the con- 
ductor in motion, no electric field arises in the neighbour- 
hood of the magnet. In the conductor, however, we find an 
electromotive force, to which in itself there is no correspond- 
ing energy, but which gives rise — assuming equality of 
relativo motion in the two cases discussed — to electric currents 
of the same path and intensity as those produced by the 
electric forces in the former case. 

Examples of this sort, together. with the imsuccessful at- 
tempts to discover any motion of the earth relatively to the 
“light medium,” suggest that the phenomena of electro- 
dynamics as well as of mechanics possess no properties corre- 
sponding to the idea of absolute rest. They suggest rather 
that, as has already been shown to the first order of small 
quantities, the same laws of electrodjmamics and optics will 
be valid for all frames of reference for which the equations of 
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mechanics hold good * We will raise this conjecture (the 
purport of which will hereafter be called the ** Principle of 
Kelativity *’) to the status of a postulate, and also introduce 
another postulate, which is only apparently irreconcilable 
with the former, namely, that light is always propagated in 
empty space with a definite velocity c which is independent 
of the state of motion of the emitting body. These two 
postulates su£&ce for the attainment of a simple and consistent 
theory of the electrodynamics of moving bodies based on 
Maxwell's theory for stationary bodies. The introduction of a 
“ luminiferous ether " will prove to be superfluous inasmuch 
as the view here to be developed will not require an ab- 
solutely stationary space ** provided with special properties, 
nor assign a velocity- vector to a point of the empty space in 
which electromagnetic processes take place. 

The theory to be developed is based — like all electro- 
dynamics — on the kinematics of the rigid body, since the 
assertions of any such theory have to do with the relation- 
ships between rigid bodies (systems of co-ordinates), clocks, 
and electromagnetic processes. Insufficient consideration of 
this circumstance lies at the root of the difficulties which the 
electrodynamics of moving bodies at present encounters. 

I .Kikbmatioal Paet 

§ I. Definition of Simultaneity 

Let us take a system of co-ordinates in which the 
equations of Newtonian mechanics hold good.'l’ In order to 
.render our presentation more precise and to distinguish this 
system of co-ordinates verbally from others which will be 
introduced hereafter, we call it the “ stationary system.** 

If a material point is at rest relatively to this system of 
co-ordinates, its position can be defined relatively thereto by 
the employment of rigid standards of measurement and the 
methods of [Euclidean geometry, and can be expressed in 
Cartesian co-ordinates. 

If we wish to describe the motion of a material point, we 

* The preceding meznoix by Lorentz was not at this time known to the 
author. 

t i.e. to the first approxifiiation. 



A. EINSTEIN 


89 


give the values of its co-ordinates as functions of the time. 
Now we must bear carefully in mind that a mathematical 
description of this kind has no physical meaning unless we 
are quite clear as to what we understand by “time.” We 
have to take into account that all our judgments in which 
time plays a part are always judgments of svnmltaneous 
events. If, for instance, I say, “ That train arrives here at 
7 o’clock,” I mean something like this : “ The pointing of 
the small hand of my watch to 7 and the arrival of the train 
are simultaneous events,” * 

It might appear possible to overcome all the difficulties 
attending the definition of “ time ” by substituting “ the 
position of the small hand of my vwitch” for “ time.” And 
in fact such a definition is satisfactory when we are concerned 
with defining a time exclusively for the place where the 
watch is located ; but it is no longer satisfactory when we 
have to connect in time series of events occurring at different 
places, or — what comes to the same thing — to evaluate the 
times of events occurring at places remote from the watch. 

We might, of course, content ourselves with time values 
determined by an observer stationed together with the watch 
at the origin of the co-ordinates, and co-ordinating the corre- 
sponding positions of the hands with light signals, given out 
by every event to be timed, and reaching him through empty 
space. But this co-ordination has the disadvantage that it is 
not independent of the standpoint of the observer with the 
watch or clock, as we know from experience. We arrive at 
a much more practical determination along the following line 
of thought. 

If at the point A of space there is a clock, an observer at 
A can determine the time values of events in the immediate 
proximity of A by finding the positions of the hands which 
are simultaneous with these events. If there is at the point 
B of space another clock in all respects resembling the one at 
A, it is possible for an observer at B to determine, the time 
values of events in the immediate neighbourhood of B. But 
it is not possible without further assumption to compare, in 

* We ahall not here disouss the inexactitude which lurks in the concept 
of simultaneity of two events at approximately the same place, which can 
only be removed by an abstraction. 
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respect of time, an event at A with an event at B. We have 
so far defined only an A time and a “ B time/' We 
have not defined a common “ time ” for A and B, for the 
latter cannot be defined at all unless we establish hy definition 
that the ** time " required by light to travel from A to B 
equals the “time” it requires to travel from B to A. 
Let a ray of light start at the “ A time froca A towards 
B, let it at the “ B time” be reflected at B in the direction 
of A, and arrive again at A at the “ A time ” 

In accordance with definition the two clocks synchronize 
if 

ts - « t\ - 


We assume that this definition of synchronism is free 
from contradictions, and possible for any number of points ; 
and that the following relations are universally valid : — 

1. If the dock at B synchronizes with the clock at A, the 
clock at A synchronizes with the clock at B. 

2. If the clock at A synchronizes with the clock at B and 
also with the clock at C, the clocks at B and 0 also syn- 
chronize with each other. 

Thus with the help of certain imaginary physical experi- 
ments we have settled what is to be understood by synchron- 
ous stationary clocks located at different places, and have 
evidently obtained a definition of “ simultaneous,” or “ syn- 
chronous,” and of “time.” The “time” of an event is 
that which is given simultaneously vdth the event by a 
stationary clock located at the place of the event, this clock 
being synchronous, and indeed synchronous for all time deter- 
minations, with a specified stationary clock. 

In agreement with experience we further assume the 
quantity 

2AB 

- ^A " 

to be a universal constant — ^the velocity of light in empty 
space. 

It is essential to have time defined by means of stationary 
clocks in the stationary system, and the time now defined 
being appropriate to the stationary system we call it “ the 
time of the stationary system.” 
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§ 3 . On the Relativity of Lengths and Times 

The following reflexions are based on the principle of 
relativity and on the principle of the constancy of the 
velocity of light. These two principles we define as 
follows : — 

1. The laws by which the states of physical systems 
undergo change are not affected, whether these changes of 
state be referred to the one or the other of two systems of co- 
ordinates in uniform translatory motion. 

2. Any ray of light moves in the “ stationary ” system of 
co-ordinates with the determined velocity c, whether the ray 
be emitted by a stationary or by a moving body. Hence 


velocity = 


light path 
time interval 


where time interval is to be taken in the sense of the definition 
in § 1. 

Let there be given a stationary rigid rod; and let its 
length be I as measured by a measuring-rod which is also 
stationary. We now imagine the axis of the rod lying 
along the axis of x of the stationary system of co-ordinates, 
and that a uniform motion of parallel translation with velocity 
V along the axis of x in the direction of increasing x is then 
imparted to the rod. We now inquire as to the length of the 
moving rod, and imagine its length to be ascertained by the 
following two operations : — 

(a) The observer moves together with the given measur- 
ing-rod and the rod to be measured, and measures the length 
of the rod directly by superposing the measuring-rod, in 
just the same way as if all three were at rest. 

(&) By means of stationary clocks set up in the stationary 
system and synchronizing in accordance with § 1, the ob- 
server ascertains at what points of the stationary system the 
two ends of the rod to be measured are located at a definite 
time. The distance between these two points, measured by the 
measuring-rod already employed, which in this case is at rest, 
is also a length which may be designated the length of the 
rod.” 

In accordance with the principle of relativity the length 
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to be discovered by the operation (a) — we will call it “ the 
length of the rod in the moving system ” — must be equal to 
the length I of the stationary rod. 

The length to be discovered by the operation (b) we will 
call “ the length of the (moving) rod in the stationary system.” 
This we shall determine on the basis of onr two principles, 
and we shall find that it differs from 1. 

Current kinematics tacitly assumes that the lengths deter- 
mined by these two operations are precisely equal, or in other 
words, that a moving rigid body at the epoch t may in geo- 
metrical respects be perfectly represented by the same body 
at rest in a definite position. 

We imagine further that at the two ends A and B of the 
rod, clocks are placed which synchronize with the clocks of 
the stationary system, that is to say that their indications 
correspond at any instant to the “time of the stationary 
system ” at the places where they happen to be. These clocks 
are therefore “ synchronous in the stationary system.” 

We imagine further that with each clock there is a mov- 
ing observer, and that these observers apply to both clocks 
the criterion established in § 1 for the synchronization of two 
clocks. Let a ray of light depart from A at the time * f a, let 
it be reflected at B at the time h, and reach A again at the 
time f A. Taking into consideration the principle of the con- 
stancy of the velocity of light we find that 

and t'A - 

where tab denotes the length of the moving rod — measured 
in the stationary system. Observers moving with the moving 
rod would thus find that the two clocks were not synchronous, 
while observers in the stationary system would declare the 
clocks to be synchronous. 

So we see that we cannot attach any absolute signification 
to the concept of simultaneity, but that two events which, 
viewed from a system of co-ordinates, are simultaneous, can 
no longer be looked upon as simultaneous events when en- 

* “ Time ’* here denotes “ time of the stationary system ” and also ** posi- 

tion of hands of the moving clock situated at the place under discussion.’* 
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visaged from a system which is in motion relatiyely to that 
system. 

§ 3. Theory of the Transformation of Co-ordinates and 
Times from a Stationary System to another System 
in Uniform Motion of Translation Relatively to the 
Forma* 

Let us in “ stationary ” space take two systems of co- 
ordinates, i.e. two systems, each of three rigid material lines, 
perpendicular to one another, and issuing from a point. Let 
the axes of X of the two systems coincide, and their axes of 
Y and Z respectively he parallel. Let each system be provided 
with a rigid measuring-rod and a number of clocks, and let 
the two measuring-rods, and likewise all the clocks of the two 
systems, be in all respects alike. 

Now to the origin of one of the two systems (k) let a con- 
stant velocity v be imparted in the direction of the increasing 
X of the other stationary system (X), and let this velocity be 
communicated to the axes of the co-ordinates, the relevant 
measuring-rod, and the clocks. To any time of the stationary 
system K there then will correspond a definite position of the 
axes of the moving system, and from reasons of symmetry 
we are entitled to assume that the motion of k may be 
such that the axes of the moving system are at the time t 
(this “ t ” always denotes a time of the stationary system) 
parallel to the axes of the stationary system. 

We now imagine space to be measured from the stationary 
system X by means of the stationary measuring-rod, and also 
from the moving system k by means of the measuring-rod 
moving with it ; and that we thus obtain the co-ordinates 
X, y, z, and f, y, f respectively. Further, let the time t of 
the stationary system be determined for all points thereof 
at which there are clocks by means of light signals in the 
manner indicated in § 1 ; similarly let the time r of the 
moving system be determined for all points of the moving 
system at which there are clocks at rest relatively to that 
system by applying the method, given in § 1, of light signals 
between the points at which the latter clocks are located. 

To any system of values «, y, z, t, which completely defines 
the place and time of an event in the stationary system, there 
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belongs a system of values ij, t, determining that event 
relatively to the system h, and our task is now to find the 
system of equations connecting these quantities. 

In the first place it is clear that the equations must be 
linear on account of the properties of homogeneity which we 
attribute to space and time. 

If we place x' = x - vt, it is clear that a point at rest in 
the system k must have a system of values x', y, z, iarde- 
pendent of time. We first define t as a function of x', y, z,< 
and t To do this we have to express in equations that r is 
nothing else than the summary of the data of clocks at rest 
in system k, which have been synchronized according to the 
rule given in § 1. 

From the origin of system k let a ray be emitted at the 
time Tg along the X-axis to se, and at the time be reflected 
thence to the origin of the co-ordinates, arriving there at the 
time Tj ; we then must have ^ (tj + tj) = Tj, or, by inserting 
the arguments of the function r and applpng the principle 
of the constancy of the velocity of light in the stationary 
system ; — 


i[T{o,o,o,t)-t.T(o,o,o.t+^^+^)]=T(z',o.o,t-h^). 


Hence, if be chosen infinitesimally small, 


or 


f 1 ^ 1 yr ^ ^ 1 St 

\C - V C + V/'bt "bx' ^ C - V bt' 


«)T 

3 ? 


V 

C* - 


= 0 . 


It is to be noted that instead of the origin of the co-ordin- 
ates we might have chosen any other point for the point of 
origin of the ray, and the equation just obtained is therefore 
valid for all values of ®', y, z. 

An analogous consideration — applied to the axes of Y and 
Z — ^it being borne in mind that light is always propagated 
along these axes, when viewed from the stationary system, 
with the velocity - v®), gives us 

- c)t 
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Siace r is & linear function, it follows from these equations 
that 

where a is a function ^(«) at present unknown, and where 
for brevity it is assumed that at the origin of i, t = 0, when 
t = 0 . 

With the help of this result we easily determine the 
quantities rj, ^ by expressing in equations that light (as re- 
quired by the principle of the constancy of the velocity of 
light, in combination with the principle of relativity) is also 
propagated with velocity c when measured in the moving 
system. For a ray of light emitted at the time r 0 in the 
direction of the increasing | 

f - CT or f = ae{t - 

But the ray moves relatively to the initial point of Te, when 
measured in the stationary system, with the velocity o - v, 
so that 



If we insert this value of t in the equation for we obtain 

fc c* , 

i = a-i 5 ». 


In an analogous manner we find, by considering rays moving 
along the two other axes, that 


when 

Thus 


V = cr = ac(t - 

= tf = 0 . 


Substituting for x' its value, we obtain 
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T = - uai/c®), 

5 = <l>{v)^(x - vt), 

V = ^(«)y. 

j: = ^(®>, 

where 

and ^ is an as yet unknown function of v. If no assumption 
whatever be made as to the initial position of the moving 
system and as to the zero point of r, an additive constant is 
to he placed on the right side of each of these equations. 

We now have to prove that any ray of light, measured in 
the moving system, is propagated with the velocity c, if, as 
we have assumed, this is the case in the stationary system ; for 
we have not as yet furnished the proof that the principle of 
the constancy of the velocity of light is compatible with the 
principle of relativity. 

At the time < >= t = 0, when the origin of the co-ordinates 
is common to the two systems, let a spherical wave be 
emitted therefrom, and be propagated with the velocity o in 
system K. If {x, y, z) be a point just attained by this wave, 
then 

aj* + + «* •■ c?t^. 

Transforming this equation with the aid of our equations 
of transformation we obtain after a simple calculation 

r + 

The wave under consideration is therefore no less a 
spherical wave with velocity of propagation e when viewed 
in the moving system. This shows that our two funda- 
mental principles are compatible.* 

In i£ie equations of transformation which have been de- 
veloped there enters an unknown function ^ of v, which 
we will now determina 

For this purpose we introduce a third system of co-ordin- 

* The equatione oi the Lorentz traoBformation may be more amply de- 
duced diieotly Horn the condition that in virtue of those equations the re- 
lation as* -h ^ ~ shall have as its consequence the second relation 
+ + 
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ates K', which relatively to the system ft is in a state of 
parallel translatory motion parallel to the axis of X, such that 
the origin of co-ordinates of system ft moves with velocity 
- V on the axis of X. At the time t 0 let all three origins 
coincide, and when t^x = y=‘z=‘0 let the time t' of the 
system "E! be zero. We call the co-ordinates, measured in 
the system K, as', y', z, and by a twofold application of our 
equations of transformation we obtain 

t' = ®)^( - ®)(t + =• ^(«)<^( - v)t, 

x' =‘<p(~ - «Xf + vt) = ^(o)^( - v)x, 

y' = ip(- vyrj = - V)y, 

z' => v)^ = 4^v)<f>( - v)z. 

Since the relations between x', y', ^ and *, y, z do not 
contain the time t, the systems X and K' are at rest with re- 
spect to one another, and it is clear that the transformation 
from K to X' must be the identical transformation. Thus 

— ®) = 1 . 

We now inquire into the signification of ^(v). We give our 
attention to that part of the axis of Y of system ft which lies 
between f = 0, ij=-0, f = 0 and f = 0, r? = Z, f => 0. This 
part of the axis of Y is a rod moving perpendicularly to its axis 
with velocity « relatively to system X. Its ends possess in X 
the co-ordinates 

and ®j - vi, y^ - 0, Sj - 0. 

The length of the rod measured in X is therefore Z/^(®) ; and 
this gives us the meaning of the function ^(®). From 
reasons of symmetry it is now evident that the length of a 
given rod moving perpendicularly to its axis, measured in 
&e stationary system, must depend only on the velocity and 
not on the direction and the sense of the motion. The 
length of the moving rod measured in the stationary system 
does not change, therefore, if v and — ® are interchanged. 
Hence follows that Z/^(®) = Z/^( - ®), or 

^{v) - - v). 

it follows from this relation and the one previously found 
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that ^v) >= 1, so that the transformation equations which 
have been found become 


where 


T ^ - vxje^), 

^ = ^{x - vt), 

V y, 

(r = «. 

/S = i/V(i - ®Vc*). 


§ 4. Physical Meanins: of the Equations Obtained in Re> 
spect to Moving Rigid Bodies and Moving Ciocks 

We envisage a rigid sphere * of radius E, at rest relatively 
to the moving ^stem Jc, and with its centre at the origin of 
co-ordinates of k. The equation of Ihe surface of this sphere 
moving relatively to the system K with velocity v is 

r + -1- f? = E». 

The equation of this surface expressed ia.x,y, z at the time 
< = 0 is 

(v'a - vy(^)f + J'® + 

A rigid body which, measured in a state of rest, has the form 
of a sphere, therefore has in a state of motion — viewed from 
the stationary system— the form of an ellipsoid of revolution 
with the axes 

EVd - E, E. 

Thus, whereas the Y and Z dimensions of the sphere (and 
therefore of every rigid body of no matter what form) do not 
appear modified by the motion, the X dimension appears 
shortened in the ratio 1:^(1 " 'yVc®), i.e. the greater the 
value of Vy the greater the shortening. Por = c all moving 
objects — viewed from the stationary ** system — shrivel up 
into plain figmes. For velocities greater than that of light 
our deliberations become meaningless ; we shall, however, 
find in what follows, that the velocity of light in our 
theory plays the part, physically, of an infinitely great 
velocity. 

* That is, a body poBsessing spherical fonn when examined at rest. 
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It is clear that the same results hold good of bodies at rest 
in the “ stationary ” system, viewed from a system in uniform 
motion. - . 

Further, we imagine one of the clocks which are qualified 
to mark the time t when at rest relatively to the stationaiy 
system, and the time r when at rest relatively to the moving 
system, to be located at the origin of the co-ordinates of k, 
and so adjusted that it marks the time r. What is the rate 
of this clock, when viewed from the stationary system ? 

Between the quantities x, t, and r, which refer to the 
position of the clock, we have, evidently, x vt and 

Therefore, 

T = - (1 - V(1 - 

whence it follows that the time marked by the clock (viewed 
in the stationary system) is slow by 1 - ^(1 - ®Vo*) seconds 
per. second, or — neglecting magnitudes of fourth and higher 
order — ^by ivVc*. 

From this there ensues the following peculiar consequence 
If at the points A and B of K there are stationary clocks 
which, viewed in the stationary system, are synchronous ; and 
if the clock at A is moved with the velocity v along the line 
AB to B, then on its arrival at B the two clocks no longer 
synchronize, but the clock moved from A to B lags behind 
the other which has remained at B by (up to magni- 

tudes of fourth and higher.order), t being the time occupied 
in the journey from A to B. 

It is at once apparent that this result still holds good if 
the clock moves from A to B in any polygonal line, and also 
when the points A and B coincide. 

If we assume that the result proved for a polygonal line 
is also valid for a continuously curved line, we arrive at this 
result : If one of two synchronous clocks at A is moved in a 
closed curve with constant velocity until it returns to A, the 
journey lasting t seconds, then by the clock which has 
remained at rest the travelled clock on its arrival at A 
will be iteVc* second slow. Thence we conclude that a 
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balance-clock* at the equator must go more slowly, by a 
very small amount, than a precisely similar clock situated at 
one of the poles under otherwise identical conditions. 


§ 5. The Composition of Velocities 

In the system h moving along the axis of X of the system 
K with velocity let a point move in accordance with the 
equations 

f = WIT, V = ? = 0, 

where and denote constants. 

Eequired : the motion of the point relatively to the system 
K. If with the help of the equations of transformation de- 
veloped in § 3 we introduce the quantities x, y, z, t into the 
equations of motion of the point, we obtain 


X 

y 

z 


+ 


"2^> 


1 + 

^{1 - pVc«) 
1 + 

. 0 . 


Thus the law of the parallelogram of velocities is valid ac- 
cording to our theory only to a first approximation. We set 



a = tan*^^ Wyjwx, 


a is then to be looked upon as the angle between the velocities 
V and w. After a simple calculation we obtain 


Y _ + w^ + 2mo cos a) - (vw sin a/c^y] 

~ 1 + vw cos a/c* 


It is worthy of remark that v and w enter into the expression 
for the resrdtant velocity in a symmetrical manner. If w also 
has the direction of the axis of X, we get 


Y * ^ ^ 

* 1 + vw/c^* 


* Not a pendulum-olook, whioh is physically a system to which the Earth 
belongs. This case had to be excluded. 
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It follows from this eqaation that from a composition of two 
velocities which are less than c, there always results a velocity 
less than c. For if we set « = c - ic = c - X, k and X 
being positive and less than c, then 


2c — /e — X 

- 

2c — K — X + *X/c 


<c. 


It follows, further, that the velocity of light c cannot be 
altered by composition with a velocity less than that of light. 
For this case we obtain 


V 


0 + to 
1 + w/c 


We might also have obtained the formula for V, for the case 
when V and w have the same direction, by compounding 
two transformations in accordance with § 3. If in addition 
to the systems K and k figuring in § 3 we introduce still 
another system of oo*ordinates k' moving parallel to k, its 
initial point moving on the axis of X vnth the velocity w, we 
obtain equations between the quantities x, y, z, t and the 
corresponding quantities of k', which differ from the equations 
found in § 3 only in that the place of “ i) ” is taken by the 
quantity 

V + w . 

1 + uw/c* ’ 

from which we see that such parallel transformations — neces- 
sarily— form a group. 

We have now deuced the requisite laws of the theory of 
kinematics corresponding to our two principles, and we pro- 
ceed to show their application to electrodynamics. 


n. EiiBoibodznamioaxi Pabt 

§ 6 . Transformation of the MaxwdI- Hertz Equations for 
Empty Space. On the Nature of the Electromotive 
Forces Occurring in a Magnetic Reid During Motion 

Let the Maxwell-Hertz eiquations for empty space hold 
good for the stationary system K, so that we have 
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where (X, T, Z) denotes the vector of the electric force, and 
(L, M, N) that of the magnetic force. 

If we apply to these equations the transformation de- 
veloped in § 3, by refeining the dectromagnetic processes to 
the system of co-ordinates there introduced, moving with the 
velocity v, we obtain the equations 



e ir 

y 

1 


I 

+ 



-/)} 

aL 


1 

1 






aL 

ifi’ 



c ar 

II 

^)) 


») 



- 

»} 

ax 

H’ 


- 

-?)} 

ax 

■a — — 


1 

1 



where 

= 1/V(1 - 


Now the principle of relativity requires that if the 
Maxwell-Hertz equations for empty space hold good in 
system H, they also hold good in system k ; that is to say that 
the vectors of the electric and the magnetic force — (X', Y', Z’) 
and (L', M', N^ — of the moving system k, which are defined 
by their ponderomotive effects on electric or magnetic masses 
respectively, satisfy the following equations : — 
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Evidently the two systenas of equations found for system 
k must express exactly the same thing, since both systems of 
equations are equivalent to the Maxwell- Hertz equations for 
system X. Since, further, the equations of the two systems 
agree, with the exception of the symbols for the vectors, it 
follows that the functions occurring in the systems of equa- 
tions at corresponding places must agree, with the exception 
of a factor ir(v), which is common for all functions of the 
one system of equations, and is independent of ^ and t 
but depends upon v. Thus we have the relations 

X' = li' = -^OL, 

Y - ifr(«);3(Y - |n), M' =. + jZ), 

Z' = («)j9(z + ?m), N' = •</r(o)/3(N - ^y). 

If we now form the reciprocal of this system of equations, 
firstly by solving the equations just obtained, and secondly 
by applying the equations to the inverse transformation (from 
A to Z), which is characterized by the velocity - v, it follows, 
when we consider that the two systems of equations thus ob- 
tained must be identical, that - v) = 1. Further, 

from reasons of symmetry * ■^o) = ~ ®)» therefore 

ir(v) = 1 , 

and our equations assume the form 

*lf, for example, and N’=|=Oj then from 

reasons of symmet]^ it is clear that when v ohanges sign without changing 
its numerical valne, Y' must also change sign without changing its numerical 
value. 
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X' - X, L' - L, 

r - / 3 (y - ^n), m' - ^(m + ^z), 

z' - fi(z + ^m), n' = /8(n - ^y). 

As to the interpretation of these equations we make the 
following remarks: Let a point charge of electricity have 
the magnitude one ** when measured in the stationary 
system K, i.a let it when at rest in the stationary system 
exert a force of one dyne upon an equal quantity of electricity 
at a distance of one cm. By the principle of relativity this 

electric charge is also of the magnitude “one** when 

measured in the moving system. If this quantity of elec- 
tricity is at rest relatively to the stationary system, then by 
definition the vector (X, Y, Z) is equal to the force^ acting 
upon it. If the quantity of electricity is at rest relatively to 
the moving system (at least at the relevant instant), then the 
force acting upon it, measured in the moving system, is equal 
to the vectdr (X', Y', Z'). Consequently the first three 
equations above allow themselves to be clothed in words in 
the two following ways : — 

1. If a unit electric point charge is in motion in an 
electromagnetic field, there acts upon it, in addition to the 
electric force, an “ electromotive force ” which, if we neglect 
the terms multiplied by the second and higher powers of z?/c, 
is equal to the vector-product of the velocity of the charge 
and the magnetic force, divided by the velocity of light. 
(Old manner of expression.) 

2. If a unit electric point charge is in motion in an 
electromagnetic field, the force acting upon it is equal to the 
electric force which is present at the locality of the charge, 
and which we ascertain by transformation of the field to 
a system of co-ordinates at rest relatively to the electrical 
charge. (New manner of expression.) 

The analogy holds with “magnetomotive forces/’ We 
see that electromotive force plays in the developed theory 
merely the part of an auxiliary concept, which owes its intro- 
duction to &e circumstance that electric and magnetic forces 
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do not exist independently of the state of motion of the 
system of co-ordinates. 

furthermore it is clear that the asymmetry mentioned in 
the introduction as arising when we consider the currents 
produced by the relative motion of a magnet and a conductor, 
now disappears. Moreover, questions as to the *' seat ” of 
electrodynamic electromotive forces (unipolar machines) now 
have no point. 


§ 7. Theory of Doppler’s Principle and of Aberration 

In the system K, very far from the origin of co-ordinates, 
let there be a source of electrodynamic waves, which in a 
part of space containing the origin of co-ordinates may be 
represented to a sufficient degree of approximation by the 
equations 

X = Xo sin ‘I>, L = Lj sin 
Y = Yj sin <I», M = Mj sin 
Z “ Zo sin N = No sin O, 

where 

o)|f - ^(Z® + my + nz)y 

Here (Xj, Y,, Z,) and (Lo, Mj, N,) are the vectors defining 
the amplitude of the wave-train, and Z, m, n the direction- 
cosines of the wave-normals. We wish to know the consti- 
tution of these waves, when they are examined by an 
observer at rest in the moving system k. 

Applying the equations of transformation found in § 6 for 
electric and magnetic forces, and those found in § 3 for the 
co-ordinates and the time, we obtain directly 

X' - Xo sin 4 *', L' = Lo sin «»', 

Y' - i8(Yo - oNo/c) sin 4 >', M' - y 9 (Mo + «Zo/c) sin <E>', 

Z' = i8(Zo + oMo/c) sin O', N' = - oY,/c) sin O', 

O’ = o'-^T — ~(Z'f + m'17 + 
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where 

w' = <0^(1 - Z»/c), 

,» Z - »/c 
^ “ 1 - Z«/c’ 

m 

” “ Ki- hicy 


n 


n 

^(1 - IvtcY 


Prom the equation for to it follows that if an observer is 
moving with velocity v relatively to an infinitely distant 
source of light of frequency v, in such a way that the connect- 
ing line ‘'source — observer** makes the angle ^ with the 
velocity of the observer referred to a system of co-ordinates 
which is at rest relatively to the source of light, the frequency 
V of the light perceived by the observer is given bv the 
equation 

, _ 1 - cos . v/c 

^ “ V(1 - t;Vc^) * 

This is Doppler’s principle for any velocities whatever. 
When 0 « 0 the equation assumes the perspicuous form 



~ vjc 
+ vjc' 


We see that, in contrast with the customary view, when 

V — - C, / =» C30 . 

If we call the angle between the wave-normal (direction 
of the ray) in the moving system and the connecting line 
“ source — observer ” <f>\ the equation for V assumes the form 


cos = 


cos - v/c 
1 - cos <l> . v/c 


This equation expresses the law of aberration in its most 
general form. If ^ tt, the equation becomes simply 


cos - v/o. 


We still have to find the amplitude of the waves, as it 
appears in the moving system. If we call the amplitude of 
the electric or magnetic force A or A! respectively, accordingly 



A. EINSTEIN 57 


as it is measuied in the stationary system or in the moving 
system, we obtain 

a '2 _ A , (1 - COB <^ . vlc)^ 

^ ^ 1 - 

which equation, if ^ = 0, simplifies into 


A* = A* 


1 - g/c 
1 + v/c 


It follows from these results that to an observer approach- 
ing a source of light with the velocity c, this source of light 
must appear of infinite intensity. 


§ 8. Transformation of the Energy of Light Rays. Theory 
of the Pressure of Radiation Exerted on Perfect 
Reflectors 

Since AV8w equals the energy of light per unit of volume, 
we have to regard A'^/Sw, by the principle of relativity, as the 
energy of light in the moving system. Thus A'*/A* would 
be the ratio of the “ measured in motion ” to the “ measured 
at rest ” energy of a given light complex, if the volume 
of a light complex were the same, whether measured in 
E or in A But this is not the case. If I, m, n are the 
direction-cosines of the wave-normals of the light in the 
stationary system, no energy passes through the surface 
elements of a spherical surface moving with the velocity of 
light : — 

(® - Ict)^ + (y - mcty {z - ncty = B?. 

We may therefore say that this surface permanently encloses 
the same light complex. We inquire as to the quantity of 
energy enclosed by this srurface, viewed in system k, that 
is, as to the energy of the light complex relatively to the 
system k. 

The spherical surface — viewed in the moving system — ^is 
an ellipsoidal surface, the equation for which, at the time 
T = 0, is 

(/8f - ZjSfu/c)* + (,v ~ + (S’ - n)Sf®/c)* = E*. 

If S is the volume of the sphere, and S' that of this ellipsoid. 
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then by a simple oalcnlation 

S' _ J1 - vVc^ 

S 1 - COB ^ . vjc 

Thus, if we call the light energy enclosed by this surface B 
when it is measured in the stationary system, and E' when 
measured in the moving system, we obtain 

B' _ A'®S' 1 - cos <^ . v/c 

E “ A*S ~ V(1 - ’ 


and this formula, when <f) » 0, simplifies into 
E' J1 - vie 

B “ 'Vmj/'c' 

It is remarkable that the energy and the frequency of a 
light complex vary with the state of motion of the observer 
in accordance with the same law. 

Now let the co-ordinate plane { = 0 be a perfectly reflect- 
ing surface, at which the plane waves considered in § 7 are 
reflected. We seek for the pressure of light exerted on the 
reflecting surface, and for the direction, frequency, and in- 
tensity of the light after reflexion. 

Let the incidental light be defined by the quantities A, 
cos V (referred to system K). ViOwed from Jc the corre- 
sponding quantities are 

A ' _ * 1 - cos ^ . v/c 

V(1 - 


cos <f>' = 


cos ^ - vje 
1 - cos <f> . vjc* 


, _ 1 - cos 4 • "oh 
~ ** V(1 - ■ 


For the reflected light, referring the process to system Jc, we 
obtain 

A" = A' 


cos <f>" 

v" 


- cos <j)' 
/ 

V 


Finally, by transforming back to the stationary system K, 
we obtain fox the reflected light 
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A _ A A + cos <i>" . vjc _ A 1 — 2 cos (f> . ®/c + 

V(1 - o7c«) “ 1 - ' 

COB <i"' + vio ^ _ (1 + coa 4> - 2t;/c 

^ 1 + cos . «/c 1-2 cos <l> .v/o + «7c* 

„1 + cos 1 - 2 coa <j> . v/c + v^l<? 

*' “ " -v/(l - wVc') “ " 1 - v^jc^ • 

The energy (measured in the stationary system) which is 
incident upon unit area of the mirror in unit time is evidently 
k\c cos ^ - v)/8-n-. The energy leaving the unit of surface 
of the mirror in the unit of time is A"'®( - e cos + v)l8ir. 
The difference of these two expressions is, by the principle of 
energy, the work done by the pressure of light in the unit of 
time. If we set down tMs work as equal to the product Pv, 
where P is the pressure of light, we obtain 

p g ^ (coa <f) - v/cy 
■ Stt 1 - 

In agreement with experiment and with other theories, we 
obtain to a first approximation 

P = 2 . I^cos* <f>. 

All problems in the optics of moving bodies can be solved 
by the method here employed. What is essential is, that the 
electric and magnetic force of the light which is influenced 
by a moving body, he transformed into a ^tem of co-ordin- 
ates at rest relatively to the body. By this means all problems 
in the optics of moving bodies will be reduced to a series of 
problems in the optics of stationary bodies. 


§ 9. Transformation of the Maxwell- Hertz Equations when 
Convection -Currents are Taken into Account 


We start from the equations 


1 fSX ^ I 
Zlli + ““^1 “ 
1 raY ^ \ 

~e[u “ 
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IX . bY HZ 
"by Tiz 

denotes 4m times the density of electricity, and (w®, %, Wa) 
the velocity-vector of the charge. If we imagine the electric 
charges to be invariably coupled to small rigid bodies (ions, 
electrons), these equations are the electromagnetic basis of 
the Lorentzian electrodynamics and optics of moving bodies. 
Let these equations be valid in the system K, and trans- 
form them, with the assistance of the equations of transform- 
ation given in §§ 3 and 6, to the system ft. We then obtain 
the equations 



I'M! 1 ^ ^ 

2)? * c Iri ' 

1 ^ 

* C <)t 'h'q ' 

Ug - V 
1 “ UxVjc^ 


Un 


Uy 

/3(1 - Uxv/c^) 


“ ^(1 - UgVlc'^y 
and 

, ^ 2)Y' 2)Z' 

^ “ b? bTj bf 
= ^(1 - Ugvlc^)p. 

Since — as follows from the theorem of addition of velocities 
(§ 5) — the vector (u^, i*,, u() is nothing else than the velocity 
of the electrio charge, measured in the system Jc, we have the 
proof that, on the basis of onr Mnematical principles, the 
electrodynamic foimdation of Lorentz’s theory of the electro- 
d^amics of moving bodies is in agreement with the prin- 
ciple of relativity. 

In addition I may briefly remark that the following import- 
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ant law may easily be deduced from the developed equations : 
If au electrically charged body is in motion anywhere in 
space without altering its charge when regarded from a 
system of co-ordinates moving with the body, its charge also 
remains — when regarded from the “ stationary ” system K — 
constant. 


§ lo. Dynamics of the Slowly Accelerated Electron 

Let there be in motion in an electromagnetic field an 
electrically charged particle (in the sequel called an “ elec- 
tron”), for the law of motion of which we assume as 
follows : — 

If the electron is at rest at a given epoch, the motion of 
the electron ensues in the next instant of time according to 
the equations 

cPx 


=. eY 


where as, y, z denote the co-ordinates of the electron, and m 
the mass of the electron, as long as its motion is slow. 

Now, secondly, let the velocity of the electron at a given 
epoch be v. We seek the law of motion of the electron in the 
immediately ensuing instants of time. 

Without affecting the general character of our consider- 
ations, we may and will assume that the electron, at the 
moment when we give it our attention, is at the origin of 
the co-ordinates, and moves with the velocity ® along the 
axis of X of the system K. It is then clear that at the given 
moment (t = 0) the electron is at rest relatively to a system 
of co-ordinates which is in parallel motion voth velocity v 
along the axis of X 

From the above assumption, in combination with the 
principle of relativity, it is clear that in the immediately en- 
suing time (for small values of t) the electron, viewed from 
the system k, moves in accordance with the equations 
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m^ = eX. 

V' 

■Pf 

= e/ji 


in which the symbols tj, t, X', Y', Z' refer 
h. If, further, we decide that when t = « = y 
T a: { = ^ o 0, the transfornaation equatio 

6 hold good, so that we have 

f = y8(a! - vt), 7} = y,^=‘Z,r = 0(t- 
X' = X, r = i8(Y - ®N/c). Z' - y3(Z + 

With the help of these equations we transf 
equations of motion from system k to system I 

d®® c Y \ 

W I 

^ - -^(y - -n) I . 

% = -^(z + -m)) 

dr m p\ a )' 

Taking the ordinary point of view we n 
to the “longitudinal" and the “transverse 
moving electron. We write the equations (A) 

- eX = eX'. 

- jN) - <Y 

- ,f{z + ? m ) - .2 


and remark firstly that cX', eZ are the 
the ponderomotive force acting upon the electj 
indeed as viewed in a system moving at the me 
elytron, with the same velocity as the electroi 
might be measured, for example, by a spring 
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in the last-mentioned system.) Now if we call this force 
simply “ the force acting upon the electron,”* and maintain 
the equation — mass x acceleration = force — and if we also 
decide that the accelerations are to be measured in the 
stationary system K, we derive from the above equations 


Longitudinal mass 


m 


Transverse mass = 


m 

1 - 


With a different definition of force and acceleration we 
should naturally obtain other values for the masses. This 
shows us that in comparing different theories of the motion 
of the electron we must proceed very cautiously. 

We remark that these results as to the mass are also valid 
for ponderable material points, because a ponderable material 
point can be made into an electron (in our sense of the word) 
by the addition of an electric charge, no matter how small. 

We will now determine the kinetio energy of the electron. 
If an electron moves from rest at the origin of co-ordinates of 
the system K along the axis of X under the action of an 
electrostatic force X, it is clear that the energy withdrawn 

from the electrostatic field has the value jeKdx. As the elec- 
tron is to be slowly accelerated, and consequently may not give 
off any energy in the form of radiation, the energy withdrawn 
from the electrostatic field must be put down as equal to the 
energy of motion W of the electron. Bearing in mind that 
during the whole process of motion which we are considering, 
the first of the equations (A) applies, we therefore obtain 

W = JeXdx = mj^^0^vdv 


mc‘ 


ivi - 


1 


Thus, when o = c, W becomes infinite. Velocities 


* The definition of force here given is not advantageous, as was first shown 
by M. Planck. It is more to the point to define force in such a way that the 
laws of momentum and energy assume the simplest form. 
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greater than that of light have — as in our previous results-— 
no possibility of existence. 

This expression for the kinetic energy must also, by 
virtue of the argument stated above, apply to ponderable 
masses as well. 

We will now enumerate the properties of the motion of 
the electron which result from the system of equations (A), 
and are accessible to experiment. 

1. From the second equation of the system (A) it follows 
that an electric force Y and a magnetic force N have an 
equally strong deflective action on an electron moving with 
the velocity v, when Y = Nv/c. Thus we see that it is pos- 
sible by our theory to determine the velocity of the electron 
from the ratio of the magnetic power of deflexion Am to the 
electric power of deflexion A«, for any velocity, by apply- 
ing the law 

Am ^ P 
ke o' 


This relationship may be tested experimentally, since the 
velocity of the electron can be directly measured, e.g. by 
means of rapidly oscillating electric and magnetic fields. 

2. From the deduction for the kinetic energy of the 
electron it follows that between the potential difference, P, 
traversed and the acquired velocity v of the electron there 
must be the relationship 


P 



1 

Vi - 


- 1 


} 


3. We calculate the radius of curvature of the path of 
the electron when a magnetic force N is present (as the only 
deflective force), acting perpendicularly to the velocity of the 
electron. From the second of the equations (A) we obtain 


or 


^ /i 

" di* “ E “ m~c ~ c» 

T, ^ ^ vie 1 

e ' V(1 -®®/c*) ■ N‘ 


These three relationships are a complete expression for 
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the laws according to which, by the theory here advanced, 
the electron must move. 

In conclusion I wish to say that in working at the 
problem here dealt with 1 have had the loyal assistance of my 
friend and colleague M. Besso, and that I am indebted to 
him for several valuable suggestions. 
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DOES THE INERTIA. OF A BODY DEPEND UPON 
ITS ENERGY-CONTENT ? 

By a. EINSTEIN 

T he results of the previous investigation lead to 
a very interesting conclusion, which is here to be 
deduced. 

I based that investigation, on the Maxwell-Hertz equa- 
tions for empty space, together with the Maxwellian 
expression for the electromagnetic energy of space, and in 
addition the principle that: — 

The laws by which the states of physical systems alter are 
independent of the alternative, to which of two systems of co- 
ordinates, in uniform motion of parallel translation relatively 
to each oth&r, these alterations of state are referred (principle 
of relativity). 

With these principles * as my basis I deduced inter alia 
the following result (§ 8) ; — 

Let a system of plane waves of light, referred to the 
system of co-ordinates (x, y, s), possess the energy I ; let the 
direction of the ray (the wave-normal) make an angle ^ with 
the axis of x of the system. If we introduce a new system of 
co-ordinates (f, ij, 0 moving in uniform parallel translation 
vdth respect to the system (a;, y, e), and having its origin of 
co-ordinates in motion along the axis of x with the velocity v, 
then this quantity of light — measured in the system (f, y, ^ 
— possesses the energy 

1 — cos ^ 

I* . I ^ 

l - v‘lc* 

*Th6 principle of the constancy of the velocity of light is of. course 
contained in Maxwell’s equafcions. 
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where e denotes the velocity of light. We shall make use of 
this result in what follows. 

Let there be a stationary body in the system («, y, z), 
and let its energy — ^referred to the system (x, y, z ) — ^be Bo- 
Let the energy of the body relative to the system (f, y, 
moving as above with the velocity v, be Hj. 

Let this body send out, in a direction making an angle ^ 
with the axis of x, plane waves of light, of energy iL 
measured relatively to {x, y, z), and simultaneously an equal 
quantity of light in the opposite direction. Meanwhile the 
body remains at rest with respect to the system (x, y, z). The 
principle of energy must apply to this process, and in fact 
(by the principle of relativity) with respect to both systems 
of co-ordinates. If we call the energy of the body after the 
emission of light Ej or Hi respectively, measured relatively to 
the system {x, y, z) or (f, rj, ^ respectively, then by employ- 
ing the relation given above we obtain 

Bq = El + ■J’L + iL, 


Hj = Hi + ^L 
= Hi + 


1 ® J. 1 . ® A 

1 — cos <p 1 + - cos 6 

VI - Vi “ 

L 


VI - 

By subtraction we obtain from these equations 


Ho - Efl (Hi El) = L-[^^ _ - l|. 

The two differences of the form H - E occurring in this ex- 
pression have simple physical significations. H and B are 
energy values of the same body referred to two systems of 
co-ordinates which are in motion relatively to each other, the 
body being at rest in one of the two systems (system (a;, y, 
Thus it is clear that the difference H - B can differ from the 
kinetic energy K of the body, with respect to the other 
system (f, tj, only by an additive constant 0, which de- 
pends on the choice of the arbitrary additive constants of the 
energies H and B. Thus we may place 
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Ho — Eq *=" Ko + C, 

Hx - El =« Ki + 0, 

since C does not change during the emission of light. So we 
have 

- '}• 

The kinetic energy of the body with respect to -n, f) 
diminishes as a result of the emission of light, and the amount 
of diminution is independent of the properties of the body. 
Moreover, the difference K# - Kj, like the kinetic energy of 
the electron (§ 10), depends on the velocity. 

Ne^ecting magnitudes of fourth and higher orders we 
may place 

K„ - = g 

From this equation it directly follows that : — 

If a body gives off the energy L in the form of radiation, 
its mass diminishes by Ljc^. The fact that the energy with- 
drawn from the body becomes energy of radiation evidently 
makes no difference, so that we are led to the more general 
conclusion that 

The mass of a body is a measure of its energy-content ; if 
the energy changes by L, the mass changes in the same sense 
by L/9 X 10“®, the energy being measured in ergs, and the 
mass in grammes. 

It is not impossible that with bodies whose energy-con- 
tent is variable to a high degree (e.g. with radium salts) the 
theory may be successfully put to the test. 

If the theory corresponds to the facts, radiation conveys 
inertia between the emitting and absorbing bodiea 
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SPACE AND TIME 
By H. MINKOWSKI 


T he views of space and time which I wish to lay be- 
fore you have sprung from the soil of experimental 
physics, and therein lies their strength. They are 
radical. Henceforth space by itself, and time by itself, are 
doomed to fade away into mere shadows, and only a kind 
of union of the two will preserve an independent reality. 

I 

Eirst of all I should like to show how it might be possible, 
setting out from the accepted mechanics of the present day, 
along a purely mathematical line of thought, to arrive at 
changed ideas of space and time The equations of Newton’s 
mechanics exhibit a two-fold invariance. Their form re- 
mains unaltered, firstly, if we subject the underlying system 
of spatial co-ordinates to any arbitrary change of position ; 
secondly, if we change its state of motion, namely, by impart- 
ing to it any uniform tromslatory moUon; furthermore, the 
zero point of time is given no part to play. We are ac- 
customed to look upon the axioms of geometry as finished with, 
when we feel ripe for the axioms of mechanics, and for that 
reason the two invariances are probably rarely mentioned in 
the same breath. Each of them by itself signifies, for the 
differential equations of mechanics, a certain group of trans- 
formationa The existence of the first group is looked upon 
as a fundamental chara.cteristic of space. The second group 
is preferably treated with disdain, so that we with un- 
troubled minds may overcome the difficulty of never being 
able to decide, from physical phenomena, whether space, 
which is supposed to be stationary, may not be after all in a 
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state of uniform translation. Tlius the two groups, side by side, 
lead their Hyes entirely apart. Their utterly heterogeneous 
character may have discouraged any attempt to compound 
them. But it is precisely when they are compounded that 
the complete group, as a whole, gives us to think. 

We will try to visualize the state of things by the graphic 
method. Let x, y, z be rectangular co-ordinates for space, 
an,d let t denote time. The objects of our perception invari- 
ably include places and times in combination. Nobody has 
ever noticed a place except at a time, or a time except at a 
place. But I still respect the dogma that both space and 
time have independent significance. A point of space at a 
point of time, that is, a system of values x, y, z, i, I will call 
a world-point. The multiplicity of all thinkable x, y, z, t 
systems of values we will christen the world. With this 
most valiant piece of chalk I might project upon the blackboard 
four world-axea Since merely one chalky axis, as it is, con- 
sists of molecules all a-thrill, and moreover is taking part in 
the earth’s travels in the universe, it already affords us ample 
scope for abstraction ; the somewhat greater abstraction as- 
sociated with the nnmber four is for the mathematician no 
infliction. Not to leave a yawning void anywhere, we will 
imagine that everywhere and everywhen there is something 
perceptible. To avoid saying " matter ” or “ electricity ” I 
will use for this something the word “ substance.” We fix 
our attention on the substantial point which is at the world- 
point X, y, z, t, and imagine that we are able to recognize this 
substantial point at any other time. Let the variations das, 
dy, dz of the space co-ordinates of this substantial point 
correspond to a time element dt. Then we obtain, as 
an image, so to speak, of the everlasting career of the sub- 
stantial point, a curve in the world, a world-line, the points 
of which can be referred unequivocally to the parameter t 
from — oo to + 00 . The whole universe is seen to resolve 
itself into smular world-lines, and I would fain anticipate 
myself by saying that in my opinion physical laws might find 
their most perfect expression as reciprocal relations between 
these world-lines. 

The concepts, space and time, cause the x, y, rr-manifold 
t - 0 and its two sides <>0 and « <0 to fall asunder. If, 
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for simplicity, we retain the same zero point of space and 
time, the first-mentioned group signifies in mechanics that 
we may subject the axes oix,y,z aXt » 0 to any rotation we 
choose about the origin, corresponding to the homogeneous 
linear transformations of the expression 

a? + 

But the second group means that we may — also without 
changing the expression of the laws of mechanics — ^replace 
t by « - at, y - pt,z - yt, t with any constant values 
of a, /8, y. Hence we may give to the time axis whatever 
direction we choose towards the upper half of the world, 
<> 0. Now what has the requirement of orthogonality in 
space to do with this perfect freedom of the time axis in an 
upward direction ? 

To establish the connexion, let us take a positive para- 
meter c, and consider the graphical representation of 

- ** - y® - ^ 1. 

' It consists of two surfaces separated by t «= 0, on the analogy 
of a hyperboloid of two sheets. We consider the sheet in 
the region t>0, and now take those homogeneous linear 
transformations of x, y, z, t into four new variables x', y', z\ If, 
for which the expression for this sheet in the new variables 
is of the same form. It is evident that the rotations of 
space about the origin pertain to these transformations. 
Thus we gain full comprehension of the rest of the 
transformations simply by taking into consideration one 
among them, such that y and z remain unchanged. We draw 
(Fig. 1) the section of this sheet by the plane of the axes of x 
and t — the upper branch of the hyperbola - as* =• 1, with 

its asymptotes. From the origin 0 we draw any radius 
vector 0 A.' of this branch of the hyperbola ; draw the tangent 
to the hyperbola at A' to cut the asymptote on the right at B' ; 
complete the parallelogram OA'B'G' ; and finally, for subse- 
quent use, produce B'C' to out the axis of x at D'. How if 
we take OC' and OA' as axes of oblique co-ordinates xf, t', 
with the measures 00' — 1, OA' >=» 1/c, then that branch of 
the hyperbola again acquires the expression c*t'* - a?'® - 1, 
t'> 0, and the transition from x, y, z, t to x', y', z', i is one of 
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the transfonxiaitions in question. With these transformations 
we now associate the arbitrary displacements of the zero 
point of space and time, and thereby constitute a group of 
transformations, which is also, evidently, dependent on the 
parameter c. This group I denote by G-c. 

If we now allow c to increase to infinity, and 1/c therefore 
to converge towards zero, we see from the figure that the 
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branch of the hyperbola bends more and more towards the 
axis of X, the angle of the asymptotes becomes more and more 
obtuse, and that in the limit this special transformation 
changes into one in which the axis of t' may have any up- 
ward direction whatever, while z' approaches more and more 
exactly to x. In view of this it is clear that group Gc in the 
limit when c = oo , that is the group G„, becomes no other 
than that complete group which is appropriate to Newtonian 
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mechanics. This being so, and since Ge is mathematically 
more intelligible than G„, it looks as though the thought 
might have struck some mathematician, fancy-free, that after 
all, as a matter of fact, natural phenomena do not possess an 
invariance with the group G„, but rather with a group G«, e 
being finite and determinate, but in ordinary units of measure, 
extremely great. Such a premonition would have been an 
extraordinary triumph for pure mathematics. Well, mathe- 
matics, though it now can display only staircase-wit, has the 
satisfsiotion of being wise after the event, and is able, thanks 
to its happy antecedents, with its senses sharpened by an un- 
hampered outlook to far horizons, to grasp forthwith the 
far-reaohing consequences of such a metamorphosis of our 
concept of nature. 

I will state at once what is the value of e with which we 
shall finally be dealing. It is the velocity of the propagation 
of light in empty space. To avoid speaking either of space or 
of emptiness, we may define this magnitude in another way, 
as the ratio of the electromagnetic to the electrostatic unit of 
electricity. 

The existence of the invariance of natural laws for the 
relevant group Gc would have to be taken, then, in this 
way : — 

From the totality of natural phenomena it is possible, by 
successively enhanced approximations, to derive more and 
more exactly a system of reference x, y, z, t, space and time, 
by means of which these phenomena then present themselves 
in agreement with definite laws. But when this is done, 
this system of reference is by no means unequivocally deter- 
mined by the phenomena. It is still possible to make any 
change in the system of reference that is in conformity with 
the transformations of the group Qc, and leone the eopression 
of the laws of nature unaltered. 

For example, in correspondence with the figure described 
above, we may also designate time If, but then must of neces- 
sity, in connexion therewith, define space by the manifold of 
the three parameters x', y, z, in which case physical laws 
would be expressed in exactly the same way by means of 

y, by means of x, y, z, t. We should then have in 

the world no longer ^cbce, but an infinite number of spaces. 
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analogously as there are in three-dimensional space an infinite 
number of planes. Three-dimensional geometry becomes a 
chapter in four-dimensional physics. Now you know why I 
said at the outset that space and time are to fade away into 
shadows, and only a world in itself will subsist. 


n 

The question now is, what are the circumstances which 
force this changed conception of space and time upon us ? 
Does it actually never contradict experience ? And filnally, is 
it advantageous for describing phenomena ? 

Before going into these questions, I must make an im- 
portant remark If we have in any way individualized space 
and time, we have, as a world-line corresponding to a stationary 
substantial point, a straight line parallel to the axis of t ; 
corresponding to a substantial point in uniform motion, a 
straight line at an angle to the axis of t; to a substantial 
point in varying motion, a world-line in some form of a curve. 
If at any world-point x, y, ss, t we take the world-line passing 
through that point, and find it parallel to any radius vector 
OA^ of the above-mentioned hyperboloidal sheet, we can 
introduce OA' as a new axis of time, and with the new con- 
cepts of space and time thus given, the substance at the 
world-point concerned appears as at rest . We will now intro- 
duce this fundamental axiom : — 

The suhstcmce at any world-pomt may always, with the 
appropriate determination of space and time, he looked upon 
as at rest. 

The axiom signifies that at any world-point the expression 
c^dt^ - do^ - dy^ - dz^ 

always has a positive value, or, what comes to the same thing, 
that any velocity v always proves less than c. Accordingly c 
would stand as the upper linodt for all substantial velocities, 
and that is precisely what would reveal the deeper significance 
of the magnitude c. In this second form the first impression 
made by the axiom is not altogether pleasing. But we must 
bear in mind that a modified form of mechanics, in which the 
square root of this quadratic differential expression appears, 
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will now make its way, so that cases with a velocity greater 
than that of light will henceforward play only some such 
part as that of figures with imaginary co-ordinates in 
geometry. 

Now the impulse and true motive for assuming the group 
G« came from the fact that the differential equation for the 
propagation of light in empty space possesses that group Qe.* 
On. the other hand, the concept of rigid bodies has meaning 
only in mechanics satisfying the group G^o. If we have a 
theory of optics with Go, and if on the other hand there were 
rigid bodies, it is easy to see that one and the same direction 
of t would be distingui^ed by the two hyperboloidal sheets 
appropriate to Gc and G„, and this would have the further 
consequence, that we should be able, by employing suitable 
rigid optical instruments in the laboratory, to perceive some 
alteration in the phenomena when the orientation with re- 
spect to the direction of the earth’s motion is changed. But 
all efforts directed towards this goal, in particular the famous 
interference experiment of Michelson, have had a negative 
result. To explain this failure, H. A. Lorentz set up an hypo- 
thesis, the success of which lies in this very invariance in 
optics for the group Ge. According to Lorentz any moving 
body must have undergone a contraction in the direction of 
its motion, and in fact with a velocity v, a contraction in the 
ratio 

1:^1 - 

This hypothesis sounds extremely fantastical, for the con- 
traction is not to be looked upon as a consequence of resist- 
ances in the ether, or anything of that kind, but simply as a 
gift from above, — as an accompan 3 ring circumstance of the 
circumstance of motion. 

Iwill nowshowbyour figure that theLorentzian hypothesis 
is completely equivalent to the new conception of space and 
time, which, indeed, makes the hypothesis much more intelli- 
gible. If for simplicity we disregard y and e, and imagine a 
world of one spatial dimension, then a parallel band, upright like 
the axis of t, and another inclining to the axis of t (see Fig. 1) 

* An applioation of this fact in its essentials has already been given by 
W. Voigt, Gotoinger Naohriohten, 1887, p. 41. 
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represent, respectively, the career of a body at rest or in uni- 
form motion, preserving in each case a constant spatial extent 
If OA.' is parallel to the second band, we can introduce t' as 
the time, and x' as the space co-ordinate, amd then the second 
body appears at rest, the first in uniform motion. We now 
assume that the first body, envisaged as at rest, has the 
length I, that is, the cross section PP of the first band on the 
axis of X is equal to 1 . 00, where 00 denotes the unit of 
measure on the axis of x ; and on the other hand, that the 
second body, envisaged as at rest, has the same length I, 
which then means that the cross section Q'Q' of the second 
band, measured parallel to the axis of a;', is equal to 1 . 00'. 
We now have in these two bodies images of two equal 
Lorentzian electrons, one at rest and one in uniform motion. 
But if we retain the original co-ordinates x, t, we must give 
as the extent of the second electron the cross section of its 
appropriate band parallel to the axis of x. Now since Q'Q' 
=• 1 . 00', it is evident that QQ = I . OD'. If dxjdt for the 
second band is equal to v, an easy calculation gives 

OD' = oovr^”^ 

therefore also PP : QQ = 1 : ^1 - v’^joK But this is the 
meaning of Lorentz’s hypothesis of the contraction of 
electrons in motion. If on the other hand we envisage the 
second electron as at rest, and therefore adopt the system of 
reference x' t', the length of the first must be denoted by the 
cross section P'P' of its band parallel to 00', and we should 
find the first electron in comparison with the second to be 
contracted in exactly the same proportion ; for in the figure 

FF : Q'Q' = OD : 00' = OD' : 00 = QQ : PP. 

Lorentz called the t' combination of x and t the local time 
of the electron in uniform motion, and applied a physical 
construction of this concept, for the better understanding of 
the hypothesis of contraction. But the credit of first recog- 
nizing clearly that the time of the one electron is just as good 
as that of the other, that is to say, that t and t' are to be 
treated identically, belongs to A. Einstein.* Thus time, as a 

*A. SiDstein, Aim. d. Fhys., 17,1905, p. 891; Jahib. d. BadioaktivitSii 
und Elektronik, 4, 1907, p. 411. 
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concept unequivocally determined by phenomena, was first 
deposed from its high seat. Neither Einstein nor Lorentz 
made any attack on the concept of space, perhaps because in 
the above-mentioned special transformation, where the plane 
of x', t' coincides with the plane of x, t, an interpretation 
is possible by saying that the a;-axis of space maintains its 
position. One may expect to find a corresponding violation 
of the concept of space appraised as another act of audacity 
on the part of the higher mathematics. Nevertheless, this 
further step is indispmisable for the true understanding of 
the group Gc, and when it has been taken, the word relativity- 
postulate for the requirement of an invariance with the group 
Gre seems to me very feeble. Since the postulate comes to 
mean that only the four-dimensional world in space and time 
is given by phenomena, but that the projection in space and in 
time may still be undertaken with a certain degree of freedona, 
I prefer to call it ^epostsdate of the absolute world (or briefly, 
the world-postulate). 


in 

The world-postulate permits identical treatment of the 
four co-ordinates x,y, z, t. By this means, as I shall now 
show, the forms in which the laws of physics are displayed 
gain in intelligibility. In particular the idea of acceleration 
acquires a clear-cut character. 

I will use a geometrical manner of expression, which sug- 
gests itself at once if we tacitly disregard z in the triplex 
X, y, z. I take any world-point 0 as the zero-point of space- 
time. The cone c*<® — = 0 with apex 0 (Big- 2) 

consists of two parts, one with values < < 0, the other with 
values <> 0. The former, the front cone of 0, consists, let 
us say, of all the world-points which “ send light to O,” the 
latter, the back cone of O, of all the world-points which “ re- 
ceive light from 0.” The territory bounded by the front cone 
alone, we may call “ before ” 0, that which is bounded by 
the back cone alone, “after” 0. The hyperboloidal sheet 
already discussed 

F - c»<* - ** - - r® = 1, «>0 

lies after 0. The territory between the cones is filled by the 
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one-sheeted hyperboloid al figures 

- F « « fc* 

for all constant positive values of ft. We are specially 
interested in the hyperbolas with 0 as centre, lying on the 
latter figures. The single branches of these hyperbolas 
may be called briefly the internal hyperbolas with centre 0. 
One of these branches, regarded as a world-line, would repre- 
sent a motion which, for ^ - oo and ^ + co , rises 

asymptotically to the velocity of light, c. 

If we now, on the analogy of vectors in space, call a 
directed length in the manifold of a5, y, ^ a vector, we have 
to distinguish between the time-like vectors with directions 
from 0 to the sheet + F =» 1, t > 0, and the space-like vectors 



with directions from 0 to - F ==* 1. The time axis may run 
parallel to any vector of the former kind. Any world-point 
between the front and back cones of 0 can be arranged by 
means of the system of reference so as to be simultaneous 
with 0, but also just as well so as to be earlier than O or 
later than 0. Any world-point within the front cone of O is 
necessarily always before O ; any world-point within the 
back cone of 0 necessarily always after 0. Corresponding to 
passing to the limit, c — oo , there would be a complete flatten- 
ing out of the wedge-shaped segment between the cones into 
the plane manifold t « 0. In the figures this segment is 
intentionally drawn with different widths. 

We divide up any vector we choose, e.g. that from O to 
x, y, into the four components x, y, z, t. If the directions 
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of two vectors are, respectively* that of a radios vector OB 
from 0 to one of the surfaces 7 F » 1, and that of a tangent 
BS at the point B of the same surface, the vectors are said 
to be normal to one another. Thus the condition that the 
vectors with components x, y, z, t and x^, y-^, z^, ^ may be 
normal to each other is 

c^Ui - xxi - yyi - zz^ = 0 . 

For the measurement of vectors in difierent directions the 
units of measure are to be fixed by assigning to a space*like 
vector from 0 to - F « 1 always the magnitude 1, and to a 
time-like vector from Oto + F = l, ^>0 always the magni- 
tude 1/c. 

If we imagine at a world-point P (a, y, z, t) the world- 
line of a substantial point running through that point, the 
magnitude corresponding to the time-like vector dx, dy, dz, 
dt laid off along the line is therefore 

dr = -^<^dt^ - da? - - dz\ 

c 

The integral \dT = t of this amount, taken along the world- 
line from any fixed starting-point Pj to the variable end- 
point P, we call the proper time of the substantial point at P. 
On the world-line we regard x, y, z, t — the components of the 
vector OP — as functions of the proper time t ; denote their 
first differential coefficients with respect to t by x, z, i; 
their second differential coefficients with respect to t by 
X , y, z, if; and give names to the appropriate vectors, calling 
the derivative of the vector OP with respect to t the velocity 
vector at P, and the derivative of this velocity vector with 
respect to t the acceleration vector at P. Hence, since 

cH^ - - z^ =* c*, 

we have 

cHt - XX - yy - zz = 0, 

i.e. the velocity vector is the time-like vector of unit magni- 
tude in the direction of the world-line at P, and the accelera- 
tion vector at P is normal to the velocity vector at P, and is 
therefore in any case a space-Uke vector. 

Now, aff is readily seen, there is, a definite h 3 rperbola 
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which has three infinitely proximate points in common with 
the world-line at P, and whose asymptotes are generators of 
a “ front cone *' and a “ back cone ” (Fig. 3). 
Let this hyperbola he called the hyperbola 
of curvature at P. If M is the centre of this 
hyperbola, we here have to do with an in- 
ternal hyperbola with centre M. Let p be 
the magnitude of the vector MP ; then we 
recognize the acceleration vector at P as the 
vector in the direction MP of magnitude 

oVp- 

If z, y, z, t are all zero, the hyperbola of 
curvature reduces to the straight line touch- 
^ ^ ing the world-line in P, and we must put 

' \ » p = 00 , 

\\ ^ 

g To show that the assumption of group 

Go for the laws of physics never leads to a 
contradiction, it is unavoidable to undertake a revision of 
the whole of physics on the basis of this assumption. This 
revision has to some extent already been successfully carried 
out for questions of thermodynamics and heat radiation,* for 
electromagnetic processes, and finally, with the retention of 
the concept of mass, for mechanics.f 

For this last branch of physics it is of prime importance 
to raise the question — When a force with the components 
X, Y, Z parallel to the axes of space acts at a world-point P 
(«, y, z, t), where the velocity vector is i, y, k, i, what must 
we take this force to be when the system of reference is in 
any way changed ? Now there exist certain approved state- 
ments as to the ponderomotive force in the electromagnetic 
field in the cases where the group Gc is undoubtedly admis- 
sible. These statements lead up to the simple rule : — ^When 
the system of reference is changed, the force in question 
transforms into a force in the new space co-ordinates in such 
a way that the appropriate vector with the components tX, 

* M. Hanok, “ Zax Dynaxaik bewegter Systeme," Berline* Beriohte, 190T, 
p. 542 ; also is Ann. d. Phys., 26, 1908, p. 1. 

t H. Uiskowski, “ Die Grundgleiobungen fiii die elektioms^etischen 
Votg4nge in bewegten Eoipetn,'* OSttingei Naohiiohlien, 1908, p. 58. 
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tY, iZ, iT, where 


T 


-ft 


+ Iy + 

t 



is the rate at which work is done by the force at the world- 
point divided by c, remains unchanged. This vector is always 
normal to the velocity vector at P. A force vector of this 
kind, corresponding to a force at P, is to be called a “ motive 
force vector at P. 

I shall now describe the world-line of a substantial point 
with constant mechanical mass m, passing through F. Iiet 
the velocity vector at P, multiplied by m, be called the 
“ momentum vector ” at P, and the acceleration vector at P, 
multiplied by m, be called the “ force vector ” of the motion 
at P. With these definitions, the law of motion of a point 
of mass with given motive force vector runs thus : — * The 
Force Vector of Motion is Equal to the Motive Force Vector. 
This assertion comprises four equations for the components 
corresponding to the four axes, and since both vectors men- 
tioned are a priori normal to the velocity vector, the fourth 
equation may be looked upon as a consequence of the other 
three. In accordance with the above signification of T, the 
fourth equation undoubtedly represents the law of energy. 
Therefore the component of the momentum vector along the 
axis of t, multiplied by c, is to be defined as the kinetic 
energy of the point mass. The expression for this is 


= mc^ls/1 - 

i.e., after removal of the additive constant me®, the expression 
of Newtonian mechanics down to magnitudes of the 
order 1/c®. It comes out very clearly in this way, how the 
energy depends on the system of reference. But as the axis 
of t may be laid in the direction of any time-like vector, the 
law of energy, framed for all possible systems of reference, 
already contains, on the other hand, the whole system of the 
equations of motion. At the limiting transition which we 
have discussed, to c => oo , this fact retains its importance for 

* H. Minkowski, loo. oit., p 107. Cf. also M. Flanok, Yeihandlungsp 
der j^ydkalisdhen Gesellsohait, d, 1906, p. 136. 



88 


SPACE AND TIME 


the asdomatic stmcture of Newtonian mechanics as well, and 
has already been appreciated in this sense by I. R Schiitz * 

We can determine the ratio of the units of length and 
time beforehand in such a way that the natural limit of 
velocity becomes c = 1. If we then introduce, farther, 
^ - 1 t = s in place of t, the quadratic differential ex- 
pression 

dr® = - - dy^ - dz^ - ds® 

thus becomes perfectly symmetrical in x, y, z, s; and this 
symmetry is communicated to any law which does not contra- 
dict the world-postulate. Thus the essence of this postulate 
may be clothed mathematically in a very pregnant manner in 
the mystic formula 

3 . 10® Jem = ^ - 1 secs. 

V 

The advantages afforded by the world-postulate will per- 
haps be most strikingly exemplified by indicating the effects 
proceeding from a point charge in any kind of motion accord- 
ing to the Maxwell-Lorentz theory. 
Let us imagine the world-line of such 
a point electron with the charge e, and 
introduce upon it the proper time r 
from any initial point. In order to find 
the field caused by the electron at any 
world-point Pi, we construct the front 
cone belonging to Pj (Fig. 4). The cone 
evidently meets the world-line, since the 
directions of the line are evejry where 
those of time-like vectors, at the single 
point P. We draw the tangent to the 
world-line at P, and construct through 
Pi the normal PjQ to this tangent. 
Let the length of PiQ be r. Then, by 
the definition of a front cone, the length of PQ must be r/c. 
Now the vector in the direction PQ of magnitude ejr repre- 

*L B. SolAtz, “Daz Ptinzip del absoluten Brhaltang der Bneigie,” 
GOtanger Naohr., 1897, p. 110. 
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sents by its components along the axes of x, y, z, the vector 
potential multiplied by e, and by the component along the 
axis of t, the scalar potential of the field excited by e at the 
■world-point P. Herein lie the elementary laws formulated 
by A. Li4nard and B. Wiechert.* 

Then in the description of the field produced by the 
electron we see that the separation of the field into electric 
and magnetic force is a relative one 'with regard to the under- 
lying time axis ; the most perspicuous way of describing the 
two forces together is on a certain analogy with the 'wrench 
in mechanics, though the analogy is not complete. 

I will now describe the ponderomotive action of a moving 
point charge on another moving point charge. Let us 
imagine the world-line of a second point electron of the 
charge' ei, passing through the world-point Pj. We define P, 
Q, r as before, then construct (Pig. 4^ the centre M of the 
hyperbola of curvature at P, and finally 'the> normal MN from 
M to a straight line imagined through P parallel to QPj. With 
P as starting-point we now determine a system of reference 
as follows : — The axis of t in the direction PQ, the axis of x 
in direction QPj, the axis of y in direction MN, whereby 
finally the direction of the axis of z is also defined as normal 
to the axes of t, x, y. Let the acceleration vector at P be 
X, y, z, i, the velocity vector at Pj be ij. The motive 

force vector exerted at Pj by the first moving electron e on 
the second moving electron Cj now takes the form 



where the components Sty, of the vector satisfy 
the three relations 

=® •“ =■ 0 , 

and where, fourthly, this vector It is normal to the velocity 
vector at P^ and through this circumstance alone stands in 
dependence on the latter velocity vector. 

* A. Li^nard, ** Champ dleotrique et magnetique produit par une charge 
oonoentr6e ea un point et animde d’un mouvement queloonque,** L’Eclairage 
Eleotrique, 16, 1898, pp. 5, 53, 106; B. Wieohert, ** Blektrodynamlsohe 
Elementargesetze,*’ Aroh. NderL (2), 5, 1900, p. 549. 
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When we compare this statement with previous formu- 
lations ♦ of the same elementary law of the ponderomotive 
action of moving point charges on one another, we are com- 
pelled to admit that it is only in four dimensions that the 
relations here taken under consideration reveal their inner 
being in full simplicity, and that on a three dimensional 
space forced upon ns a priori they cast only a very com- 
plicated projection. 


In mechanics as reformed in accordance with the world- 
postulate, the disturbing lack of hairmony between Newtonian 
mechanics and modern electrodynamics disappears of its own 
accord. Before concluding I will just touch upon the attitude 
of Newton s law of attraction toward this postulate. I shall 
assume that when two points of mass m, describe their 
world-lines, a motive force vector is exerted by m on of 
exactly the same form as that just given in the case of 
electrons, except that H- unmi must now take the place of 
— ^ We now specially consider the case where the ac- 

celeration vector of m is constantly zero. Let us then intro- 
duce t in such a way that m is to be taken as at rest, and let 
only move under the motive force vector which proceeds 
from m. If we now modify this gi ven vecto r in the first 
p^ce by adding the factor which, to the 

order of 1/c*, is equal to 1, it will be seen j* that for the posi- 
tions of and their variations in time, we should 

amve exactly at Kepler’s laws again, except that the proper 
times Ti of mi would take the place of the times ^i. From 
this smple remark it may then be seen that the proposed 
lav7 of attraction combined with the new mephanics is no less 
well adapted to explain astronomical observations than the 
Neiprtonian law of attraction combined with Newtonian 
mechamcs. 


The fundamental equations for electromagnetic processes 
m ponderable bodies also fit in completely with the world- 
postulate. As I shall show elsewhere, it is not even by anv 
means necessary to abandon the derivation of these funda- 


p. H. A. I.™.., 

tH. Minkowski, loo. oit., p. lio. 
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mental equations from ideas of the electronic theory, as 
taught by Lorentz, in order to adapt them to the world- 
postulate. 

The validity without exception of the world-postulate, I 
like to think, is the true nucleus of an electromagnetic image 
of the world, which, discovered by Lorentz, and further re- 
vealed by Einstein, now lies open in the full light of day. In 
the development of its mathematical consequences there will 
be ample suggestions for experimental verifications of the 
postulate, which will suffice to conciliate even those to whom 
the abandonment of old-established views is unsympathetic 
or painful, by the idea of a pre-established harmony between 
pure mathematics and physics. 



NOTES 

by 

A. SOMMERFELD 

Tbe follo'wing notes are giyen in an appendix so as to interfere in no way ; 
with MinkowsM*s text. They are by no means essential, having no other pur- 
pose than that of removing certain small formal mathematioal difdoulties 
which noight hinder the comprehension of Minkowski’s great thoughts. The 
bibliographical references are confined to the literature dealing erpressly with 
the subject of hie address; From the physical point of view there is nothing : 
in what MinkowsM says that must now be withdrawn, with the exception of 
the finsJ remark on Newton’s law of attraction. What will be the epistemo- 
logioaJ attitude towards Minkowski’s conception of the tune-space problem iB 
another question, but, as it seems to me, a question which does not essentially 
touch his physios. 

(1) Page 81, line 8. ** On the other hand, the concept of rigid bodies h&B 
meaning only in mechanics satisfying the group Gqq This sentence was coxi- 
firmed in the widest sense in a discussion on a paper by his disciple M. Bom, 
a year after Minkowski’s death. Bom (Ann, d. Physik, 80, 1909, p. X} 
had defined a relatively rigid body as one in which every element of volume, 
even in accelerated motions, undergoes the Lorentzian contraction appropriate 
to its velocity. Ehrenfest (Phys. Zeitsohr.', 10, 1909, p. 918) showed that 
such a body cannot be set in rotation; Herglotz (Ann. d. Phys., 81, 1910, 
p. 393) and F. Nfither (Ann. d. Phys., 81, 1910, p. 919) that it has only three 
degrees of freedom of movement. The attempt was also made to define a 
relatively rigid body with six or nine degrees of freedom. But Planok^ 
(Phys. Zeitsohr., 11, 1910, p. 294) expressed the view that the theory of 
relativily can operate only with more or less elastic bodies, and Laue (Phys* 
Zeitsohr., 12, 1911, p. 48), employing Minkowski’s methods, and his Pig. 2 
in the text above, proved that in the theory of relativity every solid body must 
have an i n fin ite number of degrees of freedom. Finally Herglotz (Ann. <31. 
Physik, 86, 1911, p. 458) developed a relativistic theory of elasticity, aocordl-* 
ing to which elastic tensions always occur if the motion of the body is not rel8u« 
tively rigid in Bom’s sense. Thus the relatively rigid body plays the sams 
part in this theory of elasticity as the ordinary rigid body plays in the ordinaiiry 
theory of elasticity. 

(2) Page 82, line 18. “ If de/dt for the second band is equal to w, an easy 

calculation gives OD’ = 00 - v>/c».” In Fig. 1, let a = -^-A'OA, 0 * ^B'O A' 

= ^O'OB', in which the equality of the last two angles follows from the syzn- 
metrical position of the asymptotes 'with respect to the new axes of co-ordin- 
ates (conjugate diameters of the hyperbola).* Since « + = Jw, 

sin 20 as COB 2a. 

•SamnertBld seems to take oi as a oo-ordinate in the graph in place oitauB 
used by Minkowdo.— Trans. 
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In the triangle OD'O' the law of sines gives 

OP' _ sin cos 2a 
00' cos a cos a 

or, as 00' = OA', 

OD' = 0A'^~ =z OA' cos o(l - tan* a) . . . (1) 

If ar, t are tihe co-ordinates of the point A' in the t system, and therefore 
X . OA and . 00 = cf . OA respectively are the corresponding distances from 
the axes of co-ordinates, we have 

aj . OA =* sin « . OA', c« . OA « cos a . OA', 5«tana«2 . (2) 

ct c ' 


Inserting these values of x and ct in the equation of the hyperbola, we find 

cos a a/( 1 — tan* a) ’ ^ 


OA'*(oos* a - sin* a) * OA^, OA' - 


therefore, on account of (1) and (2), 

CD' «= 0A^(1 - tan® a) = 0A^(1 - t;*/c*). 

This, because OA « 00, is the formula to be proved. 

Further, in the right-angled triangle OOP, 


OD « 


00 


OA 


cos a cos a 


Equation (3) may therefore be also written in this way, 

OA' — OP OP ^ //- t>*\ 

“ 7(ir-tiir;r) OA' “ V\^ W’ 

This, together with (4), gives the proportion, 

OP:OA' = OD':OA, 

which, as OA' = 00' and OA « 00, is identical with 

OD;00'=OD';00 
employed on page 82, line 29. 

(3) Page 84, line 16. ** Any world-point between the front and back con^ 
of 0 can be arranged, by means of the system of reference, so as to be simultane- 
ous with 0, but also just as well so as to be earlier than 0, or later than 0.’* 
M. Laue (Phys. Zeitsohr., 12, 1911, p. 48) traces to this observation the 
proof of Einstein's theorem : In the theory of relativity no process of oausalily 
can be propagated with a velocity greater than that of light (“ Signal velocity 
Assume that an event 0 causes another event P, and that the world- 
point P lies in the region between the cones of O. In this case the effect would 
have been conveyed from 0 to P with a velocity greater than that of light, rela- 
tively to the system of reference'OJ, t in question, in which, of course, the effect 
P is assumed to be later than the cause 0, fp ^ 0. But now, in accordance 
with the words quoted above, the system of reference may be changed, so that 
P comes to be earlier than 0, that is to say, a system £c', t' may be chosen in 
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infixdtely imuiy ways bo that <'p 1360011168 -<0. This is iireoonoilable ’with the 
idea of osnsality. P must therefore lie either “ after ** 0 or on the baok 
cone of 0, i.e. the velocity of propagation of a signal to be sent from 0, ’which 
is to cause a second event at the world-point P, must of necessity be c. (Of 
course it is possible, even in the theory of relativity, to define process^ propa- 
gated with velocity greater them light* This oem be done geometrically, for 
example, in a very simple way* But such processes can never serve as signals, 
Le. it is impossible to introduce them arbitrarily and by them, for example, to 
set a relay in motion at a distant place. There may be e.g. optical media, in 
which the “ velocity of light ” is greater than c. But in that case what is 
understood by the velocity of light is the propagation of phases in an infinite 
periodic wave-train. These can never be used for signalling. On the other 
hand a wave-front is propagated, in all oiromnstanoes and with any con- 
stitution of the optical medium, with the velocity c ; of. e.g. A. Sommerfeld, 
“Festschrift Heinrich Weber,” Leipzig, Teubner, 1912, p. 838, or Ann. 
d. Phyaik, 4A, 1914, p. 177. 

(I) Page 85, line 18. As Minkowski once remarked to me, the element of 
proper time dr is not a complete differential. Thus if we oonneot two world- 
points 0 and P by two different world-lines 1 and 2, then 

If 1 runs parallel to the t-atLs, so that the first transition in the chosen system 
of reference signifies rest, it is evident that 


=af, 

On this depends the retardation of the moving clock compared with the clock 
at rest. The assertion is based, as Einstein has pointed out, on the unprov- 
able assumption that the clock in motion actually indicates its own proper 
time, Le. that it always gives the time oorresponding to the state of velocity, 
regained as constant, at any instant. The moving clock must naturally have 
been moved with acceleration (with changes of speed or direction) in order 
to be compared with the stationary clock at the world-point P. The retard- 
ation of the moving dock does not therefore actually indicate “ motion,” hut 
“accelerated motion.” Hence this does not contradict the principle of 
relativity. 

(6) Page 86, line 4. The term “ hyperbola of curvature ” is formed exactly 
on the model of the elementary concept of the circle of curvature. The analogy 
become analytical identity if instead of the real co-ordinate of time t the 
imaginary employed, that is, e times the co-ordinate employed by 

Minkowski, page 88, line 6. 

By page 84 an internal hyperbola in the a;, ^-plane has the equation, with 
k - p, 

aj> - (jafs =s pt, 

therefore in the tc, u plane 

as p*. 

Hence it may be written in parametric form, when ^ denotes a purely imagin- 
ary angle. 


X "" p cos es p sin <l>. 
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So, as I suggested in the Ann. d. Phys., S3, p. 649, § 8, hyperbolic motion may 
also be denoted as “ oyolio motion,*’ whereby its chief properties (oonveotion of 
the field, occurrence of a kind of centrifugal force) are oharaoteriaed with 
particular clearness, Por the hyperbolic motion we have 

dr = - d«» - de’) =. e I I 

and thus 

dx • • du 

CC =s ^ - -KJ sin tt =S ^ s= + oo cos ^ 

dr dr 


X 


dr 


- cos 


ii 


die 

dr 



<p. 


The magnitude of the acceleration vector in hyperbolic motion is therefore o®//). 
Since any given world-line is touched by the hyperbola of curvature at three 
points, it has the same acceleration vector as the hyperbolic motion, and 
its magnitude is c®/^, as indicated on page 86, line 11. 

The centre M of the oyolio motion a® h- ss is evidently the point 
a: = 0, « sa 0, and from this centre all points of the hyperbola have the con- 
stant ** distance,” i.e. a constant magnitude of the radius vector. Therefore p 
denotes the interval marked MP in Fig. 8. 

(6) Page 87, line 1. A force X, Y, Z, to be made into a ♦* force vector,” 
must be multiplied by f =: dtldr. This may be explained as follows. 

According to Minkowski, page 87, line 10, the momentum vector is defined 
by mxt my^ mk, where m denotes the ** constant mechanical mass,’* or, ^ 
Minkowski says- more plainly elsewhere, the ”rest noass.” If we retain 
Kewton’s law of motion (time rate of change of momentum equal to force), we 
have to set 

= X, y^v) = -y, ymi) = z. 

Multiplication by i makes the left-hand sides into vector components in 
Minkowski's sense. Therefore iX^ 2Y, iZ are also the first three components 
of the ” force vector.” The fourth component T follows without ambiguity 
from the requirement that the force vector is to be normal to the motion 
vector. Minkowski’s equations for the mechanics of the mass point are there- 
fore, with constant rest mass, 

mx iXf my iY, mx « IZ^ ml bb fT. 


The assumption of constancy of rest mass can only be maintained, however, 
when the energy-content of the body is not changed in its motion, or in the 
words of Planck, when the motion ensues ” adiabatically and isoohorioally.” 

(7) Pages 88 and 89. What is charaoteristio of the constructions here given, 
is their complete independence of any special system of reference. They give, 
as Minkowski postulates on page 88, ** reciprocal relations between world-lines ” 
(or world-points) as ” the most perfect expression of physical laws.” On page 89, 
for example, the eleotrodynamio potential (four- potential) is not referred to the 
axes of co-ordinates a?, y, t until it is to be conventionally divided into a 
scalar and a vector poi^kon, which have no independent invariant meaning 
from the relativistic standpoint. 

By way of commentary to Minkowski 1 have deduced, from Maxwell’s 
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equations, by Miuko'wski’s methods, an invaziant analytical form for the four- 
potential and the ponderomotive action between two electrons, ^d so given 
another view of these oonstruotions of MinkovTsld. Instead of going into de- 
tails here, I may refer to my article in Ann. d. Phys., 88, 1910, p. 649, § 7, 
or to M. Lane, ** Das Belativit&tsprinzip,” Braunschvveig, Yieweg, 1918, § 19. 
Compare also Minkowski’s address on the prinoiple of relativity, edited by my- 
self, in Ann. d. Phys., 47, 1916, p. 927, where the four-potential is placed at 
the head of electrodynamics, and this theory thus reduced to its simplest form. 

(8) Page 89, line 6. The invariant representation of the electromagnetic held 
by a “ vector of the second kind *’ (or, as I proposed to call it, a “ six- vector,” a 
term which seems to be winning acceptance) is a particularly important part 
of Minkowski’s view of electrodynamics. Whereas Minkowski’s ideas on the 
vector of the first kind, or four-vector, were in part anticipated by Poincard 
(Bend, Oirc. Mat. Palermo. 21, 1906), the introduction of the six-vector is 
new. Like the six-vector, the wrench of mechanics (standing for a single force 
and a couple) depends on six independent parameters. And as in the electro- 
magnetic field ** the separation into electric and magnetic force is a relative 
one,” so with the wrench, as is well known, the division into single force 
and couple can be made in very many ways. 

(9) Page 90, line 9. Minkovreki’s relativistic form of Newton’s law for the 
special case of zero acceleration mentioned in the text is included in the more 


general form proposed by Poinoar6 (loo. bit.). On the other hand, in taking ac- 
celeration into consideration, it goes further than the latter. MinkoVTsM’s or 
Poinoard’s formulation of the law of gravitation shows that it is possible in 
many ways to reconcile Newton’s law vnth the theory of relativity. That law 
is viewed as a point law, and gravitation therefore in a certain sense as action 
at a dmtanoe. The general theory of relativity, which Einstein has been 
developing fimn 1907 on, gets a deeper grip of the problem of gravitation. 
Cavitation is not only regarded as a field action and described by space-time 
differential equations — ^which seems from the present standpoint irrefutable— 
but it is also united organically with the principle of relativity extended to any 
transformations, whereas Minlnwski and Poinoard had adapted it to the postu- 
late of relativity in a more external manner. In the general theory of relativity 
the space-time structure is determined, from or together with, gravitation. Thus 
the p]^iple of relativity, by an extension of Minkovroki’s ideas, is so formu- 
lated that it postulates the co-variance of physical quantities vritlx reference to 
all pomt transformations, so that the coefficients of the invariaiut linear element 
enter into the laws of physica 

(10) Page 90, line 88. The ” fundamental equations for electromagnetic 
gooses in ponderable bodies” are developed by Minkowski in GOttinger 
Nanhnohten, 1907. It was not granted him to complete the ** deduction of 

^nation on the basis of the theory of electrons.” His essays in this 
^tion have been worked out by M. Bom, and together with the “ Punda- 
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ON THE INELUENOE OE GEAVITATION ON THE 
PEOPAGATION OE LIGHT 

By a. EINSTEIN 

I N a memoir published four years ago * I tried to answer 
the question whether the propagation of light is in- 
fluenced by gravitation. I return to this theme, because 
my previous presentation of the subject does not satisfy 
me, and for a stronger reason, because I now see that one of 
the most important consequences of my former treatment 
is capable of being tested experimentally. Eor it follows 
from the theory here to be brought forward, that rays of 
light, passing close to the sun, are deflected by its gravita- 
tional field, so that the angular distance between the sun and 
a fixed star appearing near to it is apparently increased by 
nearly a second of arc. 

In the course of these reflexions further results are yielded 
which relate to gravitation. But as the exposition of the 
entire group of considerations would be rather difficult to 
follow, only a few quite elementary reflexions will be given 
in the following pages, from which the reader will readily be 
able to inform himself as to the suppositions of the theory 
and its line of thought. The relations here deduced, even if 
the theoretical foundation is sound, are valid only to a first 
approximation. 

§ I. A Hypothesis as to the Physical Nature of the 
Qravltational Field 

In a homogeneous gravitational field (acceleration of 
gravity 7) let there be a stationary system of co-ordinates K, 
orientated so that the lines of force of the gravitational field 
run in the negative direction of the axis of In a space free 

* A. SSiaBtein, 7ahtbndi fill Badioaldi. und liltUiioiillCi d, 1907, 
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of gravitational fields let there be a second system of co- 
ordinates K', moving with nniform acceleration (7) in the 
positive direction of its axis of z. To avoid unnecessary com- 
plications, let us for the present disregard the theory of 
relativity, and regard both systems from the customa^ point 
of view of kinematics, and the movements occurring in them 
from that of ordinary mechanics. 

Relatively to K, as well as relatively to K', material points 
which are not subjected to the action of other material points, 
move in keeping vrith the equations 


^ n ^ - 
dt® ” dt* “ ’ dt^ 


7 - 


For the accelerated system K' this follows directly from 
Galileo’s principle, but for the system K, at rest in a homo- 
geneous gravitational field, from the experience that all bodies 
in such a field are equally and uniformly accelerated. This 
experience, of the equal falling of all bodies in the gravi- 
tational field, is one of the most universal which the obser- 
vation of natme has yielded ; but in spite of that the law 
has not found any place in the foundations of our edifice of 
the physical universe. 

But we arrive at a very satisfactory interpretation of this 
law of experience, if we assume that the systems E and K' are 
physically exactly equivalent, that is, if we assume that we 
may just as well regard the system E as being in a space free 
from gravitational fields, if we then regard E as uniformly 
accelerated. This assumption of exact physical equivalence 
makes it impossible for us to speak of the absolute accelera- 
tion of the system of reference, just as the usual theory of 
relativity forbids us to talk of the absolute velocity of a 
system ; * and it makes the equal falling of all bodies in a 
gravitational field seem a matter of course. 

As long as we restrict ourselves to purely mechanical pro- 
cesses in the realm where Newton’s mechanics holds sway, 
we are certain of the equivalence of the systems E and E'. 


* Of course we cajmot replace any arbitrary gravitational field by a state of 
noLotion of the system without a gravitational field, any more than, by a trans- 
formation of relativity, we can transform all points of a medium in any kind of 
motion to rest. 
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But this view of ours will not have any deeper significance 
unless the systems K and K' are equivalent with respect to 
all physical processes, that is, unless the laws of nature with 
respect to K are in entire agreement with those with respect 
to K'. By assuming this to be so, we arrive at a principle 
which, if it is really true, has great heuristic importance. 
For by theoretical consideration of processes which take place 
relatively to a system of reference with uniform acceleration, 
we obtain information as to the career of processes in a homo- 
geneous gravitational field. We shall now show, first of all, 
from the standpoint of the ordinary theory of relativity, what 
degree of probability is inherent in our hypothesis. 

§ 3. On the Gravitation of Energy 

One result yielded by the theory of relativity is that the 
inertia mass of a body increases with the energy it contains ; 
if the increase of energy amounts to B, the increase in inertia 
mass is equal to E/c®, when o denotes the velocity of light. 
Now is there an increase of gravitating mass corresponding 
to this increase of inertia mass ? If not, then a body would 
fall in the same gravitational field with varying acceleration 
according to the energy it contained. That highly satisfactory 
result of the theory of relativity by which the law of the con- 
servation of mass is merged in the law of conservation of 
energy could not be maintained, because it would compel us 
to abandon the law of the conservation of mass in its old 
form for inertia mass, and maintain it for gravitating mass. 

But this must be regarded as very improbable. On the 
other hand, the usual theory of relativity does not provide us 
with any argument from which to infer that the weight of a 
body depends on the energy contained in it. But we shall 
show that our hs^othesis of the equivalence of the systems 
K and K gives us gravitation of energy as a necessary con- 
sequence. 

Let the two material systems and Sg, provided withinstru- 
ments of measurement, be situated on the .er-azis of K at the 
distance h from each other,* so that the gravitation potential 
in 8, is greater than that in Si by yh. Let a definite quantity 

* The dimensiooB of Si and S, ate tegaided aa infinitely small in oompsti- 
Bon vrith h. 
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of energy E be emitted from S3 towards S^. Let the quantities 
of energy in and S3 be measured by contrivances which — 
brought to one place in the system s and there compared — 
shall be perfectly alike. As to the process of this conveyance 
of energy by radiation we can make no a priori assertion, be- 
cause we do not know the influence of the gravitational fleld 
on the radiation and the measuring instruments in S^ and S3. 

But by our postulate of the equivalence of K and K' we 
are able, in place of the system K in a homogeneous gravi- 
tational field, to set ^e gravitation-free system K', which 
moves with uniform acceleration in the direction of positive 
g, and with the ;sr-azis of which the material systems 83 and 
S3 are rigidly connected. 

We judge of the process of the transference of energy by 
radiation from S3 to 83 from a system Eg, 
which is to be free from acceleration. At 
the moment when the radiation eneigy E3 
is emitted from S3 toward S3, let the 
velocity of K' relatively to Kg be zero. 
The radiation will arrive at S3 when the 
time hjo has elapsed (to a first approxi- 
mation). But at this moment the velo- 
city of S3 relatively to Kg is yhjc = v. 
Therefore by the ordinary theory of re- 
lativity the radiation arriving at S3 does 
not possess the energy E3, but a greater 
energy E3, which is related to Ej to a 
first approximation by the equation * 



E3 - B3(i + ^) = B3(i 7I) . . ( 1 ) 


By our assumption exactly the same relation holds if the 
same process takes place in the system K, which is not acceler- 
ated, but is provided with a gravitational field. In this case 
we may replace 7Aby the potential $ of the gravitation vector 
in Ss, if the arbitrary constant of $ in S3 is equated to zero. 
We then have the equation 

B3 - E3 + . . . (la) 


* Sfie above, pp, 69-71. 
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This equation espressos the law of energy for the process 
under observation. The energy Ei arriving at is greater 
than the energy Ej, measured % the same means, which was 
emitted in Sj, the excess being the potential energy of the 
mass in the gravitational held. It thus proves that for 
the fulfilment of the principle of energy we have to ascribe 
to the energy E, before its emission in S^, a potential energy 
due to gravity, which corresponds to the gravitational mass 
E/c®. Our assumption of the equivalence of K and K' thus 
removes the difficulty mentioned at the beginning of this 
para^ph which is left unsolved by the ordinary theory of 
relativity. 

The meaning of this result is shown particularly clearly k 
we consider the following cycle of, operations : — 

1. The energy E, as measured in S^, is emitted in the form 
of radiation in Sj towards Sj, where, by the result just ob- 
tained, the energy E(1 + •^A/c®), as measured in Sj, is ab- 
sorbed. 

2 . A body W of mass M is lowered from Sj to Sj, work 
Myh being done in the process. 

3 . The energy E is transferred from Sj to the body W 
while W is in S^. Let the gravitational mass M be thereby 
changed so that it acquires the value M'. 

4 . Let W be again raised to Sg, work M'vA being done 
in the process. 

5 . Let E be transferred from W back to 82. 

The effect of this cycle is simply that has undergone 
the increase of energy Ey/^/c^, and that the quantity of 
energy M.'yh - Myh has been conveyed to the system in the 
form of mechanical work. By the principle of energy, we 
must therefore have 

Ey^ = M'y* - MyA, 
or 

M' - M - E/c» (lb) 

The increase in gravitational mass is thus equal to E/c‘, and 
therefore equal to the increase in inertia mass as given by the 
theory of relativity. 

The result emerges still more directly from the equivalence 
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of the systems K and according to which the gravitational 
mass in respect of K is exactly equal to the inertia mass in 
respect of K.' ; energy must therefore possess a gravitational 
mass which is equal to its inertia mass. If a mass Mq be 
suspended on a spring balance in the system K', the balance 
will indicate the apparent weight MqJ on account of the 
inertia of Mq. If the quantity of energy E be transferred 
to Mo, the spring balance, by the law of the inertia of 
energy, will indicate (Mo + E/c^)7. By reason of our funda- 
mental assumption exactly the same thing must occur when 
the experiment is repeated in the system K, that is, in the 
gravitational field. 

§ 3. Time and the Velocity of Light in the Gravitational 

Field 

If the radiation emitted in the uniformly accelerated 
system K' in S2 toward Sj had the frequency V2 relatively to 
the clock in S2, then, relatively to Si, at its arrival in Si it no 
longer has the frequency relatively to an identical clock in 
Si, but a greater frequency Vi, such that to a first approxi- 
mation 

Vi = I's(l + */;!)• • • • (2) 

For if we again introduce the unaccelerated system of refer- 
ence Ko, relatively to which, at the time of the emission of 
light, K' has no velocity, then Sj, at the time of arrival of the 
radiation at Sj, has, relatively to Ko, the velocity yh/c, from 
which, by Doppler’s principle, the relation as given results 
immediately. 

In agreement with our assumption of the equivalence of 
the systems £' and K, this equation also holds for the 
stationary system of co-ordinates K, provided with a uniform 
gravitational field, if in it the transference by radiation takes 
place as described. It follows, then, that a ray of light 
emitted in with a definite gravitational potential, and pos- 
sessing at its emission the frequency — compared with a 
clock in Sj — will, at its arrival in Si, possess a different fre- 
quency vi — ^measured by an identical clock in Sj. For yh we 
substitute the gravitational potential O of — that of Si 
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being taken as zero — and assume that the relation, which we 
have deduced for the homogeneous gravitational field also 
holds for other forms of field. Then 


= 1/3(1 + I) . . . . ( 2 a) 

This result (which by our deduction is valid to a first ap- 
proximation) permits, in the first place, of the following appli- 
cation. Let vq be the vibration-number of an elementary 
light-generator, measured by a delicate clock at the same 
place. Let us imagine them both at a place on the surface 
of the Sun (where our Sg is located). Of the light there 
emitted, a portion reaches the Earth (Si), where we measure 
the frequency of the arriving light with a clock U in all re- 
spects* resembling the one just mentioned. Then by ( 2 a), 



where $ is the (negative) difference of gravitational potential 
between the surface of the Sun and the Earth. Thus accord- 
ing to our view the spectral lines of sunlight, as compared 
with the corresponding spectral lines of terrestrial sources of 
light, must be somewhat displaced toward the red, in fact by 
the relative amount 


Vq - V 


Vq 


$ 


« 2 . 10 '» 


If the conditions under which the solar bands arise were 
exactly known, this shifting would be susceptible of measure- 
ment. But as other influences (pressure, temperature) affect 
the position of the centres of the spectral lines, it is difficult 
to discover whether the inferred influence of the gravitational 
potential really exists.* 

On a superficial consideration equation ( 2 ), or ( 2 a), 
respectively, seems to- assert an absurdity. If there is con- 
stant transmission of light from 83 to Si, how can any other 
number of periods per second arrive in Si than is enoitted 


*L. F. Jewell (Joum. de Phys., 6, 1897, p. 84) and particularly Oh. 
Fabry and H. Boisson (Oomptes rendus, 148, 1909, pp. 688-690) have actually 
found such displacements of fine spectral lines toward the red end of the 
spectrum, of the order of magnitude here calculated, but have ascribed them 
to an efiect of pressure in the absorbing layer. 
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in Sj ? But the answer is simple. We cannot regard or 
respectively vi simply as frequencies (as the number of periods 
per second) since we have not yet determined the time in 
system K What denotes is the number of periods with 
reference to the time-unit of the clock IT in Sj, while Vi de- 
notes the number of periods per second with reference to the 
identical clock in Si. Nothing compels us to assume that the 
clocks U in different gravitation potentials must be regarded 
as going at the same rate. On the contrary, we must certainly 
define the time in K in such a way that the number of wave 
crests and troughs between Sj and Si is independent of the 
absolute value of time ; for the process under observation is 
by nature a stationary one. If we did not satisfy this con- 
dition, we should arrive at a definition of time by the appli- 
cation of which time would merge explicitly into the laws 
of nature, and this would certainly be unnatural and un- 
practical. Therefore the two clocks in Si and Sj do not both 
give the “ time ’’ correctly. If we measure time in Si vrath 
the clock U, then we must measure time in S2 with a clock 
which goes 1 + times more slowly than the clock U when 
compared with U at one and the same place. For when 
measured by such a clock the frequency of the ray of light 
which is considered above is at its emission in S3 



and is therefore, by (2a), equal to the frequency vi of the same 
ray of light on its arrival in Si. 

This has a consequence which is of fundamental impor- 
tance for our theory. For if we measure the velocity of light 
at different places in the accelerated, gravitation-free.system 
K', employing clocks U of identical constitution, we obtain 
the same magnitude at all these places. The same holds 
good, by our fundamental assumption, for the system K as 
well. But from what has just been said we must use clocks 
of unlike constitution, for measuring time at places with 
differing gravitation potential. For measuring time at a 
place which, relatively to the origin of the co-ordinates, has 
the gravitation potential <&, we must employ a clock which — 
when removed to the origin of co-ordinates — goes (1 + 4 >/c®) 
times more slowly than the clock used for measuring time at 
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the origin of co-ordinates. If we call the velocity of light at 
the origin of co-ordinates Cg, then the velocity of light c at a 
place with the cavitation potential O will be given by the 
relation 

c => Co^l + ^) ■ • • • (3) 

The principle of the constancy of the velocity of light holds 
good according to this theory in a different form from that 
which usually underlies the ordinary theory of relativity. 


§ 4. Bending of Ught-Rays in the Gravitational Field 

From the proposition which has just been proved, that the 
velocity of light in the gravitational field is a function of the 
place, we may easily infer, by means of Huyghens’s principle, 
that light-rays propagated across a gravitational field undergo 
deflexion. For let E be a wave front of a plane light- wave at 
the time t, and let and Pj be two points in that plane at 



unit distance from each other. Pi and Pj lie in the plane of 
the paper, which is chosen so that the differential coefficient 
of taken in the direction of the normal to the plane, 
vanishes, and therefore also that of c. We obtain the corre- 
sponding wave front at time i + dt, or, rather, its line 
of section with the plane of the paper, by describing circles 
round the points Pi and Pj with radii c^di and c^di respectively, 
where Ui and Cj denote the velocity of light at the points Pi 
and P 2 respectively, and by drawing the tangent to these 
circles. The angle through which the light-ray is deflected 
in the path cdi is therefore 

— c^dt = — 


if we calculate the angle positively when the ray is bent to- 
ward the side of increasing n'. The angle of deflexion per 
unit of path of the light-ray is thus 


-i,^„orby(3) 


ID* 
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Finally, \7e obtain for the deflexion which a light-ray experi- 
ences toward the side »' on any path (s) the expression 

“ “ " • • ' • 

We might have obtained the same result by directly consider- 
ing the propagation of a ray of light in the nniformly acceler- 
ated system K', and transferring the result to the system K, 
and thence to the case of a gravitational field of any form. 

By equation (4) a ray of light passing along by a heavenly 
body suffers a deflexion to the side of the diminishing gravi- 
tational potential, that is, on the side directed toward the 
heavenly body, of the magnitude 


a 


1 

c® 




where Jc denotes the constant of gravitation, M the mass of 
the heavenly body, A the distance of the 
ray from the centre of the body. A ray 
of light going past the Sun woidd accord- 
ingly undergo deflexion to the amount of 
4-10 - 8 = *83 seconds of arc. The angu- 
lar distance of the star from the centre of 
S the Sun appears to be increased by this 
amount. As the fixed stars in the parts 
of the sky near the Sun are visible 
during total eclipses of the Sun, this 
consequence of the theory may be com- 
pared with experience. With the planet 
Jupiter the displacement to be expected 
reaches to about xuir of the amount 
given. It would be a most desirable thing if astronomers 
would take up the question here raised. For apart from 
any theory there is the question whether it is possible with 
the equipment at present available to detect an influence of 
gravitational fields on the propagation of light. 
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By A. EINSTEIN 

A. Fundamental Considerations on the Postulate oe 

Eblativiti 

§ I. Observations on the Special Theory of Relativity 

T he special theory of relativity is based on the 
following postulate, which is also satisfied by the 
mechanics of Galileo and Newton. 

If a system of co-ordinates K is chosen so that, in re- 
lation to it, physical laws hold good in their simplest form, 
the seme laws also hold good in relation to any other system 
of co-ordinates K' moving in uniform translation relatively 
to K. This postulate we call the “special principle of 
relativity.” The word “ special ” is meant to intimate 
that the principle is restricted to the case when K has a 
motion of uniform translation relatively to K, but that the 
e(juivalence of E* stud K does not extend to the case of non- 
uniform motion of K' relatively to K. 

Thus the special theory of relativity does not depart from 
classical mechanics through the postulate of relativity, but 
through the postulate of the constancy of the velocity of light 
in vacuo, from which, in combination with the special prin- 
ciple of relativity, there follow, in the well-known way, the 
relativity of simultaneity, the Lorentzdan transformation, and 
the related laws for the behaviour of moving bodies and 
clocISkS 

The modification to which the special theory of relativity 
has subjected the theory of space and time is indeed far- 
reaching, but one important point has remained unaffected. 
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For the laws of geometry, even according to the special theory 
of relativity, are to he interpreted directly as laws relating to 
the possible relative positions of solid bodies at rest ; and, in 
a more general way, the laws of kinematics are to be inter- 
preted as laws which describe the relations of measuring 
bodies and clocks. To two selected material points of a 
stationary rigid body there always corresponds a distance of 
quite definite length, which is independent of the locality and 
orientation of the body, and is also independent of the time. 
To two selected positions of the hands of a clock at rest 
relatively to the privileged system of reference there always 
corresponds an interval of time of a definite length, which is 
independent of place and time. We shall soon see that the 
general theory of relativity cannot adhere to this simple 
physical interpretation of space and time. 


§ a. The Need for an Extension of the Postulate of 
Relativity 

In classical mechanics, and no less in the special theory 
of relativity, there is an inherent epistemological defect which 
was, perhaps for the first time, clearly pointed out by Ernst 
Mach. We -will elucidate it by the follovnng example : — Two 
fluid bodies of the same size and nature hover freely in space 
at so great a distance from each other and from all other 
masses that only those gravitational forces need be taken into 
account which arise from the interaction of different parts of 
the same body. Let the distance between the two bodies be 
invariable, and in neither of the bodies let there be any 
relative movements of the parts vnth respect to one another. 
But let either mass, as judged by an observer at rest 
relatively to the other mass, rotate with constant angular 
velocity about the line joining the masses. This is a verifi- 
able relative motion of the two bodies. Now let us imagine 
that each of the bodies has been surveyed by means of 
measuring instruments at rest relatively to itself, and let the 
surface of Sj prove to be a sphere, and that of S2 an ellipsoid 
of revolution. Thereupon we put the question — What is the 
reason for this difference in the two bodies ? No answer cam 
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be admitted as epistemologically satisfactory,* unless the 
reason given is an observable fact of experience. The law of 
causality has not the significance of a statement as to the 
world of experience, except when observable facts ultimately 
appear as causes and effects. 

Newtonian mechanics does not give a satisfactory answer 
to this question. It pronounces as follows: — The laws of 
mechanics apply to the space Bi, in respect to which the body 
Si is at rest, but not to the space Ej, in respect to which the 
body Sa is at rest But the privileged space Ei of G-alileo, 
thus introduced, is a merely factitious cause, and not a thing 
that can be observed. It is therefore clear that Newton’s 
mechanics does not really satisfy the requirement of causality 
in the case under consideration, but only apparently does so, 
since it makes the factitious cause Ej responsible for the ob- 
servable difference in the bodies Sj and Sa- 

The only satisfactory answer must be that the physical 
system consisting of Si and Sa reveals within itself no imagin- 
able cause to which the differing behaviour of Si and Sa can 
be referred. The cause must therefore lie outside this system. 
We have to take it that the general laws of motion, which in 
particular determine the shapes of Si and Sa, must be such 
that the mechanical behaviour of Si and Sa is partly con- 
ditioned, in quite essential respects, by distant masses which 
we have not included in the system under consideration. 
These distant masses and their motions relative to Si and 
Sa must then be regarded as the seat of the causes (which 
must be susceptible to observation) of the different behaviour 
of our two bodies Si and Sa. They take over the rdle of the 
factitious cause Ei. Of all imaginable spaces Ei, Eg, etc., in 
any kind of motion relatively to one another, there is none 
which we may look upon as privileged a priori without re- 
viving the above-mentioned epistemological objection. The 
laws of physics must be of such a natu/re that they apply to 
systems of reference in any kind of motion. Along this road 
we arrive at an extension of the postulate of relativity. 

In addition to this weighty argument from the theory of 

* Of oontse an answer may be satisfactory from the point of view of episte- 
mology, and yet be unsound physically, if it is in confiot with other experi- 
ences. 
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knowledge, there is a well-known physical fact which favours 
an extension of the theory of relativity. Let K be a Galilean 
system of reference, ie. a system relatively to' which (at least 
in the four-dimensional region under consideration) a mass, 
sufficiently distant from other masses, is moving with uniform 
motion in a straight line. Let K' be a second system of 
reference which is moving relatively to K in uniformly 
accelerated translation. Then, relatively to K', a mass 
sufficiently distant from other masses would have an acceler- 
ated motion such that its acceleration and direction of 
acceleration are independent of the material composition and 
physical state of the mass. 

Does this permit an observer at rest relatively to K' to 
infer that he is on a “ really ” accelerated system of reference ? 
The answer is in the negative; for the above-mentioned 
relation of freely movable masses to £' may be interpreted 
equally well in the following way. The system of reference 
K' is unaccelerated, hut the space-time territory in question 
is under the sway of a gravitational field, which generates the 
accelerated motion of the bodies relatively to K'. 

This view is made possible for lis by the teaching of 
experience as to the existence of a field of force, namely, the 
gravitational field, which possesses the remarkable property 
of imparting the same acceleration to all bodies.* The 
mechanical behaviour of bodies relatively to K' is the same 
as presents itself to experience in the case of systems which 
we are wont to regard as “stationary” or as “ privileged.” 
Therefore, from the physical standpoint, the assumption 
readily suggests itself that the systems K and £' may both 
with equal right be looked upon as “ stationary,” that is to 
say, they have an equal title as systems of reference for the 
physical description of phenomena. 

It will be seen from these reflexions that in pursuing the 
general theoi^ of relativity we shall be led to a theory of 
gravitation, since we are able to “ produce ” a gravitational 
field merely by changing the system of co-ordinates. It will 
also be obvious that the principle of the constancy of the 
velocity of light in vacuo must be modified, since we easily 

•EStrds has proved experimentally that the gravitational field has this 
property in great accuracy. 



A. EINSTEIN 


115 


recognize that the path of a raj of light with respect to K' 
mnst in general be curvilinear, if with respect to E light is 
propagated in a straight line with a definite constant velocity. 

§ 3. The Space-Time Continuum. Requirement of General 

Co-Variance for the Equations Expressing General 

Laws of Nature 

In classical mechanics, as well as in the special theory of 
relativity, the co-ordinates of space and time have a direct 
physical meaning. To say that a point-event has the Xi co- 
ordinate means that the projection of the point-event on the 
axis of Xi, determined by rigid rods and in accordance with the. 
rules of Euclidean geometry, is obtained by measuring off a 
given rod (the unit of length) times from the origin of co- 
ordinates along the axis of X^. To say that a point-event 
has the co-ordinate x^ «= t, means that a standard clock, 
made to measure time in a definite unit period, and which is 
stationary relatively to the system of co-ordinates and practic- 
ally coincident in space with the point-event,* ■will have 
measured off *4 => t periods at the occurrence of the event. 

This view of space and time has always been in the minds 
of physicists, even if, as a rule, they have been unconscious 
of it. This is clear from the part which these concepts play 
in physical measurements ; it must also have underlain the 
reader’s reflexions on the preceding paragraph (§ 2) for 
binn to connect any meaning with what he there read. Bat 
we shall now show that we must put it aside and replace it 
by a more general ■view, in order to be able to carry through 
the postulate of general relativity, if the special theory of 
relativity applies to the special case of the absence of a gravi- 
tational field. 

In a space which is free of gravitational fields we introduce 
a G-alilean system of reference 'K(x,y, z, t), and also a system 
of co-ordinates K' (*', y', z', t') in uniform rotation relatively 
to E. Let the origins of both systems, as well as their axes 

* 'We assume the possibility of veri^ing “ simultsmeity ” for events im- 
mediately pioximate in space, oi>— to spesJc more precisely— for immediate 
prosimily or coincidence in space-time, without giving a defimtion of this 
fundamental concept. 
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of Z, permanently coincide. We shall show that for a space- 
time measurement in the system K' the above definition of 
the physical meaning of lengths and times cannot be main- 
tained. For reasons of symmetry it is clear that a circle 
around the origin in the X, Y plane of K may at the same 
time be regarded as a circle in the X', Y' plane of K'. We 
suppose that the circumference and diameter of this circle 
have been measured with a unit measure infinitely small 
compared with the radius, and that we have the quotient of 
the two results. If this experiment were performed with a 
measuring-rod at rest relatively to the Galilean system X, the 
quotient would be v. With a measuring-rod at rest relatively 
to K', the quotient would be greater than it. This is readily 
understood if we envisage the whole process of measuring 
from the “ stationary ” system K, and take into consideration 
that the measuring-rod applied to the periphery undergoes 
a Lorentzian contraction, while the one applied along the 
radius does not. Hence Euclidean geometry does not apply 
to K'. The notion of co-ordinates defined above, which pre- 
supposes the validity of Euclidean geometry, therefore breaks 
down in relation to the system K'. So, too, we are unable 
to introduce a time corresponding to physical requirements 
in K', indicated by clocks at rest/ relatively to K'. To 
convince ourselves of this impossibfiity, let us imagine two 
clocks of identical constitution placed, one at the origin of 
co-ordinates, and the other at the circumference of the 
circle, and both envisaged from the “stationary” system 
K. By a familiar result of the special theory of relativity, 
the clock at the circumference — judged from K — goes more 
slowly than the other, because the former is in motion and 
the latter at rest. An observer at the common origin of 
co-ordinates, capable of observing the clock at the circum- 
ference by means of light, would therefore see it lagging be- 
hind the clock beside him. As he will not make up his mind 
to let the velocity of light along the path in question depend 
explicitly on the time, he will interpret his observations as 
showing that the clock at the circuWerence “ really ” goes 
more slowly than the clock at the origin. So he will be 
obliged to define time in such a way that the rate of a clock 
depends upon where the clock may be. 
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We therefore reach this result : — In the general theory of 
relativity, space and time cannot be defined in such a way 
that differences of the spatial co-ordinates can be directly 
measured by the unit measuring-rod, or differences in the 
time co-ordinate by a standard clock. 

The method hitherto employed for laying co-ordinates 
into the space-time continuum in a definite manner thus breaks 
down, and there seems to be no other way which would allow 
us to adapt systems of co-ordinates to the four-dimensional 
universe so that we might expect from their application a 
particularly simple formulation of the laws of nature. So 
there is nothing for it but to regard all imaginable systems 
of co-ordinates, on principle, as equally suitable for the 
description of nature. This comes to requiring that : — 

The general laws of natwre are to he expressed hy eqitations 
which hold good for aM systems of co-ordinates, that is, are 
eo-varicmt with respect to any substitutions whatever (generally 
co-variant). 

It is clear that a physical theory which satisfies this 
postulate will also be suitable for the general postulate of 
relativity. For the sum of all substitutions in any case in- 
cludes those which correspond to all relative motions of three- 
dimensional systems of co-ordinates. That this requirement 
of general co-variance, which takes away from space and 
time the last remnant of physical objectivity, is a natural 
one, win be seen from the following reflexion. All our 
space-time verifications invariably amount to a determination 
of space-time coincidences. If, for example, events consisted 
merely in the motion of material points, then ultimately 
nothing would be observable but the meetings of two or more 
of these points. Moreover, the results of our measurings are 
nothing but verifications of such meetings of the material 
points of our measuring instruments with other material 
points, coincidences between the hands of a clock and points 
on the clock dial, and observed point-events happening at the 
same place at the same time. 

The introduction of a system of reference serves no other 
purpose than to facilitate the description of the totality of such 
coincidences. We allot to the universe four space-time vari- 
ables Xi, X3, Xi, Xi in such a way that for every point-event 
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there is a corresponding system of values of the variables 

... Zi- To two coincident point-events there corre- 
sponds one system of values of the variables . . . x^, i.e. 
coincidence is characterized by the identity of the co-ordinates. 
If, in place of the variables Xi . . . x^, we introduce functions 
of them, x\, x'^, x'^, xU, as a new system of co-ordinates, so 
that the systems of values are made to correspond to one 
another without ambiguity, the equality of all four co-ordin- 
ates in the new system will also serve as an expression for 
the space-time coincidence of the two point-events. As all 
our physical experience can be ultimately reduced to such 
coincidences, there is no immediate reason for preferring 
certain systems of co-ordinates to others, that is to say, we 
arrive at the requirement of general co-varianca 

§ 4 . The Relation of the Poor Co-ordinates to Measure- 
ment in Space and Time 

It is not my purpose in this discussion to represent the 
general theory of relativity as a system that is as simple and 
logical as possible, and with the minimum number of axioms ; 
but my main object is to develop this theory in such a way 
that the reader will feel that the path we have entered upon 
is psychologically the natural one, and that the underlying 
assumptions will seem to have the highest possible degree 
of security. With this aim in view let it now be granted 
that : — 

For infinitely small four-dimensional regions the theory 
of relativity in the restricted sense is appropriate, if the co- 
ordinates are suitably chosen. 

For this purpose we must choose the acceleration of the 
infinitely small (“ local ”) system of co-ordinates so that no 
gravitational field occurs ; this is possible for an infinitely 
small region. Let Xj, X^, Xj, be the co-ordinates of space, 
and X* the appertaining co-ordinate of time measured in the 
appropriate unit.* If a rigid rod is imagined to be given as 
the umt measure, the co-ordinates, with a given orientation 
of the system of co-ordinates, have a direct physical meaning 

* The unit of time is to be ohosen so that the velocity of light in vacuo as 

measured in the ** local system of co-ordinates is to be equal to unity. 
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in the sense of the special theory of relativity. By the 
special theory of relativity the expression 

- - dX’ - dX; - dX* + dX] . . (1) 

then has a value which is independent of the orientation of 
the local system of co-ordinates, and is ascertainable by 
measurements of space and time. The magnitude of^ the 
linear element pertaining to points of the four-dimensional 
continuum in infinite proximity, we call ds. If the ds belong- 
ing to the element dXj . . . dX 4 is positive, we follow 
Minkowski in calling it time-like ; if it is negative, we call it 
space-like. 

To the ** linear element in question, or to the two infin- 
itely .proximate point-events, .there will also correspond 
definite differentials dx-^ . . . dx^ of the four-dimensional 
co-ordinates of any chosen system of reference. If this 
system, as well as the local ** system, is given for the region 
under consideration, the dXv will allow themselves to be 
represented here by definite linear homogeneous expressions 
of the dXff : — 

dXy ^Ct/yffdXff .... 

O' 

Inserting these expressions in (1), we obtain 

ds® = ^gcTdX(rdxr , . . » • (3) 

T<r 

where the g<rr will be functions of the x^. These can no 
longer be dependent on the orientation and the state of 
motion of the ‘‘local” system of co-ordinates, for ds® is a 
quantity ascertainable by rod-clock measurement of point- 
events infinitely proximate in space-time, and defined inde- 
pendently of any particular choice of co-ordinates. The 
are to be chosen here so that g^r = gra ; the summation is 
to extend over all values of a- and r, so that the sum consists 
of 4 X 4 terms, of which twelve are equal in pairs. 

The case of the ordinary theory of relativity arises out of 
the case here considered, if it is possible, by reason of the 
particular relations of the gtrr in a finite region, to choose the 
system of reference in the finite region in such a way that 
the gtrr assume the constant values 
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- 1 0 0 0 \ 



0 0 0 + IJ 

We shall find hereafter that the choice of such co-ordinates 
is, in general, not possible for a finite region. 

From the considerations of § 2 and § 3 it follows that 
the quantities grtr are to be regarded from the physical stand- 
point as the quantities which describe the gravitational 
field in relation to the chosen system of reference. For, if 
we now assume the special theory of relativity to apply to a 
certain four-dimensional region with the co-ordinates properly 
chosen, then the g^rr have the values given in (4). A free 
material point then moves, relatively to this system, with 
uniform motion in a straight line. Then if we introduce new 
space-time co-ordinates Xi, ajg, by means of any substi- 
tution we choose, the g<^ in this new system will no longer 
be constants, but functions of space and time. At the same 
time the motion of the free material point will present itself 
in the new co-ordinates as a curvilinear non-uniform motion, 
and the law of this motion will be independent of the nature 
of the moving particle. We shall therefore interpret this 
motion as a motion under the influence of a gravitational 
field. We thus find the occurrence of a gravitational field 
connected with a space-time variability of the g^ . So, too, 
in the general case, when we are no longer able by a suitable 
choice of co-ordinates to apply the special theory of relativity 
to a i^ite region, we shall hold fast to the view that the girr 
describe the gravitational field. 

Thus, according to the general theory of relativity, gravi- 
tation occupies an exceptional position with regard to other 
forces, particularly the electroma^etic forces, since the ten 
functions representing the gravitational field at the same time 
define the metrical properties of the space measured. 

B. Mathematicaii Aids to the Foemulation oe 
Gtenbeally Covaeiant Equations 

Having seen in the foregoing that the general postulate 
of relativity leads to the requirement that the equations of 
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physics shall he covariant in the face of any substitution of 
the co-ordinates ... re*, we have to consider how such 
generally covariant equations can be found. We now turn 
to this purely mathematical task, and we shall find that in its 
solution a fundamental rdle is played by the invariant ds 
given in equation (3), which, borrowing from Gauss’s theory 
of surfaces, we have called the “ linear element.” 

The fundamental idea of this general theory of covariants 
is the following : — Let certain things (“tensors ”) be defined 
with respect to any system of co-ordinates by a number of 
functions of the co-ordinates, called the “ components ” of 
the tensor. There are then certain rules by which these 
components can be calculated for a new system of co-ordin- 
ates, if they are knowm for the original system of co-ordinates, 
and if the transformation connecting the two systems is 
known. The things hereafter called tensors are further 
characterized by the fact that the equations of transformation 
for their components are linear and homogeneous. Accord- 
ingly, all the components in the new system vanish, if they 
all vanish in the original system. If, therefore, a law of 
nature is expressed by equating all the components of a tensor 
to zero, it is generally covariant. By examining the laws 
of the formation of tensors, we acquire the means of formu- 
lating generally oovariant laws. 

§ 5. Contravariant and Covariant Four-vectors 

Contravariant Four-vectors . — The linear element is de- 
fined by the four “ components ” dxv, for which the law of 
transformation is expressed by the equation 

dicV = . . . . (5) 

The dx’ff are expressed as linear and homogeneous functions 
of the dxy. Hence we may look upon these co-ordinate differ- 
entials as the components of a “ tensor of the particular 
kind which we call a contravariant four-vector. ,^y thing 
which is defined relatively to the system of co-ordinates by 
four quantities A*', and which is transformed by the same law 
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we also call a contravariant fotir-Yector. From (5a) it 
follows at once that the sums A' ± B*' are also components 
of a four-vector, if A' and B' are such. Corresponding rela- 
tions hold for all “ tensors ’* subsequently to be introduced. 
(Buie for the addition and subtraction of tensors.) 

Gomriant Four-vectors . — We call four quantities ky the 
components of a covariant four-vector, if for any arbitrary 
choice of the contravariant four-vector B” 

^AvB” = Invariant . . • (6) 

V 

The law of transformation of a covariant four- vector follows 
from this definition. For if we replace B" on the right-hand 
side of the equation 

5AVB" = .^A^B” 

a p 

by the expression resulting from the inversion of (5a), 


we obtain 




SB" 

a 


y oX cr 




Since this equation is true for arbitrary values of the it 
lollops that the law of transformation is 


A'. = . 

p ox a 


. (7) 


Note on a Simplified Way of Writing the Expressions . — 
A glance at the equations of this paragraph shows that there 
is always a summation with respect to the indices which 
occur twice under a sign of summation (e.g. the index v in 
(6)), and only with respect to indices which occur twice. It 
is therefore possible, without loss of clearness, to omit the sign 
of summation. In its place we introduce the convention : — 
If an index occurs twice in one term of an expression, it is 
always to be summed unless the contrary is expressly stated. 

The difference between covariant and contravariant four- 
vectors lies in the law of transformation ((7) or (5) respectively). 
Both forms 8ure tensors in the sense of the general remark 
above. Therein lies their importance. Following Ricci and 
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Levi-Civita, we denote the conttavariant character by placing 
the index above, the covariant by placing it below. 


§ 6. Tensors of the Second and His/her Ranks 

Contravariant Tensors. — ^I£ we form all the sixteen pro- 
ducts A*" of the components A** and B” of two contravariant 
four-vectors 

A'*” = A'‘B'' . . . . (8) 


then by (8) and (5a) A'*" satisfies the law of transformation 


'hXff 

"^Xy 


( 9 ) 


We call a thing which is described relatively to any system 
of reference by sixteen quantities^ satisfying the law of trans- 
formation (9), a contravariant tensor of the second rank. Not 
every such tensor allows itself to be formed in accordance 
with (8) from two four-vectors, but it is easily shown that 
any given sixteen A'“’ can be represented as the sums of the 
A'‘B‘’ of four appropriately selected pairs of four-vectors. 
Hence we can prove nearly all the laws which apply to the 
tepsor of the second rank defined by (9) in the simplest 
manner by demonstrating them for the special tensors of the 
type (8). 

Contravariant Tensors of Any Bank . — It is clear that, on 
the lines of (8) and (9), contravariant tensors of the third and 
higher ranks may also be defined vrith 4? components, and so 
on. In the same way it follows from (8) and (9) that the 
contravariant four-vector may be taken in this sense as a 
contravariant tensor of the first rank. 

Covaricmt Tensors . — On the other hand, if we take the 
sixteen products A.^^v of two covariant four- vectors A/^ and B», 
A^ ~ A^By, .... (10) 

the law of transformation for these is 



"^Xfi "hXy ^ 


. ( 11 ) 


This law of transformation defines the covariant tensor of 
the second rank. All our previous remarks on contravariant 
tensors apply equally to covariant tensors. 
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Note. — ^It is conrement to treat the scalar (or invariant) 
both as a contravariant and a covariant tensor of zero rank. 

Mixed Tensors . — ^We may also define a tensor of the 
second rank of the type 

a;=A;.b’' . . . . (12) 

which is covariant with respect to the index fi, and contra- 
variant with respect to the index v. Its law of transforma- 
tion is 


A't 2>Zt . y 


(13) 


Naturally there are mixed tensors with any number of 
indices of covariant character, and any number of indices of 
contravariant character. Covariant and contravariant tensors 
may be looked upon as special cases of mixed tensora 

Symmetrical Tensors. — A. contravariant, or a covariant 
tensor, of the second or higher rank is said to be symmetrical 
if two components, which are obtained the one from the other 
by the interchange of two indices, are equal The tensor A'‘^ 
or the tensor A^, is thus symmetrical if for any combination 
of the indices fi, p, 

A'^ = A’'^ .... (14) 

or respectively, 

A.^£i. ^ Aj/fj/. .... (14a) 

It has to be proved that the symmetry thus defined is a 
property which is independent of the system of reference. 
It follows in fact from (9), when (14) is taken into consider- 
ation, that 

k’VT ^ ff ^X T 1 W 5® IT va 7)X (f ^®T ln> A'" 

^®M a®^ l>®ju ^Xy ^ IXy ^Xf, “ • 

The last equation but one depends upon the interchange of 
the summation indices n and v, i.e. merely on a change of 
notation. 

AnUsynymetrical Tensors . — A contravariant or a covariant 
tensor of the second, third, or fourth rank is said to be anti- 
symmetrical if two components, which are obtained the one 
from the other by the interchange of two indices, are equal 
and of opposite sign. The tensor A'", or the tensor A^y, is 
therefore antisymmetrical, if always 



or respectively, 
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. (15) 


A^ — — Ay/i .... 

Of the sixteen components A'*', the four components A'*'* 
vanish ; the rest are equal and of opposite sign in pairs, so 
that there are only six components numerically different (a 
six-vector). Similarly we see that the antisymmetrical tensor 
of the third rank A'“" has only four numerically different 
components, while the antisymmetrical tensor A'*"" has only 
one. There are no antisymmetrical tensors of higher rank 
than the fourth in a continuum of four dimensions. 

§ 7. Multiplication of Tensors 

Outer Multiplication of Tensors . — We obtain from the 
components of a tensor of rank n and of a tensor of rank m 
the components of a tensor of rank « + by multiplying 
each component of the one tensor by each component of the 
other. Thus, for example, the tensors T arise out of the 
tensors A and B of different kinds, 

T/tvff = Aj^yBo’, 

fjyiatcr _ 

t;;, = 

The proof of the tensor character of T is given directly 
by the representations (8), (10), (12), or by the laws of trans- 
formation (9), (11), (13). The equations (8), (10), (12) are 
themselves examples of outer multiplication of tensors of the 
first rank. 

“ Contraction " of a Mixed Tensor . — From any mixed 
tensor we may form a tensor whose rank is less by two, by 
equating an index of covariant with one of contravariant 
c^racter, and summing with respect to this index (“ con- 
traction ”). Thus, for example, from the mixed tensor of the 
fourth rank A", we obtain the mixed tensor of the second 
rank, 

A: = a;:: (=XAP, 

/* 

and from this, by a second contraction, the tensor of zero 
rank. 
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The proof that the result of contraction really possesses 
the tensor character is given either by the representation of a 
tensor according to the generalization of (12) in combination 
with (6), or by the generalization of (13 )l 

Iniur and Mixed Multiplication o f Tensors . — These consist 
in a combination of outer multiplication with contraction. 

Examples . — ^From the covariant tensor of the second rank 
kp, and the contravariant tensor of the first rank B' we form 
by outer multiplication the mixed tensor 

On contraction with respect to the indices v and <r, we obtain 
the*covariant four-vector 

D/i “ = kfipW. 

This we call the inner product of the tensors and B'. 
Analogously we form from the tensors Any and B", by outer 
multiplication and double contraction, the inner product 
By outer multiplication and one contraction, we 
obtain from Aju, and B*^ the mixed tensor of the second rank 
= Any'B'". This operation may be aptly characterized as 
a mixed one, being “outer” with respect to the indices ft 
and T, and “ inner ” with respect to the indices v and a. 

We now prove a proposition which is often useful as evi- 
dence of tensor character. From what has just been ex- 
plained, is a scalar if A^ and B" are tensors. But 

we may also make the following assertion : If A^yW* is 
a scalar /or any choice of the tensor W'', then A^ has tensor 
character. For, by hypothesis, for any substitution. 


A'„B'" 

But By an inversion of (9) 


Ap-B**'. 




This, inserted in the above equation, gives 

(A'" - - «• 

This can only be satisfied for arbitrary values of B'" if the 
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bracket vanishes. The result then follows by equation (11). 
This rule applies correspondingly to tensors of any rank and 
character, and the proof is analogous in all cases. 

The rule may aJso be demonstrated in this form : If B*" 
and C” are any vectors, and if, for all values of these, the 
inner product is a scalar, then k,jai is a covariant 

tensor. This latter proposition also holds good even if only 
the more special assertion is correct, that with any choice of 
the four-vector B'‘ the inner product A^»B'‘B'' is a scalar, if 
in addition it is known that A^uy satisfies the condition of 
symmetry A/«/ For by the method given above we 

prove the tensor character of (A^w, + Ay^), and from this the 
tensor character of A^iy follows on account of symmetry. 
This also can be easily generalized to the case of covariant 
and contravariant tensors of any rank. 

Finally, there follows from what has been proved, this 
law, which may also be generalized for any tensors : If for 
any choice of the four-vector B** the quantities form a 
tensor of the first rank, then A^ is a tensor of the second 
rank. For, if O'* is any four-vector, then on account of the 
tensor character of A^uyB', the inner product A^o-B'C** is a 
scalar for any choice of the two four-vectors B” and O'*. From 
which the proposition follows. 

§ 8. Some Aspects of the Fundamental Tensor pjw 

The Govariant Fundamental Tensor . — ^In the invariant 
expression for the square of the linetu; element, 

ds^ = gtufdx^dxy, 

the part played by the dx/^ is that of a contravariant vector 
which may be chosen at will. Since further, = gvii., it 
follows from the considerations of the preceding paragraph 
that gia> is a covariant tensor of the second rank. We call 
it the “fundamental tensor.” In what follows we deduce 
some properties of this tensor which, it is true, apply to any 
tensor of the second rank. But as the fundamental tensor 
plays a special part in our theory, which has its physical basis 
in the peculiar effects of gravitation, it so happens that the 
relations to be developed are of importance to us only in the 
case of the fundamental tensor. 
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The Contravaricmt Fundamental Tensor. — If in the deter- 
minant formed by the elements gfw, vre take the co-factor of 
each of the g^y and divide it by the determinant g = \ giui\, 
we obtain certain quantities gi»'{ = </*’>*) which, as we shall 
demonstrate, form a contravariant tensor. 

By a known property of determinants 

= K .... (16) 

where the symbol S" denotes 1 or 0, according as yu v or 

/* + V. 

Instead of the above expression for dj? we may thus write 


or, by (16) 


g fiffSf/dsSfidiXy 
giurgyTg<"dxpdxy. 


Bnt, by the mnltiplication rules of the preceding paragraphs, 
the quantities 

df<r =" gfurdXyi 


form a covariant four-vector, and in fact an arbitrary vector, 
since the are arbitrary. By introducing this into our ex- 
pression we obtain 

= gf^d^ed^T. 

Since this, with the arbitrary choice of the vector d^v, is a 
scalar, and grr by its definition is symmetrical in the indices 
a and t, it follows from the results of the preceding paragraph 
that is a contravariant tensor. 

It further follows from (16) that is also a tensor, which 
we may call the mixed fundamental tensor. 

The Determncmt of the Fundamental Tensor.— Bj the 
rule for the multiplication of determinants 

1 SW*' I = I I X 1 p®" I . 

On the other hand 

I 9i^ 1 = \K^\ “1. 

It therefore follows that 

I I X I 1 = 1 . . . (17) 

The Volume Scalar.— We seek first the law of transfer- 
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mation of the determinant ^ = I d'ju' I > 

( 11 ) 


9 = 


'bx^ bx 
bx' „ bx'r^^” 


In accordance with 


Hence, by a double application of the rule for the multipli- 
cation of determinants, it follows that 


or 


bx/M I I b^ 
bx'c ( ‘ bx'r 


\ 9 iu>\ - 





TiXfi 

5 ?; 


2 

9y 


On the other hand, the law of transformation of the element 
of volume 

dr = {dxidx2dxgdxi 


is, in accordance with the theorem of Jacobi, 


dr' = 



By multiplication of the last two equations, we obtain 

^Jg'dr = »/gdT . . ■ (18), 

Instead of n^g, we introduce in what follows the quantity 
^~-~g, which is always real on account of the hyperbolic 
character of the space-time continuum. The invariant ^ — gdr 
is equal to the magnitude of the four-dimensional element 
of volume in the “ local ” system of reference, as measured 
with rigid rods and clocks in the sense of the special theory 
of relativity. 

Note on the Character of the Space-time Continwum.—Oai 
assumption that the special theory of relativity can always 
be applied to an infinitely small region, implies that ds^ can 
always be expressed in accordance with ( 1 ) by means of real 
quantities . . . dK^ If we denote by dr^ the “ natural ” 
element of volume dK.\, <2X2, <2X3, <2X4, then 


< 2 tj •= V - gdr 


. (18a) 
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It MiJ- g were to vanish at a point of the four-dinaensional 
continuum, it would mean that at this point an infinitely small 
“ natural ** volume would correspond to a finite volume in 
the co-ordinates. Let us assume that this is never the case. 
Then g cannot change sign. We will assume that, in the 
sense of the special theory of relativity, g always has a finite 
negative value. This is a hypothesis as to the physical 
nature of the continuum under consideration, and at the same 
time a convention as to the choice of co-ordinates. 

But if - gf is always finite and positive, it is natural to settle 
the choice of co-ordinates a posteriori in such a way that this 
quantity is always equal to unity. We shall see later that 
by such a restriction of the choice of co-ordinates it is possible 
to achieve an important simplification of the laws of nature. 
In place of (18), we then have simply dr = dir, from 
which, in view of Jacobi’s theorem, it follows that 




= 1 . 


. ( 19 ) 


Thus, with this choice of co-ordinates, only substitutions for 
which the determinant is unity are permissible. 

But it would be erroneous to believe that this step indicates 
a partial abandonment of the general postulate of relativity. 
We do not ask ‘‘What are the laws of nature which are co- 
yariant in face of all substitutions for which the determinant 
is umty ? ” but our question is “ What are the generally co- 
variant laws of nature ? ” It is not until we have formulated 
these that we simplify their expression by a particular choice 
of the system of reference. 

The F ormation of New Terisors by Means of the Funda-- 
mental Tensor, — dinner, outer, and mixed multiplication of a 
tensor by the fundamental tensor, give tensors of different 
character and rank. For example, 

A!^ = g^^^Ao'y 

A = gr^,Ar 

The following forms may be specially noted : — 

A'**' = gf^g^'^Aafiy 
A/*i/ « gimgv^A^^ 
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,the “ complements ” of covariant and contravariant tensors 
respectively), and 

We call the reduced tensor associated with Similarly, 

B'"’ - 

It may bo noted that gi^ is nothing more than the comple- 
ment of giu>, since 

gi^g’'Pga 0 =. gi«^l = gv-K 


§ 9. The Equation of the Geodetic Line. The Motion of a 

Particle 


As the linear element ds is defined independently of the 
system of co-ordinates, the line drawn between two points P 
and P' of the four-dimensional continuum in such a way that 
is stationary — a geodetic line — ^has a meaning which also 
is independent of the choice of co-ordinates. Its equation is 



(fs = 0 


. ( 20 ) 


Carrying out the variation in the usual way, we obtain 
from this equation four differential equations which define the 
geodetic line ; this operation will be inserted here for the sake 
of completeness. Let \ be a function of the co-ordinates sBy, 
and let this define a family of surfaces which intersect the 
required geodetic line as well as all the lines in immediate 
proximity to it which are drawn through the points P and P'. 
Any such line may then be supposed to be given by expres- 
sing its co-ordinates Xy as functions of X. Let the symbol B 
indicate the transition from a point of the required geodetic 
to the point corresponding to the same \ on a neighbouring 
line. Then for (20) we may substitute 



Bwd\ = 0 

d/Xfi dxy 

“ dK dX. 


. (20a) 


But since 



182 


and 


THE GENERAL THEORY 

<fe) - 


we obtain from (20a), after a partial integration, 


where 




SS Oj 


d_(g^ dojX 1 dxv /oa^n 

*' d\U tfXj 2^^^^ • (20b) 

Since the values of Sxr are arbitrary, it follows from this that 

*<r - 0 . . . . (20c) 

are the equations of the geodetic line. 

If ds does not vanish along the geodetic line we may 
(^oose the “ length of the arc ” s, measured along the geodetic 
line, for the parameter X. Then to = 1, and in place of (20c) 
we obtain 

^giLv dXff dxy, ^ 1 "hg^^y dx^ dxy « 

ds^ ixa ds ds 2 J®, dT W “ ^ 
or, by a mere change of notation, 

~ 0 . , (20d) 

where, following Christoffel, we have written 

+ • • (21) 

Finally, if we multiply (20d) by g<^ (outer multiplication with 
res^t to T, inner with respect to <r), we obtain the equations 
of the geodetic line in the form 




. , ^dx^ dXy 


where, following Christoffel, we have set 
{fiv, t} - g^’ljiv, a] 


( 22 ) 


( 23 ) 
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§ 10. The Formation of Tensors by Differentiation 


With the help of the equation of the geodetic line we can 
now easily deduce the laws by which new tensors can be 
formed from old by differentiation. By this means we are 
able for the first time to formulate generally covariant 
differential equations. We reach this goal by repeated appli- 
cation of the following simple law ^ 

K in our continuum a curve is given, the points of which 
are specified by the arcual distance a measured from a fixed 
point on the curve, and if, further, ^ is an invariant function 
of space, then d<f>Jds is also an invariant. The proof lies in 
this, that ds is an invariant as weU as d^. 

^s 

d<f> "bif) dXfx 
ds bXf, ds 

therefore 




7><f) dx/x 
dXfx ds 


is also an invariant, and an invariant for all curves starting 
from a point of the continuum, that is, for any choice of the 
vector dX/f Hence it immediately follows that 



is a covariant four-vector — the “gradient ” of <j>. 
According to our rule, the differential quotient 

^ ds 


(24) 


taken on a curve, is similarly an invariant. Inserting the 
value of we obtain in the first place 

^ ™ bXixbXr ds ds ^ bx^ ds^ ' 

The existence of a tensor cannot be deduced from this forth- 
with. But if we may take the curve along which we have 
differentiated to be a geodetic, we obtain on substitution for 
(PiCy/ds* from (22), 


X 


.bX^bXv ’bXr/ ds ds 


Since we may interchange the order of the differentiations, 
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and since by (23) and (21) {fiv, r} is symmetrical in /a and v, 
it follows that the expression in brackets is symmetrical in /a 
and V. Since a geodetic line can be drawn in any direction 
from a point of the continuum, and therefore dXfijds is a four* 
vector with the ratio of its components arbitrary, it follows 
from the results of § 7 that 






T)g. 


( 28 ) 


is a covariant tensor of the second rank. We have therefore 
come to this result : from the covariant tensor of the first 
rank 



we can, by differentiation, form a covariant tensor of the 
second rank 

^ 

We call the tensor the “ extension ” (covariant derivative) 

of the tensor A,b In the first place we can readily show that 
the operation leads to a tensor, even if the vector cannot 
he represented as a gradient To see this, we first observe 
that 


is a covariant vector, if ^Jr and ^ are scalara The sum of 
four such terms 

° + • + ■ + 

is also a covariant vector, if are scalars. 

But it is clear that any covariant vector can be represented 
in the form S,,. Bor, if A,, is a vector whose components are 
any given functions of the x,, we have only to put (in terms 
of the selected system of co-ordinates) 

B Aj, =» »!, 

fW-A,, 

^( 4 ) * g.^ 

in order to ensure that'S^ shall be equal to A^,. 
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Therofore, in order to demonstrate that is a tensor if 
any covariant vector is inserted on the right-hand side for A,t> 
we only need show that this is so for the vector S^. But for 
this latter purpose it is sufficient, as a glance at the right- 
hand side of (26) teaches us, to furnish the proof for the case 


Au 




By ad- 




Now the right-hand side of (25) multiplied by 
is a tensor. Similarly 

7>(f) 

"hXfi "hXif 

being the outer product of two vectors, is a tensor, 
dition, there follows the tensor character of 

lx 

As a glance at (26) will show, this completes the demon- 
stration for the vector 

'I'l* 

n.nfl consequently, from ■what has already been proved, for any 
vector A^. 

By means of the extension of the vector, we may easily 
define the “ extension ” of a covariant tensor of any rank. 
This operation is a generalization of the extension of a vector. 
We restrict ourselves to the case of a tensor of the second 
rank, since this suffices to give a clear idea of the law ol 

formation. . - 

As has already been observed, any covariant tensor of toe 
second rank can be represented • as the sum of tensors of toe 

* By outer multipUcation of the veotot with arhitiary 
A». A, /by the vector with components 1, 0. 0, 0. we produce a tensor with 

oompouents 


An Ajg Ajj Aj4 

0 0 0 0 

0 0 0 0 

0 0 0 0 . 

By the addition of four tensors of this type, we obtain the tensor with any 
ssigned oomponents. 
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type A,i£v It will therefore be sufficient to deduce the ex- 
pression for the extension of a tensor of this special type. 
By (26) the expressions 

^ 

are tensors. On enter multiplication of the first by By, and 
of the second by A^, we obtain in each case a tensor of the 
third rank. By adding these, we have the tensor of the third 
rank 

where we have put A^ = A^B^* As the right-hand side 
of (27) is linear and homogeneous in the A^y and their first 
derivatives, this law of formation leads to a tensor, not only 
in the case of a tensor of the type A,JB„, but also in the case 
of a sum of such tensors, ie. in the case of any covariant 
tensor of the second rank. We call A„v<r the extension of the 
tensor Afu- 

It is clear that (26) and (24) concern only special cases 
of extension (the extension of the tensors of rank one and 
zero respectively). 

In general, all special laws of formation of tensors are in- 
cluded in (27) in combination with the multiplication of 
tensors. 


§ II. Some Cases of Special Importance 

T/ie Fwndorniental Tensor. — We will first prove' some 
lemmas which will be useful hereafter. By the rule for the 
differentiation of determinants 

dg = g>"gdgy,y =• - g^dg>^ . . (28) 

The last member is obtained from the last but one, if we bear 
in mind that g^ygi^'” = so that g^i^” = 4, and conse- 
quently 

g,i4g^'' + g>"dg^y = 0. 
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From (28), it follows that 


_1 V - g 

J - g 




^log(- g) 

da;. 




Further, from g^' 


« 8|^, it follows on differentiation that 


gnadg'"' - 


^g 



. (30) 


From these, by mixed multiplication by g’" and gy\ re- 
spectively, and a change of notation for the indices, we have 


and 


dgr**" = 
dg*”' ^ 
da;. 


- g'“g’'^ dg-p' 


= 

da;. 


- g^g»is dg^' 

- dk:J 


. (31) 

. (32) 


The relation (31) admits of a transformation, of which we 
also have frequently to make usa From (21) 


^ = [a<r, ;S] + D3<r, o] . • • (33) 

Inserting this in the second formula of (31), we obtain, in 
view of (23) 

■= - g^''{T<r, v} - g^ivo-, ft} • (34) 

viX/fp 


Substituting the right-hand side of (34) in (29), we have 

1 . . (29.) 

y/ - g 

The DiveTgence” of d ContrOtVCbTicunt Vector , — ^If we 
take the inner product of (26) by the contravariant funda- 
mental tensor the right-hand side, after a transformation 
of the first term, assumes the form 


/-^.A \ A ^g'"' ^gl"^-livi 
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In accordance with (31) and (29), the last term of this ex- 
pression may be written 




Ar + -^ 




Ar + 


1 


V - g 

dXa 




As the symbols of the indices of summation are immaterial, 
the first two terms of this expression cancel the second of the 
one above. If we then write gi^A^ = A”, so that A' like 
is an arbitrary vector, we finally obtain 

This scalar is the divergence of the contravariant vector A”. 

The “ Curl ” of a Oova/ricmt Vector . — The second term in 
(26) is symmetrical in the indices fi and v. Therefore 
Aiu> - A,n is a particularly simply constructed antisym- 
metrical tensor. We obtain 

■ • ■■ 


Antisymmetricdl Extension of a Six-vector . — ^Applying 
(27) to an antisymmetrical tensor of the second rank Af.v, 
forming in addition the two equations which arise through 
cyclic permutations of the indices, and adding these three 
equations, we obtain the tensor of the third rank 

= A,u,, + Ay„^ + Acy^ = (37) 


which it is easy to prove is antisymmetrical 

The Divergence of a Six-vector . — Taking the mixed pro- 
duct of (27) by g'^^g”^, we also obtain a tensor. The first 
term on the right-hand side of (27) may be written in the 
form 








If we write Ajf for gi^g^’^A^yv and A”^ for gi*<‘g’'^A^, and in 
the transformed first term replace 


Igve 


and 
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by their values as given by (34), there results from the right- 
hand side of (27) an expression consisting of seven terms, of 
which four cancel, and there remains 

aWO + {< 77 , . (38) 

This is the expression for the extension of a contravariant 
tensor of the second rank, and corresponding expressions for 
the extension of contravariant tensors of higher £und lower 
rank may also be forme(i 

We note that in an analogous way we may also form the 
extension of a mixed tensor : — 

K<r = ^ + {ar, a}kl . . (39) 

On contracting (38) with respect to the indices /8 and <7 
(inner multiplication by 3|), we obtain the vector 

^ -h {, 87 , /3}A“^ + {$y, alA^^ 

On account of the symmetry of {^y, a\ with respect to the in- 
dices /S and 7 , the third term on the right-hand side vanishes, 
if A'*'’ is, as we will assume, an antisymmetrical tensor. The 
second term allows itself to be transformed in accordance 
with (29a). Thus we obtain 

A-. . . , (40) 

V.- 0 

This is the expression for the divergence of a contravariant 
six-vector. 

The Divergence of a Mixed Tensor of the Second Bank . — • 
Contracting (39) with respect to the indices o and <7, and 
taking (29a) into consideration, we obtain 

- gK - gK • (41) 

If we introduce the contravariant tensor A**" - in the 
last term, it assumes the form 

- pW - fl'Ao'. 
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If, further, the tensor Ap” is symmetrical, this reduces to 

Had we introduced, instead of A**", the covariant tensor 
A^<r = which is also symmetrical, the last term, by 

virtue of (31), would assume the form 

~ 

In the case of symmetry in question, (41) may therefore be 
replaced by the two forms 

. (41a) 
■ (“*') 

which we have to employ later on. 


§ la. The lyemann-Christoffel Tensor 

We now seek the tensor which can be obtained from the 
fundamental tensor alone, by differentiation. At 6rst sight 
the solution seems obvious. We place the fundamental 
tensor of the gp.v in (27) instead of any given tensor A,.,,, and 
thus have a new tensor, namely, the extension of the funda- 
mental tensor. But we easily convince omrselves that this 
extension vanishes identically. We reach our goal, however, 
in the following way. In (27) place 


2iA 




ie. thd extension of the four- vector Then (with a some- 

what different naming of the indices) we get the tensor of the 
third rank 
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This expression suggests forming the tensor - A;^r«r. 
For, if we do so, the following terms of the expression for 
A^io-T cancel those of A^tra, the first, the fourth, and the 
member corresponding to the last term in square brackets ; 
because all these are symmetrical in <r and t. The same 
holds good for the sum of the second and third terms. Thus 
we obtain 

A^<rr *“ A^r<r “ S/UiffrAo . • • (42) 

where 

+ {fir, a}{ao-, p] (43) 

The essential feature of the result is that on the right side of 
(42) the Ap occur alone, without their derivatives. From the 
tensor chaxacter of A/urr — A^T<r in conjunction with the fact 
that Ap is an arbitrary vector, it follows, by reason of § 7, 
that is a tensor (the Eiemann-Christoffel tensor). 

The mathematical importance of this tensor is as follows : 
If the continuum is of such a nature that there is a co-ordinate 
system with reference to which the are constants, then 
all the vanish. If we choose any new system of co- 
ordinates in place of the original ones, the referred 
thereto will not be constants, but in consequence of its tensor 
nature, the transformed components of BJ^^ will still vanish 
in the new system. Thus the vanishing of the Biemann 
tensor is a necessary condition that, by an appropriate choice 
of the system of reference, the gp. may be constants. In our 
problem this corresponds to the case in which,* with a 
suitable choice of the system of reference, the special 
theory of relativity holds good for a finite region of the 
continuum. 

Contracting (43) with respect to the indices t and p we 
obtain the covariant tensor of second rank 


* The mathematioians have proved that this is also a sufficient condition^ 
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Q’tir ~ ®uvB S»»i' 


a} + {fM, fi} {v^, a} 
S,i» ° S, - {/**'»“} iT 


'hXft.'hiX/y 


( 44 ) 


Note on the Choice of Co-ordinates . — ^It has already been 
observed in § 8, in connexion with equation (18a), that the 
choice of co-ordinates may with advantage be made so that 
g =1. A glance at the equations obtained in the last 
two sections shows that by such a choice the laws of forma- 
tion of tensors undergo an important simplification. This 
applies particularly to Q-,*,, the tensor just developed, which 
plays a fundamental part in the theory to be set forth. For 
this specialization of the choice of co-ordinates brings about 
the vanishing of S^, so that the tensor G-^u^ reduces to 

On this account I shall hereafter give all relations in the 
simplified form which this specialization of the choice of co- 
ordinates brings with it It will then be an easy matter to 
revert to the generally covariant equations, if this seems 
desirable in a special case. 


C. Theobx of the Oeavitational Field 

§ 13. Equations of Motion of a Material Point In the 
Gravitational Field. Expression for the Reld-com- 
ponents of Gravitation 

A freely movable body not subjected to external forces 
moves, according to the special theory of relativity, in a 
straight line and uniformly. This is also the case, according 
to the general theory of relativity, for a part of four-di- 
mensional space in wbdch the system of co-ordinates Eg, may 
be, and is, so chosen that they have the special constant 
values given in (4). 

If we consider precisely this movement from any chosen 
system of co-ordinates Zj, the body, observed from Kj, moves, 
according to the considerations in § 2, in a gravitational field. 
The law of motion with respect to results without diffi- 
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CTilty from the following consideration. With respect to Kq 
the law of motion corresponds to a four-dimensional straight 
line, i.e. to a geodetic line. Now since the geodetic line 
is defined independently of the system of reference, its 
equations will also be the equation of motion of the material 
point with respect to K^. If we set 

rj,., “ “ t} . . . (46) 

the equation of the motion of the point with respect to Ej, 
becomes 

|-i T dXy 

ds^ ° ds ds • ■ 

We now make the assumption, which readily suggests itself, 
that this covariant system of equations also defines the motion 
of the point in the gravitational field in the case when there 
is no system of reference K®, with respect to which the 
special theory of relativity holds good in a finite region. 
We have all the more justification for this assumption as (46) 
contains only first derivatives of the g^v, between which even 
in the special case of the existence of E[o> relations sub- 
sist.* 

If the vanish, then the point moves uniformly in a 
straight line. These quantities therefore condition the devi- 
ation of the motion from unifonhity. They are the com- 
ponents of the gravitational field. 

§ 14. The Field Equations of Gravitation in the Absence 

of Matter 

We make a distinction hereafter between “ gravitational 
field ” and “ matter ” in this way, that we denote everything 
but the gravitational field as “ matter.” Our use of the word 
therefore includes not only matter m the ordinary sense, but 
the electromagnetic field as well. 

Our next task is to find the field equations of gravitation 
in the absence of matter. Here we again apply the method 

* It is only between the second (and first) detivatiyes that, by § IS, the 
relations =• 0 subsist. 
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employed in the preceding paragraph in formulating the 
equations of motion of the material point. A. special case in 
which the required equations must in any case he satisfied is 
that of the special theory of relativity, in v^hich the have 
certain constant valuea Let this be the case in a certain 
finite space in relation to a definite system of co-ordinates Kg. 
Belatively to this system all the components of the Biemann 
tensor defined in (43), vanish. For the space under 
consideration they then vanish, also in any other system of 
co-ordinates. 

Thus the required equations of the matter-free gravita- 
tional field must in any case be satisfied if all vanish. 
But this condition goes too far. For it is clear that, e.g., the 
gravitational field generated by a material point in its environ- 
ment certainly cannot be “ transformed away ” by any choice 
of the system of co-ordinates, i.e. it caimot be transformed to 
the case of constant g^y. 

This prompts us to require for the matter-free gravitational 
field that the symmetrical tensor G,,,, derived from the tensor 
B^, shall vanish. Thus we obtain ten equations for the ten 
quantities g^, which are satisfied in the special case of the 
vanishing of aU B^. With the choice which we have made 
of a system of co-ordinates, and taking (44) into considera- 
tion, the equations for the matter-free field are 


2a!« 




V - S'* 1 



• (47) 


It must be pointed out that there is only a minimum of 
arbitrariness in the choice of these equations. For besides 
there is no tensor of second rank which is formed from 
the g/u, and its derivatives, contains no derivations higher than 
second, and is linear in these derivativea* 

These equations, which proceed, by the method of pure 

* Properly speaBng, this oan be affirmed only of the tensor 

%y + 

where x is a oonstant. If, however, we set this tensor ■■ 0, we oome back again 
to the expiations » 0. 
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mathematics, from the requirement of the general theory of 
relativity, give us, in combination' with the equations of 
motion (46), to a first approximation Newton’s law of at- 
traction, and to a second approximation the explanation of 
the motion of the perihelion of the planet Mercury discovered 
by Leverrier (as it remains after corrections for perturbation 
have been made). These facts must, in my opinion, be 
taken as a convincing proof of the correctness of the theory. 

§ 15. The Hamiltonian Function for the Qravitational 
Field. Laws of Momentum and Energy 

To show that the field equations correspond to the laws of 
momentum and energy, it is most convenient to write them 
in the following Hamiltonian form : — 

sjHdr - 0 
V “ S' “ 1 

where, on the boundary of the finite four-dimensional region 
of integration which we have in view, the variations vanish. 

We first have to show that the form (47a) is equivalent 
to the equations (47). For this purpose we regard H as a 
function of the gr'**' and the (= 

Then in the first place 

- - + 2r;pS(g<‘-it). 

But 

s(irrt.)- 

The terms arising from the last two terms in round brackets 
are of different sign, and result from each other (since the de- 
nomination of the summation indices is immaterial) through 
interchange of the indices fi and 0. They cancel each other 
in the expression for 8H, because they are multiplied by the 




146 


THE GENERAL THEORY 


quantity which is symmetrical with respect to the in- 
dices fi and /8. Thus there remains only the first term in 
round brackets to be considered, so that, taking (31) into ac- 
count, we obtain 


Thus 


3H = - K.rtM'’ + KpSgf, 


m 

aH 

^97 


_ T“ 

I*' 

ity 


. (48) 


Carrying out the variation in (47a), we get in the first place 


<) /'b'H. \ aH 


0 . . 


. (47b) 


which, on account of (48), agrees with (47), as was to be 
proved. 

If we multiply (47b) by gf'JJ', then because 



a^B„ a«]7^ 


and, consequently, 



ag;- 

apr 


we obtain the equation 



where, on account of (48), the second equation of (47), and 
(34) 

< = . . (60) 


* The reason for the introduction of the factor - 2ic will be apparent later. 
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It is to be noticed that is not a tensor ; on the other 
h and ( 49) applies to all systems of co-ordinates for which 
gr = 1, This equation expresses the law of conservation 
of momentum and of energy for the gravitational field. 
Actually the integration of this equation over a three- 
dimensional volume V yields the four equations 

. . (49a) 

where Z, w, n denote the direction-cosines of direction of the 
inward drawn normal at the element dS of the bounding sur- 
face (in the sense of Euclidean geometry). We recognize in 
this the expression of the laws of conservation in their usual 
form. The quantities Z® we call the “ energy components 
of the gravitational field. 

I will now give equations (47) in a third form, which is 
particularly useful for a vivid grasp of our subject By 
multiplication of the field equations (47) by these are ob- 
tained in the “ mixed ** form. Note that 




ZXt 





which quantity, by reason of (34), is equal to 


or (with different symbols for the summation indices) 


The third term of this expression cancels with the one aris- 
ing from the second term of the field equations (47) ; using 
relation (50), the second term may be written 

<<tl - 

where t =» Thus instead of equations (47) we obtain 



- *(C - 


-y - S' = 1 


. ( 51 ) 
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§ i6. The General Form of the Field Equations of 
Gravitation 

The field equations for matter-free space formulated in 
§ 15 are to be compared with the field equation 

^<p = o 

of Newton’s theory. We require the equation corresponding 
to Poisson’s equation 

=> inrKp, 

where p denotes the density of matter. 

The special theory of relativity has led to the conclusion 
that inert mass is nothing more or less than energy, which 
finds its complete mathematical expression in a symmetrical 
tensor of second rank, the energy-tensor. Thus in the 
general theory of relativity we must introduce a correspond- 
ing energy-tensor of matter TJ, which, like the energy-com- 
ponents [equations (49) and (50)] of the gravitational field, 
vnll have mixed character, but will pertain to a symmetrical 
covariant tensor.* 

The system of equation (51) shows how this energy-tensor 
(corresponding to the density p in Poisson’s equation) is to 
be introduced into the field equations of gravitation. For if 
we consider a complete system (e.g. the solar system), the 
total mass of the system, and therefore its total gravitating 
action as well, will depend on the total energy of the system, 
and therefore on the ponderable energy together -with the 
gravitational energy. This vrill allow itself to be expressed 
by introducing into (61), in place of the energy-components 
of the gravitational field alone, the sums f" + T'of the energy- 
components of matter and of gravitational field. Thus instead 
of (51) we obtain the tensor equation 

+ T') - T)], 

1 

where we have set T = TJ (Lane’s scalar). These are the 

* 9 = Tor and = T*^are to lie Bi^nimetiioaJ tenaoTB. 
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required general field equations of gravitation in mixed form. 
Working back from these, we have in place of (47) 

1 

It must be admitted that this introduction of the energy- 
tensor of matter is not justified by the relativity postulate 
alone. For this reason we have here deduced it from the 
requirement that the energy of the gravitational field shall 
act gravitatively in the same way as any other kind of energy. 
But the strongest reason for the choice of these equations 
lies in their consequence, that the equations of conservation 
of momentum and energy, corresponding exactly to equations 
(49) and (49a), hold good for the components of the total 
energy. This will be shown in § 17. 

§ 17. The Laws of Conservation in the General Case 

Equation (52) may readily be transformed so that the 
second term on the right-hand side vanishes. Contract (52) 
with respect to the indices and cr, and after multiplying the 
resulting equation by -JS', subtract it from equation (62). 
This gives 

=--<<:+ T^). (52a) 

On this equation we perform the operation Ji/Jro-. We have 



The first and third terms of the round brackets yield con- 
tributions which cancel one another, as may be seen by 
interchanging, in the contribution of the third term, the 
summation indices a and v on the one hand, and and X 
on the other. The second term may be re-modelled by (31), 
so that we have 

■ ■ (“) 

The second term on the left-hand side of (52a) sdelds in the 
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first place 



With the choice of co-ordinates which we have made, the 
term deriving from the last term in round brackets disappears 
by reason of (29). The other two may be combined, and 
together, by (31), they give 

_ 1 ■ 

SO that in consideration of (54), we have the identity 

. . (8S) 

From (65) and (52a), it follows that 


Xi; + T') 


« 0. 


. ( 66 ) 


Thus it results from our field equations of gravitation 
that the laws of conservation of momentum and energy are 
satisfied. This may be seen most easily from the consider- 
ation which leads to equation (49a) ; except that here, instead 
of the energy components t' of the gravitational field, we have 
to introduce the totality of the energy components of matter 
and gravitational field. 


§ i8. The Laws of Momentum and Energy for Matter, as 
a Consequence of the Field Equations 

Multipl 3 dng (53) by we obtain, by the method 

adopted in § 15, in view of the vanishing of 




dX, IXf 


0 , 


the equation 
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or, in view of (56), 


ix- 


liXa 


. ( 57 ) 


Comparison with (41b) shows that with the choice of 
system of co-ordinates which we have made, this equation 
predicates nothing more or less than the vanishing of di- 
vergence of the material energy-tensor. Physically, the 
occurrence of the second term on the left-hand side shows 
that laws of conservation of momentum and energy do not 
apply in the strict sense for matter alone, or else that they 
apply only when the j'*’' are constant, i.e. when the field in- 
tensities of gravitation vanish. This second term is an ex- 
pression for momentum, and for energy, as transferred per 
unit of volume and time from the gravitational field to matter. 
This is brought out still more clearly by re-writing (67) in the 
sense of (41) as 


2)®a 



A 


(57a) 


The right side expresses the energetic effect of the gravita- 
tional field on matter. 

Thus the field equations of gravitation contain four con- 
ditions which govern the course of material phenomena. 
They give the equations of material phenomena completely, 
if the latter is capable of being characterized by four differ- 
ential equations independent of one another.* 


D. Matebial Phbnombba 

The mathematical aids developed in part B enable us 
forthwith to generalize the ph 3 rsical laws of matter (hydro- 
dynamics, Maxwell’s electrodynamics), as they are formrdated 
in the special theory of relativity, so that they will fit in with 
the general theory of relativity. "When this is done, the 
general principle of relativity does not indeed afford us a 
further limitation of possibilities ; but it makes us acquainted 
with the influence of the gravitational field on all processes, 

* Odl this question of. H. Hilbezt, Naohr. d. K, Qesellsoh* d. Wiss. zu 
Gdttingen, Math.-phys. Klasse, 1916, p. 8. 
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without onr having to introduce any new hypothesis what- 
ever. 

Hence it comes about that it is not necessary to introduce 
definite assumptions as to the physical nature of matter (in 
the narrower sense). In particular it may remain an open 
question whether the theoi^ of the electromagnetic field in 
conjunction vdth that of the gravitational field famishes a 
sufficient basis for the theory of matter or not. The general 
postulate of relativity is unable on principle to tell us anything 
about this. It must remain to be seen, during the working 
out of the theory, whether electromagnetics and the doctrine 
of gravitation are able in collaboration to perform what the 
former by itself is unable to do. 

§ 19. Euler’s Equations lor a Prictionless Adiabatic Fluid 

Let p and p be two scalars, the former of which we call 
the “ pressure,” the latter the “ density ” of a fluid ; and let 
an equation subsist between them. Let the contravariant 
synunetrical tensor 

r*. + . .(58) 

be the contravariant energy-tensor of the fluid. To it belongs 
the covariant tensor 

Tmv = - g^p + ^p, . . (68a) 

as well as the mixed tensor * 

T; . . (58b) 

Inserting the right-hand side of (58b) in (57a), we obtain the 
Eulerian hydrodynamical equations of the general theory of 
relativity. They give, in theory, a complete solution of the 
problem of motion, since the four equations (57a), together 

*Por an observer using a system of reference in the sense of the special 
theory of relativity for an infinitely small region, and moving with it, the 
density of energy equals p - p. This gives the definition of p. Thus p is 
not constant for an incompressible fluid. 
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with the given equation betwe^ 2 ? and p, and the equation 

dx„ dxa ^ 

'•'■s-sr-i' 

are sufficient, gap being given, to define the six unknovms 

dzx dXj dxz dxg 
ds’ ds’ ds’ ds' 

If the g,a> are also unknown, the equations (53) are 
brought in. These are eleven equations for defining the ten 
functions g^, so that these functions appear over-defined. 
We must remember, however, that the equations (57 a) are 
already contained in the equations (53), so that the latter 
represent only seven independent equations. There is good 
reason for this lack of definition, in that the wide freedom of 
the choice of co-ordinates causes the problem to remain 
mathematically undefined to such a degree that three of the 
functions of space may be chosen at will* 


§ 30 . Maxwell’s Electromagnetic Field Equations for Free 

Space 


Let <f>, be the components of a covariant vector — the 
electromagnetic potential vector. From them we form, in 
accordance with (36), the components Fpg- of the covariant 
six-vector of the electromagnetic field, in accordance with 
the system of equations 


V s ^^0 _ 

IXa- tiXp 


. (59) 


It follows from (59) that the system of equations 


<)a!r Ixp iXf 


(60) 


is satisfied, its left side being, by (37), an antisymmetrical 
tensor of the third rank. System (60) thus contains essenti- 
ally four equations which are written out as follows : — 

*On the abandonmeat of the ohoioe of oo-oidinates with g = - 1, there 
remain /ottr functions of space with liberty of ohoioe, corresponding to the four 
arbitrary functions at our disposal in the ohoioe of co-ordinates. 
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b®j 


^^84 . 

J »®2 


d®a 

()a;i 


+ 

+ 

+ 


^8 

JFj* 

2)a;i 

<)®j 



(60a) 


This system, corresponds to the second of Maxwell's 
systems of equations We recognize this at once by setting 


®'js ™ Haj Fi 4 — Ba 
F31 = Hy, B24 =• By 
Fij *“ Ha, Bj 4 = Ba. 


(61) 


Then in place of (60a) we may set, in the usual notation of 
three-dimensional vector analysis, 


- ^ = curl E 
00 

div H = 0 


( 60 b) 


We obtain Maxwell’s first system by generalizing the 
form given by Minkowski. We introduce the contravariant 
six-vector associated with F“^ 


F'*’' = . . • ( 62 ) 

and also the contravariant vector J'’ of the density of the 
electric current. Then, taking (40) into consideration, the 
following equations will be invariant for any substitution 
whose invariant is unity (in agreement with the chosen co- 
ordinates) : — 



= J** . 

OXy 

• (63) 

Let 

F« = H'», F“ - - E'»l 

F»i = H'y, F=** = - B'yl 

. (64) 

which quantities 

Fi* = H'*, F**= -E'J 

are equal to the quantities Ha, . 

. . E* in 
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the special case of the restricted theory of relativity ; and in 
addition 


“ jxt J* = JVf J* ™ “ p, 


we obtain in place of (63) 


bE' . 


div E' 


= curlH' 
“ P 


(63a) 


The equations (60), (62), and (63) thus form the generali- 
zation of Maxwell's field equations for free space, with the 
convention which we have established with respect to the 
choice of co-ordinates. 

The Energy-components of the Electromagnetic Field . — 
We form the inner product 


.... ( 66 ) 


By (61) its components, written in the three-dimensional 
manner, are 


*1 =» pEe + [j . H]®) 


*4 = - m) 


. (65a) 


Ka is a covariant vector the components of which are 
equal to the negative momentum, or, respectively, the energy, 
which is transferred from the electric masses to the electro- 
magnetic field per unit of time and volume. If the electric 
masses are free, that is, under the sole infiuence of the 
electromagnetic field, the covariant vector xg will vanish. 

To obtain the energy-components T^ of the electromagnetic 
field, we need only give to equation Xg- = 0 the form of 
equation (57). From (63) and (65) we have in the first place 


— F 


bF*" 

"‘bajg 


biB, 


(Fg^F'*”) - F''^ 


bEVj. 
b*» ■ 


The second term of the right-hand side, by reason of (60), 
permits the transformation 


«rl>F<r 


1 tnu.*'*'-*- 


bFu 


bF. 
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which latter expression may, for reasons of symmetry, also 
be written in the form 


But for this we may set 


The first of these terms is written more briefly 

the second, after the differentiation is carried ont, and after 
some reduction, results in 


Taking all three terms together we obtain the relation 

^>T!; 


IXy 


( 66 ) 


where 


T; = - F„F‘ + 


Equation (66), if Kg vanishes, is, on account of (30), 
equivalent to (57) or (67a) respectively. Therefore the T^ 
are the energy-components of the electromagnetic field. 
With the help of (61) and (64), it is easy to show that these 
energy-components of the electromagnetic field in the case 
of the special theory of relativity give the well-known Maxwell- 
Poynting expressions. 

We have now deduced the general laws which are satisfied 
by the gravitational field and matter, by consistently using a 
system of co-ordinates for which ij - g = 1. We have 
thereby achieved a considerable simplification of formulae 
and calculations, without failing to comply with the require- 
ment of general covariance ; for we have drawn our equations 
from generally covariant equations by specializing the system 
of co-ordinates. 
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Still the question is not without a formal interest, whether 
with a correspondingly generalized definition of the energy- 
components of gravitational field and matter, even without 
specializing the system of co-ordinates, it is possible to formu- 
late laws of conservation in the form of equation (66), and 
field equations of gravitation of the same nature as (62) or 
(52a), in such a manner that on the left we have a divergence 
(in the ordinary sense), and on the right the sum of the 
energy-components of matter and gravitation. I have found 
that in both cases this is actually so. But I do not think 
that the communication of my somewhat extensive reflexions 
on this subject would be worth while, because after all they 
do not give us anything that is materially new. 

E 

§ ai. Newton’s Theory as a First Approximation 

As has already been mentioned more than once, the 
special theory of relativity as a special case of the general 
theory is -characterized by the g,a, having the constant values 
(4). From what has already been said, this means complete 
neglect of the effects of gravitation. We arrive at a closer 
approximation to reality by considering the case where the 
g,a differ from the values of (4) by quantities which are small 
compared with 1, and neglecting small quantities of second 
and higher order. (First point of view of approximation.) 

It is further to be assumed that in the space-time territory 
under consideration the g^y at spatial infinity, with a suitable 
choice of co-ordinates, tend toward the values (4) ; i.e. we are 
considering gravitational fields which may be regarded as 
generated exclusively by matter in the finite region. 

It might be thought that these approximations must lead 
us to Newton’s theory. But to that end we still need to ap- 
proximate the fundamental equations from a second point of 
view. We give our attention to the motion of a material 
point in accordance with the equations (16). In the case of 
the special theory of relativity the components 


dati dxi dxt 
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may take on any values. This signifies that any velocity 



may occur, which is less than the velocity of light in vacuo. 
If we restrict ourselves to the case which almost exclusively 
offers itself to our experience, of v being small as compared 
with the velocity of light, this denotes that the components 


^^3 

”57* ds* ds 


are to be treated as small quantities, while dxjds, to the 
second order of small quantities, is equal to one. (Second 
point of view of approximation.) 

Now we remark that from the first point of view of ap- 
proximation the magnitudes are all small magnitudes of 
at least the first order. A glance at (46) thus shows that in 
this equation, from the second point of view of approximation, 
we have to consider only terms for which /jt = j/ « 4. Re- 
stricting ourselves to terms of lowest order we first obtain in 
place of (46) the equations 

(PXr 

where we have set ds = dte* ^ dt or with restriction to terms 
which from the first point of view of approximation are of 
first order : — 

^=[44.t] (r- 1,2,3) 


df^ 


- [44, 4]. 


If in addition we suppose the gravitational field to be a quasi- 
static field, by confining ourselves to the case where the 
motion of the matter generating the gravitational field is but 
slow (in comparison with the velocity of the propagation of 
light), we may neglect on the right-hand side differentiations 
with respect to the time in comparison with those with re- 
-<pect to the space co-ordinates, so that we have 
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Sf- (--1.2,8) . . (67) 

This is the equation of motion of the material point accosrd- 
ing to Newton’s theory, in which plays the part of the 
^avitational potential. What is remarkable in this result 
is that the component of the fundamental tensor alone 
defines, to a first approximation, the motion of the material 
point. 

We now turn to the field equations (63). Here we 
have to take into consideration that the energy-tensor of 
“matter” is almost exclusively defined by the density of 
matter in the narrower sense, i.e. by the second term of the 
right-hand side of (58) [or, respectively, (58a) or ( 68 b)]. 
If we form the approximation in question, all the components 
vanish with the one exception of T 44 = p = T. On the left- 
hand side of (63) the second term is a small quantity of 
second order; the first yields, to the approximation in 
question, 

1] + 5^, 2] H- 8] - 4], 


For /i = 1 / -> 4, this gives, with the omission of terms differ- 
entiated with respect to time. 





The last of equations (33) thus yields 


V^gu’-fcp .... ( 68 ) 


The equations (67) and ( 68 ) together are equivalent to 
Newton’s law of gravitation. 

By (67) and ( 68 ) the expression for the gravitational 
potential becomes 


K f pdr 
87 rJ r 


. ( 68 a) 


while Newton’s theory, with the unit of time which we have 
chosen, gives 


K 


It 
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in which K denotes the constant 6' 7 x 10 ~ usually called 
the constant of grayitation. By comparison we obtain 

* = 1-87 X . • (69) 


§ 22. Behaviour oi Rods and Clocks in the Static Gravi- 
tational Field. Bending of Light-rays. Motion of 
the Perihelion of a Planetary Orbit 

To arrive at Newton’s theory as a first approximation we 
had to calculate only- one component, of the ten gfiy of the 

gravitational field, since this component alone enters into the 
first approximation, (67), of the equation for the motion of the 
material point in the gravitational field. From this, however, 
it is already apparent that other components of the gp^y must 
differ from the values given in (4) by small quantities of the 
first order. This is required by the condition gr =a - 1. 

For a field-producing point mass at the origin of co-ordin- 
ates, we obtain, to the first approximation, the radially 
symmetrical solution 


“ - Sp, - (/>, er = 1, 2, 3) 

ffp* = (p = 1, 2, 3) 


. (70) 


= 1 - - J 

where is 1 or 0, respeoti Tely, accordin gly asp - <r or p 4= "'i 
and r is the quantity + On account of (68a) 



(70a) 


if M denotes the field-producing mass. It is easy to verify 
that the field equations (outside the mass) are satisfied to the 
first order of small quantities. 

We now examine the infiuence exerted by the field of the 
mass M upon the metrical properties of space. The relation 


always holds between the “ locally ” (§ 4) measured lengths 
and times ds on the one hand, and the differences of co-ordin- 
ates dxy on the other hand. 
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For a uait-measure of length laid “ parallel ” to the axis 
of le, for example, we should have to set «> - 1 ; dxg » dxg 
=» dx 4 - 0. Therefore - 1 = If, in addition, the 

unit-measure lies on the axis of x, the first of equations (70) 
gives 

From these two relations it follows that, correct to a first 
order of small quantities, 

■ ■ ■ ■ ( 71 ) 

The unit measuring-rod thus appears a little shortened in 
relation to the system of co-ordinates by the presence of the 
gravitational field, if the rod is laid along a radiua 

In an analogous manner we obtain the length of co- 
ordinates in tangential direction if, for example, we set 
= - 1 ; <ia:i = dxg => dx^ = 0; = r, Zg = Xg = 0. 

The result is 

- 1 = gggdxl ^ - dx\ . . . (71a) 

With the tangential position, therefore, the gravitational 
field of the point of mass has no infiuence on the length of a 
rod. 

Thus Euclidean geometry does not hold even to a first ap- 
proximation in the gravitational field, if we wish to take one 
and the same rod, independently of its place and orientation, 
as a realization of the same interval ; although, to be sure, a 
glance at (70a) and (69) shows that the deviations to be ex- 
pected are much too slight to be noticeable in measurements 
of the earth’s surface. 

Further, let us examine the rate of a unit clock, which is 
arranged to be at rest in a static gravitational field. Here we 
have for a dock period da = 1', dxg = dxg = dxg =» 0 
Therefore 



162 


THE GENERAL THEORY 


or 

+ 

Thus the clock goes more slowly if set up in the neighbour- 
hood of ponderable masses. Prom this it follows that the 
spectral lines of light reaching us from the surface of large 
stars must appear displaced towards the red end of the 
spectrum.* 

We now examine the course of light-rays in the static 
gravitational field. By the special theory of relativity the 
velocity of light is given by the equation 

- dxl - dx, - dx\ + dxl== 0 


and therefore by the general theory 
equation 

ds* = QurdXiidXr = 


of relativity by the 
0 . . . (73) 


If the direction, i.e. the ratio dxi : : <2®, is given, equation 

(73) gives the quantities 

dx^ dfl/j 
dx^ dXi dXi 

and accordingly the velocity 



defined in the sense of Euclidean geometry. We easUy 
recognize that the course of the light-rays must be bent with 
regard to the system of co-ordinates, if the guy are not con- 
stant. If » is a direction perpendicular to the propagation of 
light, the Huyghens principle shows that the light-ray, en- 
visaged in the plane (y, w), has the curvature - ly/ln. 

We AT-ftTninfl the curvature undergone by a ray of light 
passing by a mass M at the distance A- If we choose the 
system of co-ordinates in agreement with the accompanyii^ 
diagram, the total bending of the ray (calculated positively if 

* to B. Preunaiioh, apeotroBOopioal observations on fixed stars of 

certain types indicate the eiistenoe of an effect of this kind, but a crucial 
test of ooase^uence has not yet been made. 





A ' 

Fig. 8. 


According to this, a ray of light going past the sun under- 
goes a deflexion of 1*7"; and a ray going past the planet 
Jupiter a deflexion of about *02". 

If we calculate the gravitational field to a higher degree 
of approximation, and likewise with corresponding accuracy 
the orbital motion of a material point of relatively infinitely 
small mass, we find a deviation of the following kind from 
the Eepler-Newton laws of planetary motion. The orbital 
ellipse of a planet undergoes a slow rotation, in the direction 
of motion, of amount 

a> 



e “ 24ir*, 


. ( 75 ) 
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per revolution. In this formula a denotes th 
asis, c the velocity of light in the usual Dies>si3 
eccentricity, T the time of revolution in second 

Calculation gives for the planet Mercury a i 
orbit of 43" per century, corresponding exactly ti 
observation (Leverrier); for the astronomers b 
in the motion of the perihelion of this planet, 
for disturbances by other planets, an inexplica 
of this magnitude. 

*Vot the oalovletion I refer to the original pape 
Sitznsgeber. d. Preuae. Akad. d. Wise., 1916, p. 881 : ^ 
ibid., 1916, p. 189. 



HAMILTON’S PRINCIPLE AND THE 
GENERAL THEORY OF RELATIVITY 

BY 

A. EINSTEIN 

Trcmslated from ** Harmltonsohes Prindp und allgememe 
Relativitdtstheorie,*' Sitzungsberichte der Fretissi- 
schen Akad. d, WisseTischaften, 1916 . 




HAMILTON’S PEINOIPLE AND THE GENEEAL 
THEOEY OE EELATIVTTT 

Bt a EINSTEIN 


T he general theory of relativity has recently been 
given in a particnlarly clear form by H. A Lorentz 
and D. Hilbert,*' who have deduced its equations 
from one single principle of variation. The same thing 
will be done in the present paper. But my purpose here 
is to present the fundamental connexions in as perspicuous 
a manner as possible, and in as general terms as is per- 
missible from the point of view of the general theory of 
relativity. In particular we shall make as few specializing 
assumptions as possible, in marked contrast to Hilbert’s 
treatment of the subject. On the other hand, in antithesis 
to my own most recent treatment of the subject, there is to 
be complete liberty in the choice of the system of co-ordinates. 


§ I. The Principle of Variation and the Pield-equations of 
Gravitation and Matter 


Let the gravitational held be described as usual by the 
tensor f of the g^y (Or the p'*”) ; and matter, including the 
electromagnetic field, by any number of space-time functions 
g(p). How these functions may be characterized in the theory 
of invariants does not concern us. Further, let ^ be a function 
of the 






\ IXa)' 


* Four papers by Lorentz in the Fublioations of the Koninkl. Akad. van 
Wetensoh. te Amsterdam, 1916 and 1916 ; D, Hilbert, Gdttinger Naohr., 1916, 
Parts. 

t No use is made for the present of the tensor character of the g/iv. 
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The principle of variation 

8j$dT = 0 . . . • (1) 

then gives ns as many differential equations as there are 
fonctions and jcp) to he defined, if the and 2 (p) are 
varied independently of one another, and in such a way that 

at the limits of integration the djo*), Sg''*”, and 8^1 


vanish. 

"We will now assume that $ is linear in the g„, and that 
the coefficients of the depend only on the gi^”. We may 
then replace the principle of variation (1) by one which is 
more convenient for us. For by appropriate partial integra- 
tion we obtain 


= I ^*dT + F . . . (2) 

where F denotes an integral over the boundary of the domain 
in question, and depends only on the g"*”, g'^J, q(i,), ?<p)«) and 
no longer on the pj'. From (2) we obtain, for such vari- 
ations as are of interest to us, 

=»d|<^*<ZT, . . . (3) 

so that we may replace our principle of variation (1) by the 
more convenient form 

8|^*dT = 0. . . (la) 


By carrying out the variation of the gf'*” and the g(p) we 
obtain, as field-equations of gravitation and matter, the 
equations f 


l>Xa\7)g^/ 

a ^ = 0 

’dXaSiqipW ^{p) 


(4) 


(5) 


t For bieTity the summation symbols are omitted in the formulsa. In- 
dices occurring twice in a term are always to be taken as summed. Thus in 




denotes the term 
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§ a. Separate Existence of the Gravitational Field 

If we make no restrictive assumption as to the maimer in 
which ^ depends on the p**', {ftp,, the energy-com- 

ponents cannot he divided into two parts, one belonging to 
the gravitational field, the other to matter. To ensure this 
feature of the theory, we make the following assumption 

§ = @ + sfR ‘ . . . . (6) 

where @ is to depend only on the g^, and 501 only on 

g^, q{p), q{p)a.. Equations (4), (4a) then assume the form 



a®* ^ m 

. . (7) 


~ 7)gio> "bg^y 

_a /a50l\ 

_0 

° ■ 

. . (8) 

aa!a\a2(())«/ 



Here ©■* stands in the same relation to @ as to 

It is to be noted carefully that equations (8) or (5) would 
have to give way to others, if we were to assume 501 or ^ to be 
also dependent on derivatives of the qi.^ of order higher than 
the first. Likewise it might be imaginable that the q(p) would 
have to be taken, not as independent of one another, but as 
connected by conditional equations. All this is of no im- 
portance for the following developments, as these are based 
solely on the equations (7), which have been found by vary- 
ing our integral with respect to the p'*’’. 

§ 3. Properties of the Field Equations of Gravitation 
Conditioned by the Theory of Invariants 

We now introduce the assumption that 

“ g .... (9) 

is an invariant. This determines the transformational char- 
acter of the g^y. As to the transformational character of the 
q(f), which describe matter, we make no supposition. On the 

other hand, let the functions H =» — , as well as 

-g 
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G = — , and M •= be invariants in relation to any 

>/-9 s/-9 

substitutions of space-time co-ordinates. From these assump- 
tions follows the general covariance of the equations (7) and 
(8), deduced from (1). It further follows that G (apart from 
a constant factor) must be equal to the scalar of Biemann’s 
tensor of curvature ; because there is no other invariant witii 
the properties required for G.f Thereby @* is also perfectly 
determined, and consequently the left-hand side of field 
equation (7) as well.t 

From the general postulate of relativity there follow 
certain properties of the function @* which we shall now de- 
duce. For this purpose we carry through an infinitesimal 
transformation of the co-ordinates, by setting 


X'y = Xy + AXy .... (10) 

where the ar© arbitrary, infinitely small functions of the 
co-ordinates, and x', are the co-ordinates, in the new system, 
of the world-point having the co-ordinates Xy in the original 
system. As for the co-ordinates, so too for any other magni- 
tude •>fr, a law of transformation holds good, of the type 

where must always be expressible by the AXy. From 
the covariant property of the we easily deduce for the p'"' 
and the laws of transformation 


= 

Ap'f = 


9^X^ + 9’^ 


7>Xa 

'bXtr 


^Xu 


-9^' 


, a(Aa!B) 

"bXa 


. ( 11 ) 
. (12) 


Since ®* depends only on the p'^” and p'JI’, it is possible, with 
the help of (11) and (12), to calculate A@*. We thus obtain 
the equation 




S" 

O' 


,t>(Aa;(r) 


"bXy 


3pA^ IXyiXa ^ 


t He^in is to be found the reason why the general postulate of relativity 
leads to a very deflbaite theory of gravitation. 

t By performing partial integration we obtain 

0* = $} {pfii «} - {/*v, a) {a$, i3}]. 
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From these two equations we draw two inferences whicli are 

important for what follows. We know that ® is an in- 

*/- 9 

variant with respect to any substitution, but we do not know 

this of ■ It is easy to demonstrate, however, that the 

V ~ 9 

latter quantity is an invariant with respect to any Umar 
substitutions of the co-ordinatea Hence it follows that the 


right side of (13) must always vanish if all 
Consequently @* must satisfy the identity 




vanish. 


SJ = 0 .... (15) 

If, further, we choose the A®» so that they differ from 
zero only in the interior of a given domain, but in infinitesimal 
proximity to the boundary they vanish, then, with the trans- 
formation in question, the value of the boundary integral oc- 
curring in equation (2) does not change. Therefore AF = 0, 
and, in consequence, f 

Aj@dT - Aj@*dT. 


But the left-hand side of the equation must vanish, since 
, , , @ 

botn — L an,! J - g dfr are invariants. Consequently the 

kJ - 9 

right-hand side also vanishes. Thus, taking (14), (15), and 
(16) into consideration, we obtain, in the first place, the 
equation 


Transforming this equation by two partial integrations, and 
having regard to the liberty of choice of the we obtain 

t By the introduction of the quantities (§) and instead of $ and 
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the identity 

. . . (ID 


"bxp 


From the two identities (16) and (17), which result from 

tile invariance of — ==, and therefore from the postulate of 
s/-9 , . 

general relativity, we now have to draw conclusions. 

We first transform the field equations (7) of gravitation 
by mixed multiplication by g'^. We then obtain (by inter- 
changing the indices <r and v), as equivalents of the field 
equations (7), the equations 




. ( 18 ) 


where we have set 




K 








(19) 



The last expression for is vindicated by (14) and (15). By 
differentiation of (18) with respect to x„ and summation for p, 
there follows, in view of (17), 



. ( 21 ) 


Equation (21) expresses the conservation of momentum and 
energy. We call S' the components of the energy of matter, t' 
the components of the energy of the gravitational field. 

Having regard to (20), there follows from the field equations 
(7) of gravitation, by multiplication by g'JJ’ and summation 
with respect to p. and p, 
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or, in view of (19) and (21), 

- 0 
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( 22 ) 


where denotes the quantities gyaX^. These are four 

equations which the energy-components of matter have to 
satisfy. 

It is to be emphasized that the (generally covariant) laws 
of conservation (21) and (22) are deduced from the field equa- 
tions (7) of gravitation, in combination with the postulate of 
g^eral covariance (relativity) alone, without using the field 
equations (8) for material phenomena. 
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OOSMOLOaiOAL CONSEDEBATIONS ON THE 
GENEEAL THEOEY OF EELATIVITY 

By a. EINSTEIN 


I T is well known that Poisson’s equation 

V^<f> = 4^Kp .... ( 1 ) 
in combination with the equations of motion of a material 
point is not as yet a perfect substitute for Newton’s theory 
of action at a distance. There is still to be taken into account 
the condition that at spatial infinity the potential ^ tends 
toward a fixed limiting value. There is an analogous state 
of things in the theory of gravitation in general relativity. 
Here, too, we must supplement the differential equations by 
li mitin g conditions at spatial infinity, if we really have to 
regard the universe as bemg of infinite spatial extent. 

In my treatment of the planetary problem I chose these 
limiting conditions in the form of the following assumption : 
it is possible to select a system of reference so that at spatial 
infinity all the gravitational potentials become constant. 
But it is by no mesius evident a priori that we may lay down 
the same limitin g conditions when we wish to take larger 
portions of the physical universe into consideration. In the 
following pages the reflexions will be given which, up to the 
present, I have made on this fundamentally important 
question. 

§ I. The Newtonian Theory 

It is well known that Newton’s limiting condition of the 
constant limit for ^ at spatial infinity leads to the view that 
the density of matter becomes zero at infinity. For we 
imagine that there may be a place in universal space round 
about which the gravitations^ field of matter, viewed on a 
large scale, possesses spherical symmetry. It then follows 
from Poisson’s equation that, in order that ^ may tend to a 
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limit at infinity, the mean density p must decrease toward 
zero more rapidly than as the distance t from the 
centre increases.* In this sense, therefore, the universe 
according to Newton is finite, although it may possess an 
infinitely great total mass. 

From this it follows in the first place that the radiation 
emitted by the heavenly bodies will, in part, leave the 
Newtonian system of the universe, passing radially outwards, 
to become ineffective and lost in the infinite. May not 
entire heavenly bodies fare likewise ? It is hardly possible 
to give a negative answer to this question. For it follows 
from the assumption of a finite limit for ^ at spatial infinity 
that a heavenly body with finite kinetic energy is able to 
reach spatial infinity by overcoming the Newtonian forces of 
attraction. By statistical mechanics this case must occur 
from time to time, as long as the total energy of the stellar 
system — transferred to one single star — is great enough to 
send that star on its journey to infinity, whence it never can 
return. 

We might try to avoid this peculiar difificulty by assuming 
a very high value for the limiting potential at infinity. That 
would be a possible way, if the value of the gravitational 
potential were not itself necessarily conditioned by the 
heavenly bodies. The truth is that we are compelled to 
regard the occurrence of any great differences of potential of 
the gravitational field as contradicting the facts. These 
differences must really be of so low an order of magnitude 
that the stellar velocities generated by them do not exceed 
the velocities actually observed. 

If we apply Boltzmann’s law of distribution for gas 
molecules to the stars, by comparing the stellar system writh 
a gas in thermal equilibrium, we find that the Newtonian 
stellar system cannot exist at all. For there is a finite ratio 
of densities corresponding to the finite difference of potential 
between the centre and spatial infinity. A vanishing of the 
density at infinity thus implies a vanishing of the density 
at the centre. 

is the mean density of matter, calculated for a region whioh is large as 
compared with the distance between neighbouring fixed stars, but smaU in 
comparison with the dimensions of the whole stellar system. 
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It S 66111 S hardly possible to STmuount these difficulties on 
the basis of the Newtonian theory. A^^e niay ask ourselves 
the question whether they can be removed by a modification 
of the Nevrtonian theory. First of all we will indicate a 
method which does not in itself claim to be taken seriously j 
it merely serves as a foil for what is to follow. In place of 
Poisson’s equation we write 

= 4-iTKp . . . ( 2 ) 

where X denotes a universal constant. If p, be the uniform 
density of a distribution of mass, then 


(j) a 


dvr/e 


(3) 


is a solution of equation (2). This solution would correspond 
to the case in which the matter of the fixed stars was dis- 
tributed uniformly through space, if the density p* is equal 
to the actual mean density of the matter in the universe. 
The solution then corresponds to an infinite extension of 
the central space, filled uniformly with matter. If, without 
making any change in the mean density, we imagine matter 
to be non-uniformly distributed locally, there will be, over 
and above the ^ with the constant value of equation (3), an 
additional which in the neighbourhood of denser masses 
will so much the more resemble the Newtonian field as X^ is 
smaller in comparison with 47r/ep. 

A universe so constituted would have, with respect to its 
^avitational field, no centre. A decrease of density in spatial 
infinity would not have to be assumed, but both the mean 
potential and mean density would remain constant to infinity. 
The conflict with statistical mechanics which we found in 
the case of the Newtonian theory is not repeated. With a 
definite but extremely small density, matter is in equilibrium, 
without any internal material forces (pressures) being required 
to maintain equilibrium. 


§ a. The Boundary Conditions Accordinj; to the General 
Theory of Relativity 

In the present paragraph I shall conduct the reader over 
the road that I have myself travelled, rather a rough and 
winding road, because otherwise I cannot hope that he will 
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take much interest in the result at the end of the journey. 
The conclusion I shall arrive at is that the field equations of 
gravitation which I have championed hitherto still need a 
slight modification, so that on the basis of the general theory 
of relativity those fundamental difficulties may be avoided 
which have been set forth in § 1 as confronting the Newtonian 
theory. This modification corresponds perfectly to the transi- 
tion from Poisson’s equation (1) to equation (2) of § 1. We 
finally infer that boundary conditions in spatial infinity fall 
away altogether, because the universal continuum in respect 
of its spatial dimensions is to be viewed as a self-contained 
continuum of finite spatial (three-dimensional) volume 
The opinion which I entertained until recently, as to the 
limiting conditions to be laid down in spatial infinity, took 
its stand on the following considerations. In a consistent 
theory of relativity there can be no inertia relatively to “ space," 
but only an inertia of masses relatively to one another. If, 
therefore, I have a mass at a sufficient distance from all other 
masses in the universe, its inertia must fall to zero. We will 
try to formulate this condition mathematically. 

According to the general theory of relativity the negative 
momentum is given by the first three components, the energy 
by the last component of the covariant tensor multiplied by 

V- g 

mj-rj . . . . (4) 

where, as always, we set 

= g^iydx^dxy . . . . (5) 

In the particularly perspicuous case of the possibility of 
choosing the system of co-ordinates so that the gravitational 
field at every point is spatially isotropic, we have more simply 

<Zs* = - A(da!* + dxl+ dxl) + BdaJ. 

If, moreover, at the same time 


V- flr « 1 = 


we obtain from 
velocities'. 


(4), to a first approximation for small 


A dxi A dx9 


A dx, 
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for the cotaponents of momentiim, and for the energy (in the 
static case) 


From the expressions for the momentum, it follows that 
plays the part of the rest mass. As m is a constant 
' peculiar to the point of mass, independently of its position, 


this expression, if we retain the condition 1 at 

spatial infinity, can vanish only when A diminishes to zero, 
while B increases to infinity. It seems, therefore, that such 
a degeneration of the co-efficients g^ is required by the postu- 
late of relativity of all inertia. This requirement implies 
that the potential energy becomes infinitely great at 

infinity. Thus a point of mass can never leave the system ; 
and a more detailed investigation shows that the same thing 
applies to light-raya A system of the universe with such 
behaviour of the gravitational potentials at infinity would not 
therefore run the risk of wasting away which was mooted 
just now in connexion with the Newtonian theory. 

I wish to point out that the simplifying assumptions as 
to the gravitational potentials on which this reasoning is based, 
have been introduced merely for the sake of lucidity. It is 
possible to find general formulations for the behaviour of the 
gy.v at infinity which express the essentials of the question 
without further restrictive assumptions. 

At this stage, with the kind assistance of the mathe- 
matician J. Grommer, I investigated centrally symmetrical, 
static gravitational fields, degenerating at infinity in the way 
mentioned. The gravitational potentials g^ were applied, and 
from them the energy-tensor T,,,. of matter was calculated on 
the basis of the field equations of gravitation. But here it 
proved that for the system of the fixed stars no boundary con- 
ditions of the kind can come into question at aU, as was also 
rightly emphasized by the astronomer de Sitter recently. 

For the contravariant energy-tensor T'*” of ponderable 
matter is given by 

^ ^ ds ds’ 


where p is the density of matter in natural measure. With 
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an appropriate choice of the system of co-ordinates the 
stdlax velocities are very small in comparison with that of 
light. We may, therefore, snbstitate This 

shows us that all components of T'" must be very small in 
comparison with the last component But it was qnite 
impossible to reconcile this condition with theohosen boundary 
conditions In the retrospect this result does not appear 
astonishing. The fact of the small velocities of the stars 
allows the conclusion that wherever there are fixed stars, the 
gravitational potential (in our case ^B) can never be much 
greater than here on earth. This follows from statistical 
reasoning, exactly as in the case of the Newtonian theory. 
At any rate, our calculations have convinced me that such 
conditions of degeneration for the g^r in spatial infinity may 
not be postulated. 

After the failure of this attempt, two possibilities next 
present themselves. 

(а) We may require, as in the problem of the planets, 
that, with a suitable choice of the system of reference, the g,u> 
in spatial infinity approximate to the values 

- 1 0 0 0 

0-1 0 0 

0 0-1 0 

0 0 0 1 

(б) We may refrain entirely from laying down boundary 
conditions for spatial infinity claiming general validity ; but 
at the spatial limit of the domain under consideration we 
have to give the g^ separately in each individual case, as 
hitherto we were accustomed to give the initial conditions 
for time separately. 

The possibility (6) holds out no hope of solving the prob- 
lem, but amounts to giving it up. This is an incontestable 
position, which is taken up at the present time by de Sitter.* 
But I must confess that such a complete resignation in this 
fundamental question is for me a difficult thing. I should 
not make up my nadnd to it until every effort to make head- 
way toward a satisfactory view had proved to be vain. 

Possibility (a) is unsatisfactory in more respects than one. 

*de Sitter, Akad. van Wetensoh. te Amsterdam, 8 Nov., 1916. 
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In the first place those boundary conditions pre-suppose a 
definite choice of the system of reference, which is contrary 
to the spirit of the relativity principle. Secondly, if we adopt 
this view, we fail to comply with the requirement of the 
relativity of inertia. For the inertia of a material point of 
mass m (in natural measure) depends upon the but 
these differ but little from their postulated Values, as given 
above, for spatial infinity. Thus inertia would indeed be 
influenced, but would not be conditioned by matter (present 
in finite space). If only one single point of mass were present, 
according to this view, it would possess inertia, and in fact 
an inertia almost as great as when it is surrounded by the 
other masses of the actual universe. Finally, those statistical 
objections must be raised against this view vrhich were 
mentioned in respect of the Newtonian theory. 

From what has now been said it will be seen that I have 
not succeeded in formulating boundary conditions for spatial 
infinity. Nevertheless, there is still a possible way out, 
without resigning as suggested under (6). For if it were 
possible to regard the universe as a continuum which is 
finite {closed) with respect to its spatial dimensions, we should 
have no need at all of any such boundary conditions. We 
shall proceed to show that both the general postulate of 
relativity and the fact of the small stellar velocities are com- 
patible with the hypothesis of a spatially finite universe; 
though certainly, in order to carry through this idea, we need 
a generalizing modification of the field equations of gravitation. 

§ 3. The Spatially Finite Universe with a Uniform 
Distribution of Matter 

According to the general theory of relativity the metrical 
character (curvature) of the four-dimensional space-time con- 
tinuum is defined at every point by the matter at that point 
and the state of that matter. Therefore, on account of the 
lack of uniformity in the distribution of matter, the metrical 
structure of this continuum must necessarily be extremely 
complicated. But if we are concerned with the structure 
only on a large scale, we may represent matter to ourselves 
as being uniformly distributed over enormous spaces, so that 
its density of distribution is a variable function which varies 
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extremely slowly. Thus our procedure will somewhat re- 
semble that of the geodesists who, by means of an ellipsoid, 
approximate to the shape of the earth’s surface, which on a 
small scale is extremely complicated. 

The most important fact that we draw from experience 
as to the distribution of matter is that the relative velocities 
of the stars are very small as compared with the velocity of 
light. So I think that for the present we may base our 
reasoning upon the following approximative assumption. 
There is a system of reference relatively to which matter 
may be looked upon as being permanently at rest. With 
respect to this system, therefore, the contravariant energy- 
tensor T*' of matter is, by reason of (5), of the simple form 


0 0 0 
0 0 0 
0 0 0 
0 0 0 


0 

0 

0 

P 


. ( 6 ) 


The scalar p of the (mean) density of distribution may be 
a priori a function of the space co-ordinates. But if we 
assume the universe to be spatially finite, we are prompted 
to the hypothesis that p is to be independent of locality. 
On this hypothesis we base the following considerations. 

As concerns the gravitational field, it follows from the 
equation of motion of the material point 


d?Xy 

ds^ 


, a dXB 


0 


that a material point in a static gravitational field can remain 
at rest only when is independent of locality. Since, further, 
we presuppose independence of the time co-ordinate for 
all magnitudes, we may demand for the required solution 
that, for all 

?44«1 . . . . (7) 

Further, as always with static problems, we shall have to set 

“ ?24 “ fl^84 =* 0 • ' • (8) 

It remains now to determine those components of the 
gravitational potential which define the purely spatial-geo- 
metrical relations of our continuum . . . 5 ^ 33 ). From 
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our assumption as to the uniformity of distribution of the 
masses generating the field, it follows that the curvature of 
the required space must be constant. With this distribution 
of mass, therefore, the required finite continuum of the 
Xi, x^, as^ with constant x^, will be a spherical space. 

We arrive at such a space, for example, in the following 
way. We start from a Euclidean space of four dimensions, 
ill isi it in with a linear element da ; let, therefore, 

. . . (9) 

In this space we consider the hyper-surface 

R* = ^ ^ • • • (10) 


where E denotes a constant. The points of this hyper-surface 
form a three-dimensional continuum, a spherical space of 
radius of curvature E. 

The four-dimensional Euclidean space with which we 
started serves only for a convenient definition of our hyper- 
surface. Only those points of the hyper-surface are ol 
interest to us which have metrical properties in agreement 
with those of physical space with a uniform distribution of 
matter. For the description of this three-dimensional con- 
tinuum we may employ the co-ordinates fi, fj, (the pro- 
jection upon the hyper-plane = 0) since, by reason of (10), 
can be expressed in terms of |2> Is* Eliminating ^4 from 
(9), we obtain for the linear element of the spherical space 
the expression 


7mk 


Buv + 




E“ - 


( 11 ) 


where 8,,, = 1, if ^ = v;S^u — 0,iifi V, andp® = ?i + 

The co-ordinates chosen are convenient when it is a question 
of examining the environment of one of the two points 
fl “ ?2 = f, = 0. 

Now the linear element of the required four-dimensional 
space-time universe is also given us. For the potential 
both indices of which differ from 4, we have to set 
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which equation, in combination with (7) and (8), perfectly 
defines the behaviour of measuring-rods, clocks, and light- 
rays. 


§ 4. On an Additional Term for the Field Equations of 
Qravitation 


My proposed field equations of gravitation for any chosen 
system of co-ordinates run as follows : — 


Gmv 


a} + {/io, {vfi, o} 


(13) 


+ 


nogj-g 


- {/tv, a} 


dr. 


The system of equations (13) is by no means satisfied 
when we insert for the g^y the values given in (7), (8), and 
(12), and for the (contravariant) energy-tensor of matter the 
Values indicated in (6). It will be shown in the next para- 
graph how this calculation may conveniently be made. So 
that, if it were certain that the field equations (13) which I 
have hitherto employed were the only ones compatible with 
the postulate of general relativity, we should probably have 
to conclude that the theory of relativity does not admit the 
hypothesis of a spatially finite universa 

However, the system of equations (14) allows a readily 
suggested extension which is compatible with the relativity 
postulate, and is perfectly analogous to the extension of 
Poisson’s equation given by equation (2 )l For on the left- 
hand side of field equation (13) we may add the fimdamental 
tensor g^, multiplied by a universal constant, - X, at present 
unknown, without deetro 3 dng the general covarisince. In 
place of field equation (13) we vreite 

*= — ff(T,tv -“ ig,„*T) • . (13a) 

This field equation, with X sufficiently small, is in any case 
also compatible with the facts of experience derived from 
the solar system. It also satisfies laws of conservation of 
momentum and energy, because we arrive at (13a) in place 
of (13) by introducing into Hamilton’s principle, instead 
of the scalar of Biemann’s tensor, this scalar increased by a 
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uniTersal constant; and Hamilton’s principle, of course, 
guarantees the validity of laws of conservation. It will be 
shown in § 5 that field equation (13a) is compatible with 
our conjectures on field and matter. 


§ 5. Calculation and Result 

Since all points of our continuum are on an equal footing, 
it is sufficient to carry through the calculation for one point, 
e.g. for one of the two points with the co-ordiiubtes 

®i = ®2 = = *4 = 0. 

Then for the in (13a) we have to insert the values 

- 1 0 0 0 

0-1 0 0 
0 0-10 
0 0 0 1 


wherever they appear differentiated only once or not at all 
We thus obtain in the first place 




a^log V-g 


From this we readily discover, taking (7), (8), and (13) into 
account, that all equations (i3a) are satisfied if the two 
relations 



Kp 

2 ’ 


or 


X >■ 





(14) 


are fulfilled. 

Thus the newly introduced universal constant \ defines 
both the mean density of distribution p which can remain in 
equilibrium and also the radius B and the volume 27r^B’ of 
spherical space. The total mass M of the universe, accord- 
ing to our view, is finite, and is in fact 


U = p. 2ir*E» 


47r'*: 




32 

/e*p 


(15) 


Thus the theoretical view of the actual universe, if it is in 
correspondence with our reasoning, is the following. The 
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curvature of ^ace is variable in time and place, Siccording to 
the distribution of matter, but we may roughly approximate 
to it by means of a spherical space. At any rate, this view is 
logically consistent, and from the standpoint of the general 
theory of relativity lies nearest at hand ; whether, from the 
standpoint of present astronomical knowledge, it is tenable, 
■mil not here be discussed. In order to arrive at this con- 
sistent view, we admittedly had to introduce an extension of 
the field equations of gravitation which is not justified by our 
actual knowledge of gravitation. It is to be emphasized, 
however, that a positive curvature of space is given by our 
results, even if the supplementary term is not introduced. 
That term is necessary only for the purpose of making 
possible a quasi-static distribution of matter, as required by 
the fact of the small velocities of the stara 
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DO GRAVITATIONAL FIELDS PLAY AN ESSENTIAL 
PART IN THE STRUCTURE OF THE ELEMEN- 
TARY PARTICLES OF MATTER? 

By a. EINSTEIN 

N either the Newtonian nor the relativistic theory 
of gravitation has so far led to any advance in the 
theory of the constitution of matter. In view of this 
fact it will be shown in the following pages that there are 
reasons for thinking that the elementary formations which go 
to make up the atom are held together by gravitational forces. 

§ I. Defects of the Present View 

Great pains have been taken to elaborate a theory which 
will S/Ccount for the equilibrium of the electricity constituting 
the electron. G. Mie, in particular, has devoted deep re- 
searches to this question. Eis theory, which has found con- 
siderable support among theoretical physicists, is based 
mainly on the introduction into the energy-tensor of sup- 
plementary terms depending on the components of the 
electro-dynamic potential, in addition to the energy terms of 
the Mazwell-Lorentz theory. These new terms, which in 
outside space are unimportant, are nevertheless effective in 
the interior of the electrons in maintaining equilibrium 
against the electric forces of repulsion. In spite of the 
beauty of the formal structure of this theory, as erected by 
Mie, Hilbert, and Weyl, its physical results have hitherto 
been unsatisfactory. On the one hand the multiplicity of 
possibilities is discouraging, and on the other hand those 
additional terms have not as yet allowed themselves to be 
framed in such a simple form that the solution could be 
satisfactory. 
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So far the general theory of relativity has made no change 
in this state of the question. If we for the moment disregard 
the additional cosmological term, the field equations take the 
form 


G’fw' xTft 


( 1 ) 


where Q-,!, denotes the contracted Biemann tensor of curva- 
ture, G the scalar of curvature formed by repeated contraction, 
and the energy-tensor of “matter.” The assumption 
that the T„v do not depend on the derivatives of the is in 
keeping with the historical development of these equations. 
Bor these quantities are, of course, the energy-components in 
the sense of the special theory of relativity, in which variable 
do not occur. The second term on the left-hand tide 
of the equation -is so chosen that the divergence of the left- 
hand side of (1) vanishes identically, so that taking the 
divergence of (1), we obtain the equation 


^ = 0 


. ( 2 ) 


which in the limiting case of the special theory of relativity 
gives the complete equations of conservation 


ZZy 


0 . 


Therein lies the physical foundation for the second term of 
the left-hand side of (1). It is by no means settled a priori 
that a limiting transition of this kind has any possible mean- 
ing. For if gravitational fields do play an essential part in 
the structure of the particles of matter, the transition to the 
limiting case of constant g^ would, for-them, lose its justifi- 
cation, for indeed, with constant g^y there could not be any 
particles of matter. So if we wish to contemplate the possi- 
bility that gravitation may take part in the structure of the 
fields which constitute the corpuscles, we cannot regard 
equation (1) as confirmed. 

Placing in (1) the Maxwell-Lorentz-energy-components of 
the electromagnetic field ^,u,. 


■ ( 3 ) 
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we obtain for (2), by taking the divergence, and after some 
reduction,* 

= 0 . . . . (4) 

where, for brevity, we have set 

^ “ 3' • • (5) 


In the calculation we have employed the second of Maxwell’s 
systems of equations 


Sajp <>x^ ix. 


. ( 6 ) 


We see from (4) that the current-density 3” must everywhere 
vanish. Therefore, by equation (1), we cannot arrive at a 
theory of the electron by restricting ourselves to the electro- 
magnetic components of the Maxwell-Lorentz theory, as has 
long been known. Thus if we hold to (1) we are driven on 
to the path of Mie’s theory.f 

Not only the problem of matter, but the cosmological 
problem as well, leads to doubt as to equation (1). As I have 
shown in the previous paper, the general theory of relativity 
requires that the universe be spatially finite. But this view 
of the universe necessitated an extension of equations (1), 
with the introduction of a new universal constant \, standing 
in a fixed relation to the total mass of the universe (or, re- 
spectively, to the equilibrium density of matter). This is 
gravely detrimental to the formal beauty of the theory. 


§ 2. The Field Equations Freed of Scalars 

The difficulties set forth above are removed by setting in 
place of field equations (1) the field equations 

Glpp — ** — pcTjup ... (Is*) 

where Tp» denotes the energy-tensor of the electromagnetic 
field given by (3). 

The formal justification for the factor - ^ in the second 

*Of. e.g. A. Einstein, Sitzungsber. d. Ptenss. Akad. d. Wiss., 1916, 
pp. 187, 188. 

t Of. D. Hilbert, OSttinger Kaohz., 20 Hor., 1916. 
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term of this equation lies in its causing the scalar of the left- 
hand side, 

to vanish identically, as the scalar of the right-hand 

side does by reason of (3). If we had reasoned on the basis 
of equations (1) instead of (la), we should, on the contrary, 
have obtained the condition G = 0, which would have to 
hold good everywhere for the independently of the electric 
field. It is clear that the system of equations [(la), (3)] is 
a consequence of the system [(1), (3)], but not conversely. 

We might at first sight feel doubtful whether (la) together 
with (6) sufSciently define the entire field. In a generally 
relativistic theory we need » - 4 differential equations, in- 
dependent of one another, for the definition of n independent 
variables, since in the solution, on account of the liberty of 
choice of the co-ordinates, four quite arbitrary functions 
of all co-ordinates must naturally occur. Thus to define 
the sixteen independent quantities and <l>^ we require 
twelve equations, all independent of one anotW. But as it 
happens, nine of the equations (la), and three of the equations 
(6) are independent of one another. 

Forming the divergence of (la), and taking into account 
that the divergence of G-„v - hg^,0: vanishes, we obtain 

From this we recognize first of all that the scalar of curvature 
G in the four-dimensional domains in which the density of 
electricity vanishes, is constant. Ji we assume that all these 
parts of space are connected, and therefore that the density 
of electricity differs from zero only in separate world- 
threads,’’ then the scalar of curvature, everywhere outside 
these world-threads, possesses a constant value Gq. But 
equation (4a) also allows an important conclusion as to the 
behaviour of G within the domains having a density of elec- 
tricity other than zero. If, as is custqmary, we regard elec- 
tricity as a moving density of charge, by setting 

T<r 3*" dxa 
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we obtain from (4a) by inner mnltiplication by J", on account 
of the antisymmetry of tf>n„ the relation 

dXff ^ Q , , (8) 

IXa ds 

Thus the scalar of cmrature is constant on every ■world-line 
of the motion of electricity. Equation (4a) can be interprete 
in a graphic manner by the statement : The scalar of curva- 
ture plays the part of a negative pressure ■which, outsme o 
the electric corpuscles, has a constant value Q-q. the in- 
terior of every corpuscle there subsists a negative pressure 
(positive G - Go) the fall of which maintains the electro- 
dynamic force in equilibrium. The minimum of pressure, or, 
respectively, the maximum of the scalar of curvature, does 
not change vdth time in the interior of the corpuscle. 

We now write the field equations (la) in the form 

(G^v - 


On the other hand, we transform the equations supplied with 
the cosmological term as already given 

Gtfui “ ~ 'i^fi.i'T). 

Subtracting the scalar equation multiplied by h we next 

OlotSliDi yp 

(Gmv - ifl'MvG') + g,,v\ = - 

Now in regions where only electrical and gravitational fields 
are present, the right-hand side of this equation vanishes. 
For such regions we obtain, by fornoing the scalar, 

- G 4- 4X “ 0. 

In such regions, therefore, the scalar of curvature is ^stant, 
so that X may be replaced by iGo. Thus we may wn 
earUer field equation (1) in the form 

Gmv - + ip^,Go - - «Tm» • • (10) 

Pomnarine (9) with (10), we see that there is no difference 
hSen toeVew field equations and the earUer ones, except 
Lat instead of T^ as tensor of “ gravitating mass ” there now 
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occurs - Gto) which is independent of the 

scalar of curvature. But the new formulation has this great 
advantage, that the quantity \ appears in the fundamental 
equations as a constant of integration, and no longer as a 
universal constant peculiar to the fundamental law. 

§ 3. On the Cosmological Question 

The last result already permits the surmise that with our 
new formulation the universe may be regarded as spatially 
finite, without any necessity for an additional hypothesis. 
As in the preceding paper I shall again show that with a 
uniform distribution of matter, a spherical world is compatible 
with the equations. 

In the first place we set 

ds^ = - yikdxidxk + dxl (i, =» 1, 2, 3) (11) 

Then if Pi* and P are, respectively, the curvature tensor of 
the second rank and the curvature scalar in three-dimensional 
space, we have 

Gi* = Pi* (i, ft — 1, 2, 3) 

«= Gii = G4W = 0 

G = -P 
- S' = 7- 

It therefore follows for our case that 

Gi* - iffiicGr = Pi* - •J7i*P (i, ft « 1, 2, 3) 

^44 “ i'9'44^ “ iP • 

We pursue our reflexions, from this point on, in two ways 
Firstly, with the support of equation (la). Here T^v denotes 
the energy-tensor of the electro-magnetic field, arising from 
the electrical particles constituting matter. For this field 
we have everywhere 

+ 0 . 

The individual are quantities which vary rapidly with posi- 
tion ; but for our purpose we no doubt may replace them by 
their mean values. We therefore have to choose 

= const.-i 
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and therefore 

’Tik = 

vv 

In. consideration of what has been shown hitnerto, we obtain 
in place of (la) 

• . • (13) 

V7 

iP = - . . . (14) 

V7 

The scalar of equation (13) agrees with (14). It is on this 
account that our fundamental equations permit the idea of a 
spherical universa For from (13) and (14) follows 

Pift+^f^ya-0 . . . (16) 

3 V7 

and it is known * that this system is satisfied by a (three- 
dimensional) spherical universe. 

But we may also base our reflexions on the equations (9). 
On the right-hand side of (9) stand those terms which, from 
the phenomenological point of view, are to be replaced by the 
energy-tensor of matter ; that is, they are to be replaced by 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 p 

where p denotes the mean density of matter assumed to be 
at rest. We thus obtain the equations 

Fife - iyikP - {ya^a “0 . . (16) 

iP iGo = - «p . . . . (17) 

From the scalar of equation (16) and from (17) we obtain 

Go = - §P = 2/cp, . . . (18) 

and consequently from (16) 

Fife - «P7t*s = 0 

• Of. H. Weyl, “ Baum, Zeit, Materie,” § 38. 


. ( 19 ) 
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which equation, with the exception of the expression for the 
co-ef&oient, agrees with (15). By comparison we obtain 

= W7 (20) 

This equation signifies that of the energy constituting matter 
three-quarters is to be ascribed to the electromagnetic field, 
and one-quarter to the gravitational field. 

§ 4. Concluding Remarks 

The above reflexions show the possibility of a theoretical 
construction of matter out of gravitational field and electro- 
magnetic field alone, without the introduction of h 3 q)othetical 
supplementary terms on the lines of Mie’s theory. This 
possibility appears particularly promising in that it frees us 
from the necessity of introducing a special constant \ for the 
solution of the cosmological problem. On the other hand, 
there is a peculiar difficulty. For, if we specialize (1) for the 
spherically symmetrical static case we obtain one equation 
too few for defining the and with the result that <my 
spherically symmetrical distribution of electricity appears 
capable of remaining in equilibrium. Thus the problem of 
the constitution of the elementary quanta cannot yet be 
solved on the immediate basis of the given field equations 
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GEAVITATION AND ELEOTEIOITY* 
By H. WBYL 


A CCOEDING to Eiemaim,f geometry is based upon 
the following two facts : — 

1. Space is a Three-dimensional Contimium . — The 
manifold of its points may therefore be consistently repre- 
sented by the values of three co-ordinates x^, X 3 , x^. 

2. (Pythagorean Theorem ) . — The square of the distance ds 
between two infinitely proximate points 
P = (ail, * 2 , a!j) and P' = (ajj + dxi, + dx^, x^ dx^) (1) 
(any co-ordinates being employed) is a quadratic form of the 
relative co-ordinates da!;* : — 

ds* = Xg^ijdxy, (g^^v =» gy^) . • (2) 


The second of these facts may be briefly stated by sa 3 iing 
that space is a metrical continuuno. In complete accord with 
the spirit of the physics of immediate action we assume the 
Pythagorean theorem to be strictly valid only in the limit 
when the distances are infinitely small 

The special theory of relativity led to the discovery that 
ti/me is associated as a fourth co-ordinate (a;^) on an equal 
footing with the three co-ordinates of space, and that the 
scene of material events, the world, is therefore afcrwr-dAmen- 
sional, metrical continuum. And so the quadratic form (2), 
which defines the metrical properties of the world, is not 
necessarily positive as in the case of the geometry of three- 
dimensional space, but has the index of inertia 34 Eiemann 


* The {ootnotes in aijuare biaokets aie later additions by the author. 

+ Math. Werke (2nd ed., Leipzig, 1892), No. XII, p. 282. 

That is to say that i£ the co-ordinates are chosen so that at one particular 
point oE the continuum <2s* = ± + (teJ ± ± then in every case 

three of the signs will he + and one - (Tbams.). 

201 
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himself did not fail to point out that this quadratic form was 
to be regarded as a physical reality, since it reveals itself, e.g. 
in centrifugal forces, as the origin of real effects upon matter, 
and that matter therefore presumably reacts upon it. Until 
then all geometricians and philosophers had looked upon the 
metrical properties of space as pertaining to space itself, in- 
dependently of the matter which it contained. It is upon this 
idea, which it was quite impossible for Biemann in his day to 
carry through, that Einstein in our own time, independently 
of Biemann, has raised the imposing edifice of his general 
theory of relativity. According to Einstein the phenomena 
of gravitution must also be placed to the account of geometry, 
and the laws by which matter affects measurements are no 
other than the laws of gravitation : the in (2) form the 
components of the gravitational potential. While the gravi- 
tational potential thus consists of an invariant quadratic 
differential form, electromagnetic phenomena are governed by 
a four-potential of which the components together com- 
pose an invariant linear differential form But so 

far the two classes of phenomena, gravitation and electricity, 
stand side by side, the one separate from the other. 

The later work of Levi-Oivita,* Hessenberg,t and the 
author t shows quite plainly that the fundamental conception 
on which the development of Biemann’s geometry must be 
based if it is to be in agreement with nature, is that of the 
infinitesimal parallel displacement of a vector. If P and P* 
are any two points connected by a curve, a given vector at P 
can be moved parallel to itself along this curve from P to P*. 
But, generally speaking, this conveyance of a vector from P 
to P* is not integrable, that is to say, the vector at P* at 
which we arrive depends upon the path along which the dis- 
placement travels. It is only in Euclidean “ gravitationless ” 
geometry thatintegrability obtains. The Biemannian geometry 
referred to above still contains a residual element of finite 
geometry — without any substantial reason, as far as I can see. 

* ** ITozione di parallelismo . . Bend, del Giro. Matem. di Palermo, 
Vol. 42 (1917). 

f (* Vektorielle Begrtindung dei DiSerentialgeometrie,** Math. Ann., Vol. 
T8 (1917). 

X Space, Time, and Matter ” (Ist ed., Berlin, 1918), § 14. 
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It seems to be due to the accidental origin of this geometry 
in the theory of surfaces. The quadratic form (2) enables us 
to compare, with respect to their length, not only two vectors 
at the same point, but also the vectors at any two points. 
But a truly infinitesimal geometry must recognize only the 
principle of the transference cf a length from one point to 
another point infinitely near to the first. This forbids us to 
assume that the problem of the transference of length from 
one point to another at a finite distance is integrable, more 
particularly as the problem of the transference of direction has 
proved to he non-integrable. Such an assumption being re- 
cognized as false, a geometry comes into being, which, when 
applied to the world, explains in a surprising manner not 
only the phenomena of gravitation, hut also those of the elec- 
tromagnetic field. According to the theory which now takes 
shape, both classes of phenomena spring from the same 
source, and in fact we cannot in general make any arbitrary 
separation of electricity from gravitation. In this theory 
all physical quantities have a meaning in world geometry. 
In particular the quantities denoting physical effects appear 
at once as pure numbers. The theory leads to a world-law 
which in its essentials is defined without ambiguity. It even 
permits us in a certain sense to comprehend why the world 
has four dimensions. I shall now first of all give a sketch of 
the structure of the amended geometry of Biemann without 
any thought of its physical interpretation. Its application to 
physics will then follow of its own accord. 

In a given system of co-ordinates the relative co-ordinates 
dx^ of a point P infinitely near to P — see (1) — are the com- 
ponents of the infinitesimal displacement PP\ The transition 
from one system of co-ordinates to another is expressed by 
definite formulae of transformation, 

= x^(x*, X* ... xD /A « 1, 2, . . . n, 

which determine the connexion between the co-ordinates of 
the same point in the two systems. Then between the com- 
ponents dXfi and the components dte* of the same infinitesimal 
displacement of the point P we have the linear formulae of 
transformation 

dXf,, Sa^udx^ . . . • ( 3 ) 
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in which are the values of the derivatives at the point 

P. A contravariant vector x at the point P referred to either 
system of co-ordinates has n known numbers ^ for its com- 
ponents, which in the transition to another system are trans- 
formed in exactly the same way (8) as the components of an 
infinitesimal displacement I denote the totality of vectors 
at the point P as the vector-space at P. It is, firstly, linear 
or affine, i.e. by multiplication of a vector at P by a number,, 
and by addition of two such vectors, there always arises a 
vector at P ; and, secondly, it is metrical, i.e. by the sym- 
metrical bilinear form belonging to (2) a scalar product 

x.y = y.x = 

is invariantly assigned to each pair of vectors x and y with 
components We take it, however, that this form is 

determined only as far as to a positive factor of proportion- 
ality, which remains arbitrary. If the manifold of points of 
space is represented by co-ordinates a;^, the are determined 
by the metrical properties at the point P only to the extent 
of their proportionality. In the physical sense, too, it is only 
the ratios of the that has an immediate tangible meaning. 
For the equation 

Sg^vdx^dxv = 0 

Itv 

is satisfied, when P is a given origin, by those infinitely 
proximate world-points which are reached by a light signal 
emitted at P. For the purpose of analytical presentation we 
have firstly to choose a definite system of co-ordinates, and 
secondly at each point P to determine the arbitrary factor of 
proportionality with which the g^ are endowed. Accordingly 
the formulae which emerge must possess a double property of 
invariance : they must be invariant with respect to any con- 
tinuous transformations of co-ordinates, and they must remain 
unaltered if \g^v, where \ is an arbitrary continuous function 
of position, is substituted for the g^a,. The supervention of 
this second property of invariance is characteristic of our 
theory. 

If P, P* are any two points, and if to each vector x at P a 
vector X* at P* is assigned in such a way that in general ax 
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becomes ax*, and x + y becomes x* + y* (o being any as- 
signed number), and the vector zero at P is the only one to 
which the vector zero at P* corresponds, we then have made an 
affine or linear replica of the vector-space at P on the vector- 
space at P*. This replica has a particularly close resemblance 
when the scalar product of the vectors x*, y* at P* is propor- 
tional to that of X and y at P for all pairs of vectors x, y. (In 
our view it is only this idea of a similar replica that has 
an objective sense ; the previous theory permitted the more 
definite conception of a congruent replica.) The meaning of 
the parallel displacement of a vector at the point P to a 
neighbouring point P' is settled by the two axiomatic postu- 
lates. 

1. By the parallel displacement of the vectors at the point 
P to the neighbouring point P* a similar image of the vector- 
space at P is made upon the vector-space at P'. 

2. If Pj, Pj are two points in the neighbourhood of P, and 
the infinitesimal vector PP^ at P is transformed into PiPu 
by a parallel displacement to the point Pi, while PPi at P is 
transformed into PjPn by parallel displacement to Pj, then 
Pi 2 , P 21 coincide, i.e. infinitesimal parallel displacements are 
commutative. 

That part of postulate 1 which says that the parallel dis- 
placement is an affine transposition of the vector-space from 
P to P', is expressed analytically as follows ; the vector I** Sit 
P = («!, « 2 , . . Xn) is by displacement transformed into a 
vector f** + dl'* at P' = (Xi -t- dxi, + dx.j, ...«» + dxn) 
the components of which are in a linear relation to ^ , — 

dt = - W?” • • ■ • (4) 

y 

The second postulate teaches that the dy^ are linear differ- 
ential forms 

dyi: - SKpdx,. 

p 

the coefficients of which possess the symmetrical property 

r** - P* • • • • (S) 

If two vectors u'* at P are transformed by parallel dis- 
placement at P' into t + postulate 
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of similarity stated under 1 above, which goes beyond affinity, 
tells ns that 

+ dm + 

mxist be proportional to 

U.V 

If we call the factor of proportionality, which differs infinit- 
esimally from 1,1 + d<f>i and define the reduction of an index 
in the usual way by the formula 

dn = ^g^v^^ f 

p 

we obtain 

dfffu, - {drivf, + = gp-vd^ • ■ \°i 

From this it follows that is a linear differential form 

. . . • ( 7 ) 

*»- 

If this is known, the equation (6) or 

TfAi vp + Tv, /Ip = ■" 9^/iv<#>p» 

together with the condition for symmetry (5), gives unequivo- 
cally the quantities V, The interned metriced connexion of 
space thus depends on a lineur form (7) besides the quadratic 
form (2) — which is determined except as to an arbitrary 
factor of proportionality.* If we substitute 'Kgiuf for with- 

* [1 have now modified this structure in the following points (of. the final 
presentation in ed. 4 of “ Baum, Zeit, Materie,” 1921, §§ 18, 18). (n) In place 
of postulates 1 and 2, which the parallel displacement has to fulfil, there is 
now one postulate ; Let there be a system of co-ordinates at the point P, by 
the employment of which the components of every vector at P are not altered 
by parallel displacement to any point in infinite proximity to P. This postu- 
late characterizes the essence of the parallel displacement as that of a trans- 
position, concerning which it may be correctly asserted that it leaves the 
vectors “unaltered.” (6) To the metrics at the single point P, according to 
which there is attached to every vector x = ^ at P a tract of such a kind that 
two vectors define the same tract when, and only when, they possess the same 
measure-number I = there must now be added the metrical con- 

nexion of P with the points in its neighbourhood ; by congruent transposition 
to the infinitdy near point P' a tract at P passes over into a definite tract at P'. 
If we make a reg[uirement of this concept of congruent transposition of tracts 
analogous to that which has just been postulated, under (a), of the concept of 
parallel displacement of vectors, we see that this process (in which the measure- 
number I of the tract is increased by dl) is expressed in the equations 
dl = ld^ \ d^^ ^/i^V 
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out changing the system of co-ordinates, the quantities 
do not change, assumes the factor \, and dg,a, becomes 
'KdQf.v + Equation (6) then shows that becomes 

d<l) + ^- = dtp + d (log X). 

What remains undetermined, therefore, in the linear form 
!i<p^dje^ is not a factor of proportionality which would have 
to 1)(! settled by an arbitrary choice of a unit of measurement, 
but , rather, the arbitrary element inherent in it consists in an 
additive total differential. For the analytical representation 
of geometry the forms 

gp.ydrJLxv, . . . - (8) 

are on an equal footing with 

X . (jnydXid^v and ^,^dx^ + d (log X) . . (9) 

where X is any positive function of position. Hence there is 
invariant significance in the anti-symmetrical tensor with the 
coiupouents 

1? = flO) 

5 )®,* • • ' ^ 

i.e, the form 

F,,,, ^ dX/jiSx^ ^ ^Ffty A i T jttv 

which depends bilinearly on two arbitrary displacements da 
and Sx at the point P— or, rather, depends linearly on the 
surface clement with the components = dXf^Sx, - dx„Sxf, 
which is defined by those two displacementa The special 
case of the theory as hitherto developed, in which the 
arbitirarily chosen unit of length at the origin allows itself 
to be transferred by parallel displacement to all points of 
space in a manner which is independent of the path traversed 
— this special case occurs when the g,,y can be absolutely 
determined in such a way that the <p,, vanish. The are 

111 thiiHO ciwuinstaiiceB the niotries and the metrical connexion detennine the 
couuo 5 tiou (parallol displacement) without ambiguity— and indeed, 
according to my present view of the problem of space this is the most tun^ 
mental fact of geometry— whereas according to the presentation given m the 
text it is the linear form that remains arbitrary in the given metrics at 
the parallel displaoomenh] 
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then nothing else than the Chrietofifel three-indices symbols. 
The necessary and sufficient invariant condition for the 
occurrence of this case consists in the identical vanishing of 
the tensor 

This naturally suggests interpreting <j>^ in world-geometry 
as the four-potential, and the tensor P consequently as electro- 
magnetic field. Por the absence of an electromagnetic field 
is the necessary condition for the validity of Einstein’s theory, 
which, up to the present, accounts for the phenomena of 
gravitation only. If this view is accepted, it will be seen 
that the electric quantities are of such a nature that their char- 
acterization by numbers in a definite system of co-ordinates 
does not depend on the arbitrary choice of a unit of measure- 
ment In fact, in the question of the unit of measurement 
and of dimension there must be a new orientation of the 
theory. Hitherto a quantity has been spoken of as, e.g., a 
tensor of the second rank, if a single value of the quantity 
determines a matrix of numbers in each system of co- 
ordinates after an arbitrary unit of measurement has been 
selected, these numbers forming the coefficients of an in- 
variant bilinear form of two arbitrary, infinitesimal displace- 
ments 

. . . . ( 11 ) 

But here we speak of a tensor, if, with a system of co-ordin- 
ates taken as a basej and after definite selection of the factor 
of proportionality contained in the g^^,, the components a,u. 
are determined without ambiguity and in such a way that on 
transforming the co-ordinates the form (11) remains invariant, 
but on replacing by the become X^ai^y. We then 
say that the tensor has the weight e, or, ascribing to the linear 
element tZs the dunension “ length = i,” that it is of dimension 
P*. Only those tensors of weight 0 are absolutely invariant. 
The field tensor with the components P„„ is of thia kind. By 
(10) it satisfies the first system of the Maxwell equations 

"bXy 'bXp 

When once the idea of parallel displacement is dear, geometry 
and the tensor calculus can be established without difficulty. 
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(os) Geodetic Lines . — Given a point P and at that point a 
vector, the geodetic line frona P in the direction of this vector 
is given by continuously moving the vector parallel to itself 
in its own direction. Employing a suitable parameter r the 
differential equation of the geodetic line is 

d-T^ + ^0 d; d? “ 

(Of course it cannot be characterized as the line of smallest 
length, because the notion of curve-length has no meaning.) 

( 6) Tensor Calculus . — To deduce, for example, a tensor field 
of rank 2 by differentiation from a covariant tensor field of 
rank 1 and weight 0 with components/,*, we call in the help 
of an arbitrary vector ^ at the point P, form the invariant 
and its infinitely small alteration on transition from the 
point P with the co-ordinates to the neighbouring point P' 
with the co-ordinates «,* + dar„ by shifting the vector along a 
parallel to itself daring this transition. Por this alteration 
we have 

- a/Jrfe. 

The quantities in brackets on the right are therefore the com- 
ponents of a tensor field of rank 2 and weight 0, which is 
formed from the field / in a perfectly invariant manner. 

(c) Curvature . — To construct the analogue to Eiemaim’s 
tensor of curvature, let us begin with the figure employed 
above, of an infinitely small parallelogram, consisting of the 
points P, Pj, Pj, and Pi2 =* If we displace a vector 
X « ^ at P parallel to itself, to P^ and from there to and 
a second time first to Pj and thence to then, since Pis 
and Pgx coincide, there is a meaning in forming the difference 
Ax of the two vectors obtained at this point. For thdr com- 
ponents we have 

.... ( 12 ) 
where the AE(| are independent of the displaced vector x, but 


* [Hore it is not essential that opposite sides of the infinitely smsJl ** paral- 
lelogram ’* are produced by parallel displacement one from the other.; we are 
concerned only with the coincidence of the points ^ai*] 
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on the other hand depend linearly on the surface-element 
defined by the two displacements PPi = dx^, PP^ = 

Thus 

ABiy = ^ypffdXpBXff =* ■JRi^po-Aajpor. 

The components of curvature E^po-i depending solely on the 
place P, possess the two properties of symmetry that 
(1) they change sign on the interchange of the last two indices 
p and (T, and (2), if we perform the three cylic interchanges 
vp<r, and add up the appropriate components, the result is 0. 
Reducing the index /a, we obtain at R^po- the components of 
a CO variant tensor of rank 4 and weight 1. Even without 
calculation we see that E divides in a natural, invariant 
manner into two parts, 

= K<r - iW-r (3^ - 1 « A* = 5 = 0 if /I + v), (13) 

of which the first, PJ^„ is anti-symmetrical, not only in the in- 
dices pa, but also in //.and v. Whereas the equations P,u> = 0 
characterize our space as one without an electromagnetic 
field, ie. as one in which the problem of the conveyance of 
length is integrable, the equations P^^, = 0 are, as (13) shows, 
the invariant conditions for the absence of a gravitational field, 
i.e. for the problem of the conveyance of direction to be 
integrable. The Euclidean space alone is one which at the 
same time is free of electricity and of gravitation. 

The simplest invariant of a linear copy like (12), which to 
each vector x assigns a vector Ax, is its “ spur ” 



For this, by (13), we obtain in the present case the form 

- i'Fprdx^hxr 

which we have already encountered above. The simplest in- 
variant of a tensor like - iFp,is the “ square of its magni- 

L = iFprl'^' .... (14) 

L is evidently an invariant of wei^t - 2, because the tensor 
F has weight 0. If g is the negative determinant of the g^r, 
and 

da =• gdxf/dx-i^x^dx^ = s/gdx 
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the volume of an infinitely small element of volume, it is 
known that the Maxwell theory is governed by the quantity 
of electrical action, which is equal to the integral jLda) of this 
simplest invariant, extended over any chosen territory, and 
indeed is governed in the sense that, with any variations of 
the g,„ and which vanish at the limits of world-territory, 
we have 

aj Ldft) = j + TrZg^)dto, 

where 

SM = J-- 

s/g 

are the left-hand sides of the generalized Maxwellian 
equations (the right-hand sides of which are the components 
of the four-current), and the T'" form the energy-momentum 
tensor of the electromagnetic field. As L is an invariant of 
weight - 2, whereas the volume-element in n-dimensional 
geometry is an invariant of weight the integral has 
significance only when the number of dimensions « = 4. 
Thus on our interpretation the possibility of the Maxwell 
theory is restricted to the case of four dimensions. In the 
four-dimensional world, however, the quantity of electro- 
magnetic action becomes a pure number. Nevertheless, the 
magnitude of the quantity 1 cannot be asc^tained in the 
traditional units of the e.g.s. system until a physical problem, 
to be tested by observation (as for example the electron), has 
been calculate on the basis of our theory. 

Passing now from geometry to physics, we have to assume, 
following the precedent of Mie’s theory,* that all the laws of 
nature rest upon a definite integral invariant, the action- 
quantity 

Jwd® = jaiSdir, aas = 'WJg, 

in such a way that the real world is distinguished from all 
other possible four-dimensional metrical spaces by the char- 
acteristic that for it the action-quantity contained in any part 
of its domain assumes a stationary value in relation to such 
variations of the potentials g^y, <})^ as vanish at the limits of 

* Ann. d. Physik, 87, 89, 40, 1912-18. 
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the territory in question. W, the world-density of the action, 
must be an invariant of weight - 2. The action-quantity is 
in any case a pure number ; thus our theory at once accounts 
for that atomistic structure of the world to which current 
views attach the most fundamental importance — the action- 
quantum. The simplest and most natural conjecture which 
we can make for W, is 

W =. = 1 E p. 

For this we also have, by (13), 

W = 1 P 1 * + 4L. 

(There could be no doubt about anything here except perhaps 
the factor 4, with which the electric term L is added to the 
first.) But even without particularizing the action-quantity 
we can draw some general conclusions from the principle of 
action. For we shall show that as, apcording to investiga- 
tions by Hilbert, Lorentz, Einstein, Klein, and the author,* 
the four laws of the conservation of matter (the energy- 
momentum tensor) are connected with the invariance of the 
action quantity (containing four arbitrary functions) with re- 
spect to transformations of co-ordinates, so in the same way 
the law of the conservation of electricity is connected with 
the “ measure-invariance ” [transition from (8) to (9)] which 
here makes its appearance for the first time, introducing a 
fifth arbitrary function. The manner in which the latter as- 
sociates itself with the principles of energy and momentum 
seems to me one of the strongest general arguments in favour 
of the theory here set out — so far as there can be any ques- 
tion at all of confirmation in purely speculative matters. 

For any variation which vanishes at the limits of the 
world-territory under consideration we have 

Sj fS&dx = j + xo'^S<j>^)dx (iJB'*’' = SB'*’’) (15) 

* Hilbert, “Die Grundlagen der Physik,” Gdttinger Naohriobten, 20 
Nov., 1915; H. A. Lorentz in four papers in the VeraL K. Ak. van 
Wetensoh., Amsterdam, 1915-16 ; A, Einstein, Berl. Ber., 1916, pp. 1111-6 ; 
P. Klein, Q-6tt. Naohr., 25 Jan,, 1918; H. 'Weyl, Ann. d. Physik, 54,1917, 
pp. 121-5. 
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The laws of nature then take the form 

gB'**' = 0, - 0 


(16) 


The former may be regarded as the laws of the gravitational 
field, the latter as those of the electromagnetic field. The 
quantities W[^, w** defined by 

= s/9^y> 

are the mixed or, respectively, the contravariant components 
of a tensor of rank 2 or 1 respectively, and of weight - 2. 
In the system of equations (16) there are five which are re- 
dundant, in accordance with the properties of invariance. 
This is expressed in the following five invariant identities, 
which subsist between their left-hand sides ; — 


7>Xf 

iiXu. 


sSEBS 




(17) 

(18) 


The first results from the measure-invariance. For if in 
the transition from (8) to (9) we assume for log X an in- 
finitely small function of position Sp, we obtain the variation 

^9i^y = 9'f‘vS/), 

Per this variation (16) must vanish. In the second place if 
we utilize the invariance of the action-quantity with respect 
to transformations of co-ordinates by means of an infinitely 
small deformation of the world - continuum ,* we obtain the 
identities 

which change into (18) when, by (17) is replaced by 

From the gravitational la-ws alone therefore we already obtain 

. . . . (19) 

* Weyl, Ann. d. PhysUc, 64, 1917, pp. 121-6; F. Klein, Gatt. Naohr., 
25 Jan,, 1918. 
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and from the laws of the electromagnetic field alone 

- r:X = 0 . . . (20) 

In Maxwell's theory to**" has the form 


where denotes the four-current Since the first part here 
satisfies the equation (19) identically, this equation gives us 
the law of conservation of electricity 

X = 0 

<>3!^ 

Similarly in Einstein’s theory of gravitation 255^ consists of 
two terms, the first of which satisfies equation (20) identi- 
cally, and the second is equal to the mixed components 
of the energy-momentum tensor T*; multiplied by s/g- 
Thus equations (20) lead to the four laws of the conservation 
of matter. Quite analogous circumstances hold good in our 
theory if we choose the form (14) for the action-quantity. 
The five principles of conservation are “ eliminants ” of the 
field laws, i.e. they follow from them in a twofold manner, 
and thus demonstrate that among them there are five which 
are redundant. 

With the form (14) for the action-quantity the Maxwell 
equations run, for example : — 


and the current is 




. ( 21 ) 


where E denotes that invariant of weight - 1 which arises 
from EJI^^ if we first contract with respect to /i, p and then 
with respect to v and <r. If B* denotes Eiemann’s invariant 
of curvature constructed solely from the g,,^, calculation 



H. WEYL 


215 


gives 

E = E* - 

-Jg 2 ^**^ 

In the static case, where the space components of the electro- 
magnetic potential disappear, and all quantities are inde- 
pendent of the time sj-q, by (21) we must have 

E == E* + = const. 

But in a world-territory in which E 0 we may make 
E = const. = ± 1 everywhere, by appropriate determination 
of the unit of length Only we have to expect, under con- 
ditions which are variable with time, surfaces E = 0, which 
evidently will play some singular part. E cannot be used as 
density of action (represented by E* in Einstein’s theory of 
gravitation) because it has not the weight - 2. The conse- 
quence is that though our theory leads to Maxwell’s electro- 
magnetic equations, it does not lead to Einstein’s gravitation 
equations. In their place appear differential equations of 
order 4. But indeed it is very improbable that Einstein’s 
equations of gravitation are strictly correct, because, above 
all things, the gravitation constant occurring in them is not 
at all in the picture with the other constants of nature, the 
gravitation radius of the charge and mass of an electron, for 
example, being of an entirely different order of magnitude 
(10^® or 10^® times as small) from that of the radius of the 
electron itself.* 

It was my intention here merely to develop briefly the 
general principles of the theory.t The problem naturally 

* Of. Weyl, Ann. d. Physik, 64, 1917, p. 133. 

t [The problem of defining all W invaiZieints allowable as aotion-quantities, 
under the requirement that they should oontadnthe derivatives of the only 
to the second order at most, and those of the only to the first order, was 
solved by B. Weitzenbdok (Sitzungsber. d. Akad. d. Wissensoh. in Wien, 
129, 1920 ; 180, 1921). If we omit the invariants W for which the variation 
$JWde 0 vanishes identically, there remain according to a later calculation by 
B. Bach (Math. Zeitsohrift, 9, 1921, pp. 125 and 189) only three combina- 
tions. The real W seems to be a linear combination of Maxwell’s L and the 
square of B. This conjecture has been tested more carefully by W. Pauli 
(Physik. Zeitsohrift., 20, 1919, pp. 467-67) and myself; in particular we 
succeeded in advancing so far on this bsksis as to deduce the equations of 
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presents itself of deducing the physical consequences of the 
theory on the basis of the special form for the action-quantity 
given in (14), and of comparing these with experience, exam- 
ining particularly whether the existence of the electron and 
the peculiarities of the hitherto unexplained processes in the 
atom can be deduced from the theory.* The task is extra- 
ordinarily complicated from the mathematical point of view, 
because it is impossible to obtain approximate solutions if we 
restrict ourselves to the linear terms ; for since it is certainly 
not permissible to neglect terms of higher order in the 
interior of the electron, the linear equations obtained by 
neglecting these may have, in general, only the solution 0. 
I propose to return to all these matters in greater detail in 
another place. 

motion of a material particle. The invariant (Id) selected above, at hazard 
in the first place, seems on the contrary to play no part in nature. Of. Eaum, 
“ Zcit, Materie,” ed. 4, §§ 35^ 36, or Weyl, Physik. Zeitschr., 22, 1921, pp. 
.478-80,] 

* [Meanwhile 1 have quite abandoned these hopes, raised by Mie*s theory ; 
1 do not believe that the problem of matter is to be solved by a mere field 
theory. Of. on this subject my article ** Feld und Materie,” Ann. d. Physik, 
66, 1921, pp. 541-63.] 
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POPULAR SCIENTIFIC LECTURES, Hermann von Helmholtz. Helmholtz was a superb expositor 
as well as a scientist of genius in many areas. The seven essays in this volume are models 
of clarity, and even today they rank among the best general descriptions of their subjects 
ever written. "The Physiofogical Causes of Harmony in Music" was the first significant physio- 
logical explanation of musical consonance and dissonance. Two essays, ‘‘On the Interaction 
of Natural Forces" and "On the Conservation of Force," were of great Importance in the 
history of science, for they firmly established the principle of the conservation of ener^. 
Other lectures include "On the Relation of Optics to Painting," "On Recent Progress in the 
Theory of Vision," "On Goethe's Scientific Researches," and ‘^On the Origin and Significance 
of Geometrical Axioms." Selected and edited with an Introduction by Professor Morris Kline, 
xll + 286pp. 5H X 8V&. T799 Paperbound $1.45 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


Physics 


CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures delivered at 
the Royal Society by Nobel laureate. Why a spinning ball travels in a curved track; how 
uranium is transmuted to lead, etc. Partial contents: atoms, gases, liquids, crystals, metals, 
etc. No scientific background needed; wonderful for Intelligent child. 32pp. of photos, 57 
figures, xil + 232pp. 5% x 8. T31 Paperbound S1.50 

THE RESTLESS UNIVERSE, Max Bom. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
end Its relatives, electrons & ions, waves & particles, electronic structure of the atom, 
'uclear physics. Nearly 1000 illustrations, Including 7 animated sequences. 325pp. 6x9. 

T412 Paperbound $2.00 
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FROM EUCLID TO EDDINGTON; A STUDY OF THE CONCEPTIONS THE OTRNAl WORlDj 

Sir Edmund Whittaker. A foremost British scientist traces the developngnt o eone 
naturai phiiosophy from the western rediscovery of ft understend 

The inadequacy of ciassicai physics is contrasted with present day attempts to 
the physicai worid through relativity, non-Euclidean geometry, space Concept 

chanics, etc. 5 major divisions of examination: Universe 212pp. 

Dhuei..e. +h<i A.iontiim Mechanics; tho tdOingTon universe. 


of Classical Physics; the Concepts of Quantum 

5% X 8. 


the Eddington 

T491 Paperbound $1.35 


PHYSICS, THE PIONEER SCIENCE, L W. Taylor. ^1™* »(,rt Sf*?fs klnd^SpOSi^ 

physical phenomena In cultural-historical frah'S"'®'"'*! historical In’usVatIve 
Son of physical laws, theories- developed chronologically, with great hisM^^^^ 
experiments diagrammed, described, worked out mathematically. Excellent physics «« 
for self-study as well as class work. Vol. 1; Heat, Soun^ motbn. 
conservation of energy, heat engines, rotation, heat, mechaniMl enerar, «c. 

407pp. 5% X 8 . Vol. 2! Light, Electricity: Imases.,.'®?*'*-.?"®™/' XA 

dynamos, telegraph, quantum theory, decline of mechanical of nature, et . g P y 

13 table appendix. Index. 551 illus. 2 color plates. 508pp. 3555 paperbound $2.25 

Vol. 2 S566 Paperbound $2.25 
The set S4.5Q 


A SURVEY OF PHYSICAL THEORY, Max Planck. One of the greatest scienUste of al ti™, 
creator of the quantum revolution in physics, writes In non-technieal terms of his own 
discoveries and those of other outstanding creators of modern 

book when science had just crossed the threshold of the new physics, and he communicates 
the excitement felt then as he discusses electromagnetic theories, stat stical 
tion of the concept of light, a step-by-step description of how he developed ^Is own momen- 
tous theory, and many more of the basic ideas behind modern Physics. Formerly A Survey 
of Physics." Bibliography. Index. 128pp. 5% x 8 . S650 Paperbound $1.15 

THE ATOMIC NUCLEUS, M. Korsunsky. The only non-technicai comprehensive account of the 
atomic nucleus in English. For college physics students, etc. Chapters cover; Radioactivity, 
the Nuclear Model of the Atom, the Mass of Atomic Nuclei, the Disintegration of Atomic 
Nuclei, the Discovery of the Positron, the Artificial Transformation of Atomic Nuclei, Artifi- 
cial Radioactivity, Mesons, the Neutrino, the Structure of Atomic Nuclei and Forces Acting 
Between Nuclear Particles, Nuclear Fission, Chain Reaction, Peaceful Uses, Therrnoculear 
Reactions. Slightly abridged edition. Translated by G. Yankovsky. 65 figures. Appendix includes 
45 photographic illustrations. 413 pp, 5% x 8 . S1052 Paperbound $2.00 


PRINCIPLES OF MECHANICS SIMPLY EXPLAINED, Morton Mott-Smith. Excellent, highly readable 
introduction to the theories and discoveries of classical physics. Ideal for the layman who 
desires a foundation which will enable him to understand and appreciate contemporary devel- 
opments In the physical sciences. Discusses: Densi^, The Law of Gravitation, Mass and 
Weight, Action and Reaction, Kinetic and Potential Energy, The Law of Inertia. Effecte of 
Acceleration, The Independence of Motions, Galileo and the New Sc^ience of Dynamics, 
Newton and the New Cosmos, The Conservation of Momentum, and other topics. Revised 
edition of "This Mechanical World." Illustrated by E. Kosa, Jr. Bibliography and Chrondo^. 
Index, xiv + 171pp. 5% x SVz. T1067 Paperbound $1.35 

THE CONCEPT OF ENERGY SIMPLY EXPLAINED, Morton Mott-SmIth. Elementary, non-technical 
exposition which traces the stoiy of man’s conquest of energy, with particular emphasis on 
the developments during the nineteenth century and the first three decades of our own 
century. Discusses man's earlier efforts to harness energy, more recent experiments and 
discoveries relating to the steam engine, the engine Indicator, the motive power of heat, the 
principle of excluded perpetual motion, the bases of the conservation of energy, the concept 
of entropy, the Internal combustion engine, mechanical refrigeration, and many other plated 
topics. Also much biographical materi^ . index. Bibliography. 33 Illustration's, lx •¥ 215pp. 
5% x 8 JA. T1071 Paperbound $1.25 


HEAT AND ITS WORKINGS, Morton Mott-Smith. One of the best elementary introductions to the 
theory and attributes of heat, covering such matters as the laws governing the effect of heat 
on solids, liquids and gases, the methods by which heat is measured, the conversion of a 
substance from one form to another through heating and cooling, evaporation, the effects of 
pressure on boiling and freezing points, and the three ways in which heat is transmined 
(conduction, convection, radiation). Also brief notes on major experiments and discovedes. 
Concise, but complete. It presents all the essential facts about the subject in readable style. 
Will give the layman and beginning student a first-rate background In this major topic In 
physics. Index. Bibliography. 50 Illustrations, x + 165pp. 5% x 8 Vii. T978 Paperbound ?1.15 


THE STORY OF ATOMIC THEORY AND ATOMIC ENERGY, J. G. Felnborg. Wider range Of facts 
on physical theory, cultural Implications, than any other similar source. Completely non- 
technical. Begins with first atomic theory, 600 B.C., goes through A-bpmb, developments to 
1959. Avogadro, Rutherford, Bohr, Einstein, radioactive decay, binding energy, rad atlon 
danger, future benefits of nuclear power, dozens of other topics, told In lively, related, 
informal manner. Particular stress on European atomic research. "Deserves special mentiofl 
. . . authoritative." Saturday Review. Formerly “The Atom Story." New chapter to 1959. 
Index. 34 illustrations. 251pp. 5% x 8 . T625 Paperbound $1.8C 
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THE STRANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL READER OF THE 
GROWTH OF IDEAS UNDERLYING OUR PRESENT ATOMIC KNOWLEDGE, B. Hoffmann. Presents 
lucidly and expertly, with barest anriount of mathematics, the problems and theories which 
led to modern quantum physics. Dr. Hoffmann begins with the closing years of the 19th 
century, when certain trifling discrepancies were noticed, and with Illuminating analogies 
and examples takes you through the brilliant concepts of Planck, Einstein, Pauli, de Broglie, 
Bohr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a 
new, long postscript carrying the story through 1958. "Of the books attempting an account 
of the history and contents of our modern atomic physics which have come to my attention, 
this Is the best," H. Margenau, Yale University, In "American Journal of Physics." 32 tables 
and line Illustrations. Intfex. 275pp. 5% x 8. T518 Paperbound $1.75 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d'Abro. Einstein’s 
special and general theories of relativity, with their historical implications, are analyzed in 
non<technical terms. Excellent accounts of the contributions of Newton^ Riemann, Weyl, 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and time, 
equations of electromagnetics, finiteness of the universe, methodology of science. 21 dia- 
grams. 482pp. 5% X 8. T2 Paperound $2.25 


THE RISE OF THE NEW PHYSICS, A. d'Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed In higher mathematics. The only thor- 
ough explanation, in everyday language, of the central core of modern mathematical pnysical 
theory, treating both classical and modern theoretical physics, and presenting in terms 
almost anyone can understand the equivalent of 5 years of study of mathematical physics. 
Scientifically Impeccable coverage of mathematical-physical thought from the Newtonian 
system up through the electronic theories of Dirac and Heisenberg and Fermi’s statistics. 
Combines both history and exposition; provides a broad yet unified and detailed view, with 
constant comparison of classical and modern views on phenomena and theories. "A must for 
anyone doing serious study in the physical sciences," JOURNAL OF THE FRANKLIN INSTITUTE. 
"Extraordinary faculty . . . to explain Ideas and theories of theoretical physics in the lan- 
guage of daily life," ISIS. First part of set covers philosophy of science, drawing upon the 
practice of Newton, Maxwell, Polncard, Einstein, others, discussing modes of thought, experi- 
ment, interpretations of causality, etc. In the second part, 100 pages explain grammar and 
vocabulary of mathematics, with discussions of functions, groups, series, Fourier series, etc. 
The remainder is devoted to concrete, detailed coverage of both classical and quantum 
physics, explaining such topics as analytic mechanics, Hamilton’s principle, wave theory of 
light, electromagnetic waves, groups of transformations, thermodynamics, phase rule. Brownian 
movement, kinetics, special relativity. Planck’s original quantum theory, Bohr’s atom, 
Zeeman effect, Broglie’s wave mechanics, Helsenberg^s uncertainty. Eigen-values, matrices, 
scores of other Important topics. Discoveries and theories are covered for such' men as Alem- 
bert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler, Laplace, 
Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 others. Indexed. 97 Illustra- 
tions. Ix + 982pp. 5% X 8. T3 Volume 1, Paperbound $2.25 

T4 Volume 2, Paperbound $2.25 


SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity Is Induced In flexible 
and fluid bodies by rapid motions; why gyrostat falls, top rises; nature and effect on climatic 
conditions of earth's processional movement; effect of internal fluidity on rotating bodies, 
etc. Appendixes describe practical uses to which gyroscopes have been put In ships, com- 
passes, monorail transportation. 62 figures. 128pp. 5% x 8. T416 Paperbound $1.25 

THE UNIVERSE OF LIGHT, Sir William Bragg. No scientific training needed to read Nobel 
Prize winner's expansion of his Royal Institute Christmas Lectures. Insight into nature of 
light, methods and philosophy of science. Explains lenses, reflection, color, resonance, 
polarization, x-rays, the spectrum, Newton’s work with prisms, Huygens’ with polarization, 
Crookes’ with cathode ray, etc. Leads into clear statement of 2 major historical theories 
of light, corpuscle and wave. Dozens of experiments you can do. 199 illus., including 2 
full-page color plates. 293pp. 5% x 8. S538 Paperbound $1.85 


THE STORY OF X-RAYS FROM RONTGEN TO ISOTOPES, A. R. Blelch. Non-technical history of 
x-rays, their scientific explanation, their applications in medicine, industry, research, and 
art, and their effect on the Individual and his descendants. Includes amusing early reactions 
to ROntgen’s discovery, cancer therapy, detections of art and stamp forgeries, potential 
risks to patient and operator, etc. Illustrations show x-rays of flower structure, the gall 
bladder, gears with hidden defects, etc. Original Dover publication. Glossary. Bibliography. 
Index. 55 photos and figures, xiv + 186pp. 5% x 8. T662 Paperbound $1.50 


ELECTRONS, ATOMS, METALS AND ALLOYS, Wm. Hume-Rotbery. An Introductory-level explana- 
tion of the application of the electronic theory to the structure and properties ot metals 
and alloys, taking Into account the new theoretical work done by mathematical physicists. 
Material presented In dialogue-form between an "Old Metallurgist" and a "Young Scientist." 
Their discussion falls into 4 main parts: the nature of an atom, the nature of a metal, 
the nature of an alloy, and the structure of the nucleus. They cover such to'pics as the 
hydrogen atom, electron waves, wave mechanics, Brillouln zones, co-valent bonds, radio- 
activity and natural disintegration, fundamental particles, structure and fission of the 
nucleus, etc. Revised, enlarged edition. 177 illustrations. Subject and name Indexes. 407pp. 
5% X 8V&. S1046 Paperbound $2.25 


C atalogue of Dover Books 

TEACH YOURSELF MECHANICS, P. Abbott. The lever, centre of gravity, parallelogram of force, 
friction, acceleration, Newton's laws of motion, machines, specific gravity, gas, liquid 
pressure, much more. 280 problems, solutions. Tables. 163 illus. 271pp. 67>% x 4V4. 

Clothbound $2.00 

MATTER & MOTION, James Clerk Maxwell, This excellent exposition begins with simple par- 
ticles and proceeds gradually to physical systems beyond complete analysis: motion, force, 
properties of centre of mass of material system, work, energy, gravitation, etc. Written with 
all Maxwell’s original Insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 5% x 8. 

S188 Paperbound $1.35 

SOAP BUBBLES, THEIR COLOURS AND THE FORCES WHICH MOULD THEM, C. V. Boys. Only com- 

K lete edition, half again as much material as any other. Includes Boys' hints on performing 
is experiments, sources of supply. Dozens of lucid experiments show complexities of 
liquid films, surface tension, etc. Best treatment ever written, introduction. 83 illustrations. 
Color plate. 202pp. 5% x 8. T542 Paperbound 95^ 

MATTER St LIGHT, THE NEW PHYSICS. L. de Broglie. Non-technical papers by a Nobel laureate 
explain electromagnetic theory, relativity, matter, light and radiation, wave mechanics, 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily 
that no mathematical training is needed for all but 2 of the 21 chapters. Unabridged. Index. 
300pp. 5% X 8. T35 Paperbound $1.85 


SPACE AND TIME, Emile Borel. An entirely non-technical introduction to relativity, by world- 
renowned mathematician, Sorbonne professor. (Notes on basic mathematics are included 
separately.) This book has never been surpassed for Insight, and extraordinary clarity of 
thought, as it presents scores of examples, analogies, arguments, illustrations, which ex- 
plain such topics as: difficulties due to motion-, gravitation a force of Inertia; geodesic 
lines; wave-length and difference of phase; x-rays and crystal structure; the special theory 
of relativity; and much more. Indexes. 4 appendixes. 15 figures, xvi -I- 243pp. 5% x 8. 

T592 Paperbound $1.45 
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THE FRIENDLY STARS, Martha Evans Martin. This engaging survey of steMar lore and science 
is a well-known classic, which has Introduced thousands to the fascinating world of stars 
and other celestial bodies. Descriptions of Capella, Sirius, Arcturu^ Vega, Polaris, etc.— all 
the important stars, with informative discussions of rising and setting of stars, their num- 
ber, names, brightness, distances, etc. in a non-technical, highly readable style. Also: 
double stars, constellations, clusters — concentrating on stars and formations visible to the 
naked eye. New edition, revised (1963) by D. H. Menzel. Director Harvard Observatory. 23 
diagrams by Prof. Ching-Sung Yu. Foreword by D. H. hienzel and W. W. Morgan. 2 Star 
Charts. Index, xll + 147pp. 5% x 8Vfe. T1099 Paperbound $1.00 

AN ELEMENTARY SURVEY OF CELESTIAL MECHANICS, Y. Ryabov. Elementary exposition of 
gravitational theory and celestial mechanics. Historical introduction and coverage of basic 
principles. Including: the elliptic, the orbital olane, the 2- and 3-body problems, the dis- 
covery^ of Neptune, *^planetary rotation, the length of the day, the shapes of 
lites (detailed treatment of Sputnik I), etc. First American reprinting of successful Russian 
popular exposition. Elementary algebra and trigonometry helpfuC but not necessary; presenta- 
tion chiefly verbal. Appendix of theorem proofs. 58 figures. 165pp. 5% x 8^ 


THE SKY AND ITS MYSTERIES, E. A. Beet. One of most lucid books on mysteries of universe; 

deals with astronomy from earliest observations to latest theories of expansion of 'fjrs®, 

source of stellar energy, birth of planets, origin of moon craters, 

other planets. Discusses effects of sunspots on weather; distances, ages of ®jjrs, 

master plan of universe; methods and tools of astronoiners; much more. Eminently readable 

book," London Times. Extensive bibliography. Over 50 diagrams. 12 f‘^!'"P®8® 

star map. Introduction. Index. SVa x 7Vb. T627 Clothbound $3.50 


THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time records 
his formulation of the concept of "island universes," and Its Impact on astronomy. Such 
topics are covered as the velocity-distance -relation; classification, 

field of nebulae; cosmological theories; nebulae in the neighborhood of t[j® JiS+inn? 
photos of nebulae, nebulae clusters, spectra of nebulae, and velocity 
shown by spectrum comparison. "One of the most progressive 
search,” ^tie^ Times (London). New Introduction by A. Sandage. 55 
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OUT OF THE SKY, H. H. Nfningar. A non-technical but comprehensive introduction to "me- 
teoritics", the young science concerned with all aspects of the arrival of matter from 
outer space. Written by one of the world’s experts on meteorites, this work shows how, 
despite difficulties of observation and sparseness of data, a considerable body of knowledge 
has arisen. It defines meteors and meteorites; studies fireball clusters and processions, 
meteorite composition, size, distribution, showers, explosions, origins, craters, and much 
more. A true connecting link between astronomy and geology. More than 175 photos, 22 other 
illustrations. References. Bibliography of author’s puDllcations on meteorites. Index, viii -i- 
336pp. 5% X 8. T519 Paperbound $1.85 


SATELLITES AND SCIENTIFIC RESEARCH, D. KIng-Hele. Non-technical account of the manmade 
satellites and the discoveries they have yielded up to the autumn of 1961. Brings together 
Information hitherto published only In hard-to-get scientific Journals. Includes the life history 
of a ^picai satellite, methods of tracking, new information on the shape of the earth, zones 
of radiation, etc. Over 60 diagrams and 6 photographs. Mathematical appendix. Bibliography 
of over 100 items, index, xii + 180pp. 5% x 8V^. T703 Paperbound $2.00 
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CHANCE, LUCK AND STATISTICS: THE SCIENCE OF CHANCE, Horace C. Levinson. Theory of 
probability and science of statistics in simple, non-technical language. Part I deals with 
theory of probability, covering odd superstitions In regard to “luck," the meaning of bet- 
tlM odd^ the law of mathematical expectation, gambling, and applications In poker, rou- 
15 ****^®' bridge, and other games of chance. Part II discusses the misuse of 

statistics, the concejst of statistical probabilities, normal and skew frequency distributions, 
and statistics applied to various fields — birth rates, stock speculation, insurance rates, adver- 
tising, etc. "Presented in an easy humorous style which 1 consider the best kind of exposi- 
\ 9; Cohen, Industry Quality Control. Enlarged revised edition. Formerly 
t tled The Science of Chance." Preface and two new appendices by the author. Index, xlv 
+ 365pp. 5% X 8 . T1007 Paperbound $1.85 

PROBABILITIES AND LIFE, Emile Borel. Translated by M. Baudin. Non-technical, highly read- 
able introduction to the results of probability as applied to everyday situations. Partial con- 
tentsi Fallacies About Probabilities Concerning Life After Death; Negligible Probabilities and 
the Probabilities of Everyday Life; Events of Small Probability; Application of Probabilities 
to Certain Problems of Heredity; Probabilities of Deaths, Diseases, and Accidents; On 
Poisson's Formula. Index. 3 Appendices of statistical studies and tables, vl + 87pp. 5% 
^ T121 Paperbound $1.00 


MODERN MATHEMATICS: THEIR NATURE AND USE, Jagllt Singh. Reader with 
only high school math will understand main mathematical Ideas of modern physics, astron- 
omy, genetics, psychology, evolution, etc., better than many who use them as tools, but 
comprehend little of their basic structure. Author uses his wide knowledge of non-mathe- 
m^ajcal fields In brilliant exposition of differential equations, matrices, group theory, logic, 
stat sties, problems of mathematical foundations, imaginary numbers, vectors, etc. Original 
publication. 2 appendices. 2 Indexes. 65 lllustr. 322pp. 5% x 8. S587 Paperbound $1.75 


5" Sutton. Everyone with a command of high school algebra 
will find this book one of the finest possible Introductions to the application of mathematics 
to physical theory. Ballistics, numerical analysis, waves and wavellke phenomena, Fourier 
series, group concepts, fluid flow and aerodynamics, statistical measures, and meteorology 
5!lw unusual ctarity. Some calculus and differential equations theory Is 

developed by the author for the reader’s help In the more difficult sections. 88 figures. 
Index, vlll + 236pp. 5% x 8. 


T440 Clothbound $3.50 


dimension simply EXPLAINED, edited by H. P. Manning. 22 essays, originally 
55 Arnerican contest entries, that use a minimum of mathematics to explain aspects 
of 4-dImonslonal geometry: analogues to 3-dimensional space, 4-dimensional absurdities and 
curiosities (such as removing the contents of an egg without puncturing Its shell), possible 
nieasurements and forrns, etc. introduction by the editor. Only book of Its sort on a truly 
elementary level, excellent introduction to advanced works. 82 figures. 251pp. 5% x 8. 

T711 Paperbound $1.35 
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Engineering, technology, applied science etc. 

TEACH YOURSELF ELECTRICITY, C. W. Wllman. Electrical resistance, Inductance, capacitance, 
magnets, chemical effects of current, alternating currents, generators and motors, trans- 
formers, rectifiers, much more. 230 questions, answers, worked examples. List of units. 115 
illus. 194pp. 67/% X 4V4. Ciothbound $2.00 


ELEMENTARY METALLURGY AND METALLOGRAPHY, A. M. Shrager. Basic theory and descriptions 
of most of the fundamental manufacturing processes involved in metallurgy. Partial 
contents; the structure of metals; slip, plastic deformation, and recrystal Izatlon; Iron ore 
and production of pig Iron; chemistry involved in the metallurgy of iron and steel; basic 
processes such as the Bessemer treatment, open-hearth process, the electric arc furnace 
— ^with advantages and disadvantages of each; annealing, hardening, and tempering steel; 
copper, aluminum, magnesium, and their alloys. For freshman engineers, advanced students 
In technical high schools, etc. Index. Bibliography. 177 diagrams. 17 tables. 284 questions 
and problems. 27-page glossary, lx -I- 389pp. 5% x 8. S138 Paperbound $2.25 


BASIC ELECTRICITY, Prepared by the Bureau of Naval Personnel. Originally a training course 
text for U.S. Navy personnel, this book provides thorough coverage of the basic theory of 
electricity and Its applications. Best book of Its kind for either broad or more limited 
studies of electrical fundamentals ... for classroom use or home study. Part 1 provides 
a more limited coverage of theory; fundamental concepts, batteries, the simple circuit, 
D.C. series and parallel circuits, conductors and wiring techniques, A.C. electriclly, inductance 
and capacitance, etc. Part 2 applies theory to the structure of electrical machines — genera- 
tors, motors, transformers, magnetic amplifiers. Also deals with more complicated Instru- 
ments, synchros, servo-mechanisms. The concluding chapters cover electrical drawings and 
blueprints, wiring diagrams, technical manuals, and safety education. The book contains 
numerous questions for the student, with answers. Index and six appendices. 345 Illustra- 
tions. X -I- 448pp. 6^ X 9V4. S973 Paperbound $3.00 

BASIC ELECTRONICS, prepared by the U.S. Navy Training Publications Center. A thorough 
and comprehensive manual on the fundamentals of electronics. Written clearly. It Is equally 
useful for self-study or course work for those with a knowledge of the principles of basic 
electricity. Partial contents: Operating Principles of the Electron Tube; Introduction to 
Transistors; Power Supplies for Electronic Equipment; Tuned Circuits; Electron-Tube Ampli- 
fiers; Audio Power Amplifiers; Oscillators; Transmitters; Transmission Lines; Antennas and 
Propagation; Introduction to Computers; and related topics. Appendix. Index. Hundreds of 
Illustrations and diagrams, vi -f 471pp. 6% x 9V4. S1076 Paperbound $2.75 


BASIC THEORY AND APPLICATION OF TRANSISTORS, Prepared by the U.S. Department of the 
Army. An Introductory manual prepared for an army training program. One of the finest 
available surveys of theory and application of transistor design and operation. Minimal 
knowledge of physics and theory of electron tubes required. Suitable for textbook use, 
course supplement, or home study. Chapters: introduction; fundamental theory of transistors; 
transistor amplifier fundamentals; parameter^, equivalent circuits, and characteristic curves; 
bias stabilization; transistor analysis and comparison using characteristic curves and charts; 
audio amplifiers; tuned amplifiers: wide-band amplifiers; oscillators; pulse and switching 
circuits; modulation, mixing, and demodulation; and additional semiconductor devices. 
Unabridged, corrected edition. 240 schematic drawings, photographs, wiring diagrams, ete. 
2 Appendices. Glossary. Index. 263pp. 6Vb x 9V4. S380 Paperbound $1.25 


TEACH YOURSELF HEAT ENGINES, E. De Villa. Measurement of heat, development of steam and 
internal combustion engines, efficiency of an engine, compression-ignition engines, production 
of steam, the ideal engine, much more. 318 exercises, answers, worked examples. Tables, 
76 illus. 220pp. 67^ x 4V4. Ciothbound $2.25 
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Miscellaneous 


ON THE SENSATIONS OF TONE, Hermann HelinlioltE. This Is an unmatched coordination of 
such fields as acoustical physics, physiolo^, experiment, history of music. It covers the 
entire gamut of musical tone. Partial contents: relation of musical science to acoustics, 
physical vs. physiological acoustics, composition of vibration, resonance, analysis of tones 
by sympathetic resonance, beats, chords, tonality, consonant chords, discords, progression 
of parts, etc. 33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. 
Translated by A.,J. Ellis. New Introduction by Prof. Henry Maijienau of Yale. 68 figures. 43 
musical passages analyzed. Over 100 tables. Index, xix + 576pp. 6V% x 9V4. 

SI 14 Paperbound $3.50 
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THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
sky? How are shadows formed? Prof. Minnaert of the University of Utrecht answers these and 
similar questions in optics, light, colour, for non-specialists. Particularly valuable to nature, 
science students, painters, photographers. Translated by H. M. Kremer-Priest, K. Jay. 202 
Illustrations, including 42 photos, xvl 4- 362pp. 5% x 8. T196 Paperbound f2.00 


THE PHYSICS OF MUSIC, Alexander Wood. Introduction for musicians to the physical aspect 
of sound. No scientific training necessary to understand concepts, etc. Wealth of material 
on origin and development of instruments, physical principles involved in the production of 
their sounds, pitch, intensity and loudness, mechanism of the ear, dissonance and conso- 
nance, sound reproduction and recordings, concert halls, etc. Extensively revised by Dr. 
J. M. Bowsher. Indices. Bibliography. 16 plates. 114 illustrations. 27Qpp. 5Vb x BVfa. 

T322 Paperbound $2.25 


GREAT IDEAS AND THEORIES OF MODERN COSMOLOGY, Jagflt Singh. The theories of Jeans, 
Eddington, Milne, Kant, Bondi, Gold, Newton, Einstein, Gamow, Hoyle, Dirac, Kuiper, Hubble, 
WeizsScker and many others on such cosmological questions as the origin of the universe, 
space and time, planet formation, “continuous creation," the birth, life, and death of the 
stars, the origin of the galaxies, etc. By the author of the popular “Great Ideas of Modern 
Mathematics." A gifted popularizer of science, he makes the most difficult abstractions 
crystal-clear even to the most non-mathematicai reader. Index, xii -f 276 pp. 5% x 8^. 

T925 Paperbound $1.85 

PIONEERS OF SCIENCE, 0. Lodge. Eminent scientist-expositor’s authoritative, yet elementary 
survey of great scientific theories. Concentrating on individuals — Copernicus, Brahe, Kepler, 
Galileo, Descartes, Newton, Laplace, Herschei, Lord Kelvin, and other scientists — ^the author 
presents their discoveries in historical order adding biographical material on each man and 
full, specific explanations of their achievements. The clear and complete treatment of the 
post-Newtonian astronomers is a feature seldom found in other books on the subject, index. 
120 illustrations, xv + 404pp. 5% x 8. T716 Paperbound $1.65 
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ISAAC NEWTON: A BIOGRAPHY, Louis Trenchard More. The definitive biography of Newton, his 
life and work. Presents Newton as a living man, with a critical, objective analysis of his char- 
acter as well as a careful survey of his manifold accomplishments, scientific, theological, etc. 
The author, himself a professor of physics, has made full use of all of Newton’s published 
works and all material in the Portsmouth Collection of Newton’s personal and unpublished 
papers. The text includes numerous letters by Newton and his acquaintances, and many other 
of his papers— some translated from Latin to English by the author. A universally-esteemed 
work. Unabridged republication. 1 full-page plate. Index, xiil + 675pp. 5% x 8V&. 

T579 Paperbound $2.50 

PIERRE CURIE, Marie Curie. Mme. Curie, Nobei Prize winner, creates a memorable portrait of 
her equally famous husband and his lifelong scientific researches. She brings to life the 
determined personality of a great scientist at work. Her own autobiographical notes, included 
in this volume, reconstruct her own work on radiation which resulted in the isolation of radium. 
“A delightful book. It marks one of the few instances in which the proverbially humdrum life 
of the student of physical science, together with the austere ideals, has been made intelli- 
gible," New York Times. Unabridged reprint. Translated by Charlotte and Vernon Kellogg. 
Introduction by Mrs. Wm. Brown Meloney. 8 halftones, vlii + 120pp. 5% x 8V&. 

T199 Paperbound $1.00 

THE BOOK OF MY LIFE (DE VITA PROPRIA LIBER), Jerome Cardan. The remarkable autobiography 
of an Important Renaissance mathematician, physician, and scientist, who at the same time 
was a paranoid, morbid, superstitious man, consumed with ambition and self-love (and self- 
pity). These chronicles of his fortunes and misfortunes make absorbing reading, giving us an 
extremely insightful view of a man’s reactions and sensations— the first psychological auto- 
biography. Through his eyes we can also see the superstitions and beliefs of an age, Renais- 
sance medical practices, and the problems that concerned a trained mind in the 16th century. 
Unabridged republication of original English edition, translated by Jean Stoner. Introduction. 
Notes. Bibliography, xviii -1- 33lpp. 5% x BVz. T345 Paperbound $1.60 

THE AUTOBIOGRAPHY OF CHARLES OARWIN, AND SELECTED LEHERS, edited by Francis 
Darwin. Darwin’s own record of his early life: the historic voyage aboard the “Beagle"; 
the furor surrounding evolution, and his replies; reminiscences of his son. Letters to 
Henslow, Lyell, Hooker, Huxley, Wallace, Kingsley, etc., and thoughts on religion and 
vivisection. We see how he revolutionized geology with his concept of ocean subsidence; 
how his great books bn variation of plants and animals, primitive man, the expression of 
emotion among primates, plant fertilization, carnivorous plants, protective coloration, etc., 
came into being. Appendix. Index. 365pp. 5% x 8. T479 Paperbound $2.00 
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PHILOSOPHY OF SCIENCE AND MATHEMATICS 


FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. R. Campbell. 
A critique of the most fundamental concepts of science In general and physics In particular, 
^^n^ines why certain propositions are accepted without question, demarcates science from 
philosophy, clarifies the understanding of the tools of science. Part One analyzes the pre- 
suppositions of scientific thought: existence of the material world, nature of scienrific 
laws, multiplication of probabilities, etc.: Part Two covers the nature of experiment and the 
application of mathematics: conditions for measurement, relations between numerical laws 
and theories, laws of error, etc. An appendix covers problems arising from relativity, force, 
motion, space, and time. A classic in Its field. Index, xlll + 565pp. 5% x 8%. 

S372 Paperbound $2.95 

THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. Here Is how modern physics looks to a 
highly unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, and 
demonnratlng the inadequacies of various physical theories. Dr. Bridgman weighs and ana- 
lyzes the contributions of Einstein, Bohr, Newton, Heisenberg, and many others. This Is a 
non-technical consideration of the correlation of science and reality. Index, xl + 138pp. 
5^ X 8. S33 Paperbound $li5 

THE VALUE OF SCIENCE, Henri Poincard. Many of the most mature Ideas of the "last scientific 
unlyersalist” covered with charm and vigor for both the beginning student and the advanced 
worker. Discusses the nature of scientific truth, whether order is innate In the universe 
or Imposed upon It by man, logical thought versus intuition (relating to math, through the 
works of Welerstrass, Lie, Klein. Riemann), time and space (relativity, psychoiogical time, 
siniultaneity). Hertz's concept of force, interrelationship of mathematical physics to pure 
math, values within disciplines of Maxwell, Carnot, Mayer, Newton, Lorentz, etc. Index, 
ill + 147pp. 5% X 8. S469 Paperbound $1.35 

SCIENCE AND HYPOTHESIS, Henri Poincard. Creative psychology In science. How such con- 
cept as number, magnitude, space, force, classical mechanics were developed, and how the 
modern scientist uses them In his thought. Hypothesis In physics, theories of modern 
physics. Introduction by Sir James Larmor. “Few mathematicians have had the breadth of 
of Poincard, and none is his superior in the gift of clear exposition," E. T. Bell. 
Index. 272pp, 5% x 8. S221 Paperbound $1.35 

PHILOSOPHY AND THE PHYSICISTS, L. S. Stebbing. The philosophical aspects of modern 
science examined in terms of a lively critical attack on the ideas of Jeans and Eddington. 
Discusses the task of science, causality, determinism, probability, consciousness, the relation 
of the world of physics to that of everyday experience. Probes the philosophical significance 
of the Planck-Bonr concept of discontinuous energy levels, the inferences to be drawn from 
Heisenberg’s Uncertainty Principle, the implications of “becoming" involved in the 2nd law 
of thermodynamics, and other problems posed by the discarding of Lapidcean determinism. 
285pp. X 8. T480 Paperbound $1.65 


THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. (Formerly published as 
THE PHILOSOPHY OF PEIRCE.) This Is a carefully balanced exposition of Peirce's complete 
system, written by Peirce himself. It covers such matters as scientific method, pure chance 
vs. law, symbolic logic, theory of signs, pragmatism, experiment, and other topics. Intro- 
duction by Justus Buchler, Columbia University, xvi 4 - 368pp. 5% x 8. 

T217 Paperbound $2.00 


LANGUAGE, TRUTH AND LOGIC, A. Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. It sets up specific tests by which you can evaluate validity of 
ideas, etc. Contents: Function of philosophy, elimination of metaphysics, nature of analysis, 
a priori, truth and probability, etc. lOth printing. “I should like to have written it myself/’ 
Bertrand Russell. Index. 160pp. 5% x 8. TIO Paperbound $1Jt5 

MATHEMATICS AND SCIENCE: LAST ESSAYS (DERNI^RES PENSEES), Henri Poincard. Translated 
by J. W. Bolduc. A posthumous volume of articles and lectures by the great French mathe- 
matician, philosopher, scientist. Here are nine pieces, never before translated Into English, 
on such subjects as The Evolution of Laws, Space and Time, Space and 3 Dimensions, The 
Logic of infinity in Mathematics (discussing Russell’s theory of types). Mathematics and Logic, 
The Quantum Theory and its Modern Applications, Relationship Between Matter and Ether, 
Ethics and Science and The Moral Alliance. First English translation of Dernidres Pensdes. 
New index, viii -I- 128pp. 5% x 8%. SllOl Paperbound $1.25 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincare, 
Galton, Riemann? How can these techniques be applied by others? Hadamard, one of the 
world's leading mathematicians, discusses these and other questions, xlll + 145pp. 5% x 8. 

T107 Paperbound $1.25 
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EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature and 
value of the counterclaims of experiment and theory In physics. Synthetic versus analytical 
scientific advances are analyzed in the work of Einstein, Bohr, Heisenberg, Planck, Eddington, 
Milne, and others by a fellow participant. 44pp. 5% x 8. S308 Paperbound 75^ 

THE PHILOSOPHY OF SPACE AND TIME, H. Relchenbach. An Important landmark in the develop- 
ment of the empiricist conception of geometry, covering the problem of the foundations of 
geometry, the theory of time, the consequences of Einstein's relativity. Including: relations 
between theory and observations; coordinate and metrical properties of space; the psychomg- 
ical problem of visual intuition of non-Euclldean structures; and many other important topics 
in modern science and philosophy. The majority of ideas require only a knowledge of inter- 
mediate math. Introduction by R. Carnap. 49 figures. Index, xvlli + 296pp. 5% x 8. 

S443 Paperbound $2.00 

OBSERVATION AND INTERPRETATION IN THE PHILOSOPHY OF PHYSICS: WITH SPECIAL REFER- 
ENCE TO aUANTUM MECHANICS, Edited by S. KOrner. A collection of papers by philosophers 
and physicists arising out of a symposium held at Bristol, England in 1957 under the auspices 
of the Colston Research Society. One of the most important contributions to the philosophy 
of science In recent years. The discussions center around the adequacy or Inadequacy of 
quantum mechanics in its orthodox formulations. Among the contributors are A. J. Ayer, 
D. Bohm, K. Popper, F. Bopp, S. KSrner, J. P. Vigier, M. Polanyl, P. K. Feyerabend, W. C. 
Kneale. W. B. Gallie, G. Ryle, Sir Charles Darwin, and R. B. Braithwaite. xiv + 218pp. 
5% X 8V&. S131 Paperbound $1.60 

SPACE AND TIME IN CONTEMPORARY PHYSICS: AN INTRODUCTION TO THE THEORY OF REIA- 
TIYITY AND GRAVITATION, Morltz Schlick. Exposition of the theory of relativity by the 
leader of the famed "Vienna Circle.” Its essential purpose is to describe the physical 
doctrines of special and general relativity with particular reference to their philosophical 
significance. Explanations of such topics as the geometrical relativity of space, the con- 
nection with inertia and gravitation, the measure-determination of the space-time continuum, 
the finite universe, etc., with their philosophical ramifications. Index, xli + 89pp. 5^ x 8V^. 

T1008 Paperbound $1.00 

SUBSTANCE AND FUNCTION, & EINSTEIN'S THEORY OF RELATIVITY, Ernst Cassirer. Two books 
bound as one. Cassirer establishes a philosophy of the exact sciences that takes into con- 
sideration newer developments In mathematics, and also shows historical connections. Partial 
contents: Aristotelian logic, MilTs analysis, Helmholtz & Kronecker, Russell & cardinal num- 
bers, Euclidean vs. non-Euclidean geometry, Einstein's relativity. Bibliography. Index, xxi + 
465pp. 5% X 8 . T50 Paperbound $2.25 

PRINCIPLES OF MECHANICS. Heinrich Hertz. This last work by the great 19th century 
physicist is not only a classic, but of great interest in the logic of science. Creating a new 
system of mechanics based upon space, time, and mass, it returns to axiomatic analysis, 
to understanding of the formal or structural aspects of science, taking into account logic, 
observation, and a priori elements. Of great historical importance to PoincarA, Carnap, Ein- 
stein, Milne. A 20-page Introduction by R. S. Cohen, Wesleyan University, analvzes the impli- 
cations of Hertz's thought and the logic of science. Bibliography. 13-page introduction by 
Helmholtz, xlli + 274pp. 5% x 8. S316 Clothbound $3.50 

S317 Paperbound $1.85 

THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses concord with the new 
physics? This volume covers such topics as logical analysis of physics, prerelativity physics, 
causality, scientific inference, physics and perception, special and general relativity, Weyl’s 
theory, tensors, invariants and their physical Interpretation, periodicity and qualitative series. 
"The most thorough treatment of the subject that has yet been published,” THE NATION. 
Introduction by L. E. Denonn. 422pp. 5% x 8. T231 Paperbound $1.95 

FOUNDATIONS OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlap area 
between mathematics and philosophy, Nobel laureate Russell examines the nature of geo- 
metrical knowledge, the nature of geometry, and the application of geometry to space. 
It covers the history of non-Euclidean geometry, philosophic interpretations of geometry — 
especially Kant — projective and metrical geometry. This is most interesting as the solution 
offered in 1897 by a great mind to a problem still current. New introduction by Prof. Morris 
Kline of N. Y. University, xii + 201pp. 5% x 8. S232 Clothbound $3.25 

S233 Paperbound $1.75 

IDENTITY AND REALITY, Emile Meyerson. Called by Einstein a "brilliant study in the theory 
of knowledge," this book by the renowned Franco-German thinker is a major treatise in 
the philosophy of science and epistemology. Thorough, critical Inquiries Into causality, scien- 
tific laws, conservation of matter and energy, the unity of. matter, Carnot’s principle, the 
Irrational, the elimination of time. Searches out the solutions of epistemological questions 
that form the bases of the scientific method. Authorized translation by Kate Loewenberg. 
Author's prefaces. Editor's preface. Appendices. Index. 495pp. 5% x 8V^. 

T65 Paperbound $2.25 

ESSAYS IN EXPERIMENTAL LOGIC, John Dewey. This stimulating series of essays touches upon 
the relationship between inquiry and experience, dependence of knowledge upon thought, 
character of logic; judgments of practice, data and meanings, stimuli of thought, etc. Index, 
viii -I- 444pp. 5% X 8. T73 Paperbound $2.25 
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PHYSICS 


General physics 


**" »?' ^ "J*?! ^ MargeuaM. Excellent bridge between semi- 
popular works & technical treatises. A discussion ot methods of physical description, con- 
struction of theory; ’valwble tor physicist with elementary calculus who is Interested In 
« give meaning to data, tools of modern physics. Contents Include symbolism, math- 
ematical equations; space & time foundations of mechanics; probability; physics &*con- 
tlnua; electron theory; special & general relativity; quantum mechanics; causality. “Thor- 
ough and yet not pyerdetalled. Unreservedly recommended,” NATURE (London). Unabridged, 
corrected edition. List of recommended readings. 35 Illustrations, xi + 537 pp. 5^ x 8 . 

S377 Paperbound $3.00 

FUNDAMENTAL FORMULAS OF PHYSICS, ed. by D. H. Menzei. Highly useful, fully Inexpensive 
reference and study text, ranging from simple to highly sophisticated operations. Mathematics 
integrated into text— each cnapter stands as short textbook ot field represented. Voi. 1 ; 
Statistics, Physical Constants, Special Theory of Relativity, Hydrodynamics, Aerodynamics, 
Boundary Value Problems in Math. Physics: Viscosity, Electromagnetic Theory, etc. Vol. 2: 
Sound, Acoustics, Geometrical Optics, Electron Optics, High-Energy Phenomena, Magnetism, 
Biophysics, much more, index. Total of 800pp. 5% x 8 . Vol. 1 S595 Paperbound $2.25 

Vol. 2 S596 Paperbound $2.25 

MATHEMATICAL PHYSICS, D. H. Menzei. Thorough one-volume treatment of the mathematical 
techniques vital for classic mechanics, electromagnetic theory, quantum theory, and rela- 
tivity. Written by the Hap/ard Professor of Astrophysics for junior, senior, and graduate 
courses, \t gives clear expirations of all those aspects of function theory, vectors, matrices, 
dyadics, t^sors, partial dlf^reritial equations, etc., necessary tor the understanding of the 
various physical theories. Electron theory, relativity, and other topics seldom presented 
appe^ here in detail. Scores of definitions, conversion factors, dimensional 

constants, etc. More detailed than normal for an advanced text . . . excellent set of sec- 
t'SD* on Dyadics, Matrices, and Tensors,” JOURNAL OF THE FRANKLIN INSTITUTE. Index. 
193 problems, with answers, x + 412pp. 5% x 8 . S56 Paperbound $2.00 


VILLARD GIBBS. All the published papers of America's outstand- 
pt for “Statistical Mechanics” and “Vector Analysis”). Vol I 
of the most brilliant of all 19th-century scientific papers — the 
of Heterogeneous Substances,” which founded the science of 
stated a number of highly Important natural laws for the first 
the first volume. Vol 11 includes 2 papers on dynamics, 8 on 
zebra, 5 on the electromagnetic theory of light, and 6 mlscella- 
tch by H. A. Bumstead. Total of xxxvl -H 718pp. 5% x 8 %. 

5721 Vol I Paperbound $2.50 

5722 Vol II Paperbound U.bO 
The set ^.SQ 

BASIC THEORIES OF PHYSICS, Peter Gabriel Bergmann. Two-volume set which presents a 
critical examination of important topics in the major subdivisions of classical and modern 
physics. The first volume is concerned with classical mechanics and electrodynamics: 
mechanics of mass points, analytical mechanics, matter In bulk, electrostatics and magneto- 
statics, electromagnetic interaction, the field waves, special relativity, and waves. The 
second volume (Heat and Quanta) contains discussions of the kinetic hypoihesis, physics and 
statistics, stationary ensembles, laws of thermodynamics, early quantum theories, atomic 
spectra, probability waves, quantization in wave mechanics, approximation methods, and 
abstract quantum theory. A valuable supplement to any thorough course or text. 

Heat and Quanta: Index. 8 figures, x + 30qpp. 5% x 8 V^. S968 Paperbound $2.00 

Mechanics and Electrodynamics: Index. 14 figures, vll + 280pp. 5% x 8 ^. 

S969 Paperbound $ 1.55 


THE SCIENTIFIC PAPERS OF J. i 
Ing theoretical scientist (exce 
(thermodynamics) contains one 
300-pag6 “On the Equilibrium 
physical chemistry, and clearly 
time; 8 other papers complete 
vector analysis and multiple al; 
neous papers. Biographical ske 


THEORETICAL PHYSICS, A. $. Kompaneyets. One of the very few thorough studies of the 
subject in this price range. Provides advanced students with a comprehensive theoretical 
background. Especially strong on recent experimentation and deveiopments in quantum 
theory. Contents: Mechanics (Generalized Coordinates, Lagrange’s Equation, Collision of 
Particles, etc.). Electrodynamics (Vector Analysis, Maxwell’s equations. Transmission of 
Signals, Theory of Relativity, etc.}, Quantum Mechanics (the Inadequacy of Classical Mechan- 
ics, the Wave Equation, Motion in a Central Field, Quantum Theory of Radiation, Quantum 
Theories of Dispersion and Scattering, etc.), and Statistical Physics (Equilibrium Distribution 
of Molecules in an Ideal Gas, Boltzmann statistics, Bose and Fermi Distribution, 
Thermodynamic Quantities, etc.). Revised to 1961. Translated by George Yankovsky, author- 
ized by Kompaneyets. 137 exercises. 56 figures. 529pp. 5^ x 8 V 2 . S972 Paperbound $2.50 


ANALYTICAL AND CANONICAL FORMALISM IN PHYSICS, Andrd Mercier. A survey, in one vol- 
ume, of the variational principles (the key principles— in mathematical form — ^from which 
the basic laws of any one branch of physics, can be derived) of the several branches of 
physical theory, together with an examination of the relationships among them. Contents: 
the Lagrangian Formalism, Lagranglan Densities, Canonical Formalism, Canonical Form of 
Electrodynamics, Hamiltonian Densities, Transformations, and Canonical Form with Vanishing 
Jacobian Determinant. Numerous examples and exercises. For advanced students, teachers, 
etc. 6 figures. Index, viil + 222pp. ^ x 8 ^. S1077 Paperbound $1.75 
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Acoustics, optics, electricity and magnetism, electromagnetics, magneto- 
hydrodynamics 


THE THEORY OF SOUND, Lord Raylefgh. Most vibrating systems likeiy to be encountered in 
practice can be tackied successfuiiy by the methods set forth by the great Nobei laureate, 
Lord Rayleigh. Complete coverage of experimental, mathematicaf aspects of sound theory. 
Partial contents: Harmonic motions, vibrating systems in general, lateral vibrations of bars, 
curved plates or shells, applications of Laplace’s functions to acoustical problems, fluid 
friction, plane vortex-sheet, vibrations of solid bodies, etc. This the first inexpensive 
edition of this great reference and study work. Bibliography. Historical introduction by R. B. 
Lindsay. Total of 1040pp. 97 figures. 54^ x 8. 

S292, S293, Two volume set, paperbound, $4.70 


THE DYNAMICAL THEORY OF SOUND, H. Lamb. Comprehensive mathematical treatment of the 
physical aspects of sound, covering the theory of vibrations, the general theory of sound, and 
the equations of motion of strings, bars, membranes, pipes, and resonators. Includes chap- 
ters on plane, spherical, and simple harmonic waves, and the Helmholtz Theory of Audition. 
Complete and self-contained development for student and specialist; all fundamental differ- 
ential equations solved completely. Specific mathematical details for such important phenom- 
ena as harmonics, normal modes, forced vibrations of strings, theory of reed pipes, etc. Index. 
Bibliography. 86 diagrams, viii + 307pp. 5^ x 8. S655 Paperbound $2.00 


WAVE PROPAGATION IN PERIODIC STRUCTURES, L Brillouin. A general method and applica- 
tion to different problems: pure physics, such as scattering of X-rays of crystals, thermal 
vibration In crystal lattices, electronic motion in metals; and also problems of electrical 
engineering. Partial contents: elastic waves in 1-dimensional lattices of point masses. 
Propagation of waves along 1-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional 
lattices. Mathieu's equation. Matrices and propagation of waves along an electric line. 
Continuous electric lines. 131 illustrations. Bibliography. Index, xii + 253pp. 5% x 8. 

S34 Paperbound $2.00 


THEORY OF VIBRATIONS, N. W. McLachlan. Based on an exceptionally successful graduate 
course given at Brown University, this discusses linear systems having 1 degree of freedom, 
forced vibrations of simple linear systems, vibration of flexible strings, transverse vibra- 
tions of bars and tubes, transverse vibration of circular plate, sound waves of finite ampli- 
tude, etc. index. 99 diagrams. 160pp. 5% x 8. S190 Paperbound $1.50 


L16HT: PRINCIPLES AND EXPERIMENTS, George S. Monk. Covers theory, experimentation, and 
research. Intended for students with some background in general physics and elementary 
calculus. Three main divisions: 1) Eight chapters on geom^rical optics — fundamental con- 
cepts (the ray and its optical length, Fermat’s principle, etc.); laws of image formation, 
apertures In optical systems, photometry, optical instruments etc.; 2) 9 chapters on physical 
optics — interference, diffraction, polarization, spectra, the Rayleigh refractometer, the 
wave theory of light, etc,; 3) 23 instructive experiments based directly on the theoretical 
text. "Probably the best intermediate textbook on light In the English language. Certainly, 
it is the best book which includes both geometrical and physical optics," J. Rud Nielson, 
PHYSICS FORUM. Revised edition. 102 problems and answers. 12 appendices. 6 tables. Index. 
270 illustrations, xi +489pp. 5% x 8^. S341 Paperbound $2.50 


PHOTOMETRY, John W. T. Walsh. The best treatment of both "bench" and "illumination^’ 
photometry in English by one of Britain’s foremost experts in the field (President of the 
International Commission on Illumination). Limited to those matters, theoretical and prac- 
tical, which affect the measurement of light flux, candlepower, illumination, etc.,' and 
excludes treatment of the use to which such measurements may be put after they have been 
made. Chapters on Radiation, The Eye and Vision, Photo-Electric Cells, The Principles of 
Photometry, The Measurement of Luminous Intensity, Colorimetry, Spectrophotometry, Stellar 
Photometry, The Photometric Laboratory, etc. Third revised (1958) edition. 281 illustrations. 
10 appendices, xxiv -h 544pp. 5V^ x 9V4. S319 Paperbound $3.00 

EXPERIMENTAL SPECTROSCOPY, R. A. Sawyer. Clear discussion of prism and grating spectro- 
graphs and the techniques of their use in research, with emphasis on those principles and 
techniques that are fundamental to practically all uses of spectroscopic equipment. Begin- 
ning with a brief history of spectroscopy, the author covers such topics as light sources, 
spectroscopic apparatus, prism spectroscopes and graphs, diffraction grating, the photo- 
graphic process, determination of wave length, spectral intensity, infrared spectroscopy, 
spectrochemical analysis, etc. This revised edition contains ndw material on the production 
of replica gratings, solar spectroscopy from rockets, new standard of wave length, etc. 
index. Bibliography, ill Illustrations, x 358pp. 5% x 8Viz. S1045 Paperbound $2.25 


FUNDAMENTALS OF ELECTRICITY AND MAGNETISM, L. B. Loeb. For students of physics, chem- 
istry, or engineering who want an Introduction to electricity and magnetism on a higher level 
and in more detail than general elementary physics texts provide. Only elementary differential 
and integral calculus is assumed. Physical laws developed logically, from magnetism to 
electric currents. Ohm’s law, electrolysis, and on to static electricity. Induction, etc. Covers 
an unusual amount of material; one third of book on modern material: solution of wave equa- 
tion, photoelectric and thermionic effects, etc. Complete statement of the various electrical 
'ystems of units and interrelations. 2 Indexes. 75 pages of problems with answers stated, 
ver 300 figures and diagrams, xix -I- 669pp. 5% x 8. S745 Paperbound $3.50 
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nCAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written 
f this century’s most distinguished mathematicai physicists, this is a practicai 
3n to those deveiopments of Maxweil’s eiectromagnetic theory which are directiy 
with the soiution of the partiai differentiai equation of wave motion. Methods of 
ave-equation, polar-cyiindrical coordinates, diffraction, transformation of coordinates, 
ous solutions, electromagnetic fields with moving singularities, etc. index. 168pp. 

S14 Paperbound $1.75 

OF PHYSICAL OPTICS, Ernst Mach. This ciassical examination of the propagation 
color, polarization, etc. offers an historical and philosophical treatment that has 
in surpassed for breadth and easy readability. Contents: Rectilinear propagation of 
flection, refraction. Early knowledge of vision. Dioptrics. Composition of light. 

color and dispersion. Periodicity. Theory of Interference. Polarization. Mathematical 
ation of properties of light. Propagation of waves, etc. 279 illustrations, 10 por- 
pendix. Indexes. 324pp. 5% x 8. S178 Paperbound $2.00 

IRY OF OPTICS, Paul Drude. One of finest fundamental texts in physical optics, 
ffers thorough coverage, complete mathematicai treatment of basic ideas. Includes 
'eatment of application of thermodynamics to optics; sine law in formation of 
transparent crystals, magnetically active substances, velocity of light, apertures, 
e pending upon them, polarization, optical instruments, etc. Introduction by A. A. 
I. Index. 110 illus. 567pp. 5^ x 8. S532 Paperbound $3.00 


AL THEORY ON THE 6I0RG1 SYSTEM, P. Cornelius. A new clarification of the funda- 
oncepts of electricity and magnetism, advocating the convenient m.k.s. system of 
t is steadily gaining followers in the sciences. Illustrating the use and effectiveness 
srminology with numerous applications to -concrete technical problems, the author 
lounds the famous Giorgi system of electrical physics. His lucid presentation 
•reasoned, cogent argument for the universal adoption of this system form one of 
t pieces of scientific exposition in recent years. 28 figures. Index. Conversion tables 
lating earlier data into modern units. Translated from 3rd Dutch edition by L. J. 
-f- 187pp. 5V& x 8V4. S909 Clothbound $6.00 

: WAVES: BEING RESEARCHES ON THE PROPAGATION OF ELECTRIC ACTION WITH 
VELOCITY THROUGH SPACE, Heinrich Hertz. This classic work brings together the 
papers In which Hertz~~Helmholtz's protege and one of the most brilliant figures 
:entury research — probed the existence of electromagnetic waves and showed experl- 
that their velocity equalled that of light, research that helped lay the groundwork 
levelopment of radio, television, telephone, telegraph, and other modern technological 
Unabridged republication of original edition. Authorized translation by D. E. Jones, 
by Lord Kelvin. Index of names. 40 illustrations, xvii + 278pp. 5% x ZVi. 

S57 Paperbound $1.75 

ECTRICITY: AN INTRODUCTION TO THE THEORY AND APPLICATIONS OF ELECTRO- 
I CAL PHENOMENA IN CRYSTALS, Walter G. Cady. This is the most complete and sys- 
coverage of this important field in print— now regarded as something of scientific 
This republication, revised and corrected by Prof. Cady — one of the foremost con- 
In this area — contains a sketch of recent progress and new material on Ferro- 
i. Time Standards, etc. The first 7 chapters deal with fundamental theory of crystal 
ty. 5 important chapters cover basic concepts of piezoelectricity. Including com- 
of various competing theories in the field. Also discussed: piezoelectric resonators 
methods of manufacture, influences of air-gaps, etc.); the piezo oscillator; the 
es, history, and observations relating to Rochelle salt; ferroelectric crystals; mlscei- 
appllcatlons of piezoelectricity; pyroelectricity; etc. "A great work,” W. A. Wooster, 
. Revised (1963) and corrected edition. New preface by Prof. Cady. 2 Appendices. 
Illustrations. 62 tables. Bibliography. Problems. Total of 1 -f 822pp. 5% x 8^. 

51094 Vol. i Paperbound $2.50 

51095 Vol. II Paperbound $2.50 
Two volume set Paperbound $5.00 

‘ISM AND VERY LOW TEMPERATURES, H. B. G. Casimir. A basic work in the literature 
temperature physics. Presents a concise survey of fundamental theoretical principles, 
o points out promising lines of investigation. Contents-. Classical Theory and Experi- 
Methods. Quantum Theory of Paramagnetism, Experiments on Adiabatic Demagnetiza- 
leoretical Discussion of Paramagnetism at Very Low Temperatures, Some Experimental 
Relaxation Phenomena. Index. 89-item bibliography, ix + 95pp. 5^ x 8. 

S943 Paperbound $1.35 

ED PAPERS ON NEW TECHNIQUES FOR ENERGY CONVERSION; THERMOELECTRIC 
3S: THERMIONIC; PHOTOVOLTAIC AND ELECTRICAL EFFECTS; FUSION, Edited by Sumner 
ne. Brings together in one volume the most important papers (1954-1961) in modern 
technology. Included among the 37 papers are general and qualitative descriptions 
field as a whole, indicating promising lines of research. Also: 15 papers on thermo- 
: methods, 7 on thermionic, 5 on photovoltaic, 4 on electrochemical effect, and 2 on 
led fusion research. Among the contributors are: Joffe, Maria Telkes, Heroid, Herring, 
s, Jaumot, Post, Austin, Wilson, Pfann, Rappaport, Morehouse, Domenicali, Moss, 

, Harman, Von Doenhoef. Preface and introduction by the editor. Bibliographies. 

-H 451pp. 6V^ X 9V4. S37 Paperbound $3.00 
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SUPERFLUIDS: MACROSCOPIC THEORY OF SUPERCONDUCTIVIH, Vol. I, Fritz London. Tho 
major work by one of the founders and great theoreticians of modern quantum physics. 
Consolidates the researches that led to the present understanding of the nature of super- 
conductivity. Prof. London here reveals that quantum mechanics is operative on the macro- 
scopic plane as well as the submolecular level. Contents: Properties of Si^erconductors 
and Their Thermodynamical Correlation; Electrodynamics of the Pure Supercondfucting State; 
Relation between Current and Field; Measurements of the Penetration Depth; Non-Viscous Flow 
vs. Superconductivity; Micro-waves In Superconductors; Reality of the Domain Structure; 
and many other related topics. A new epilogue by M. J. Buckingham discusses developments 
in the field up to 1960. Corrected and expanded edition. An appreciation of the author’s 
life and work by L. W. Nordhelm. Biography by Edith London. Bibliography of his publica- 
tions. 45 figures. 2 Indices, xvili + 173pp. 5% x 8%. S44 Paperbound $1.75 

SELECTED PAPERS ON PHYSICAL PROCESSES IN IONIZED PLASMAS, Edited by Donald H. 
Menzel, Director, Harvard College Observatory. 30 Important papers relating to the study of 
highly ionized gases or plasmas selected by a foremost contributor in the field, with the 
assistance of Dr. L. H. Aller. The essays include 18 on the physical processes in gaseous 
nebulae, covering problems of radiation and radiative transfer, the Baimer decrement, 
electron temperatives, spectrophotometry, etc. 10 papers deal with the Interpretation of 
nebular spectra, by Bohm, Van Vleck, Aller, Minkowski, etc. There is also a discussion 
of the Intensities of ’’forbidden” spectral lines by George Shortley and a paper concern- 
ing the theory of hydrogenic spectra by Menzel and Pekeris. Other contributors; Goldberg, 
Hebb, Baker, Bowen, Ufford, Llller, etc. viil + 374pp. 6Vb x 9V4. S60 Paperbound $2.95 

THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate 
engineers. Vector methods exclusively; detailed treatment of electrostatics, expansion meth- 
ods, with tables converting any quantity into absolute electromagnetic, absolute electrostatic, 
practical units. Discrete charges, ponderable bodies, Maxwell field equations, etc. Introduc- 
tion. Indexes. 416pp. 5% x 8. S185 Paperbound $2.25 

THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIA^ 
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz. 
Unabridged, they form a historical coverage of the theory of free electrons, motion, 
absorption of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman 
effect, optical phenomena In moving bodies, etc. 109 pages of notes explain the more 
advanced sections. Index. 9 figures. 352pp. 5^ x 8. S173 Paperbound $2.00 


FUNDAMENTAL ELECTROMAGNETIC THEORY, Ronold P. King, Professor Applied Physics. Harvard 
University. Original and valuable introduction to electromagnetic Theory and to circuit 
theory from the standpoint of electromagnetic theory. Contents: Mathematical Description 
of Matter — stationary and nonstationary states; Mathematical Description of Space and of 
Simple Media — Field Equations, Integral Forms of Field Equations. Electromagnetic Force, 
etc.: Transformation of Field and Force Equations; Electromagnetic Waves in Unbounded 
Regions; Skin Effect and Internal Impedance — in a solid cylindrical conductor, etc.; and 
Electrical Circuits — ^Analytical Foundations, Near-zone and quasi-near zone circuits, Balanced 
two-wire and four-wire transmission lines. Revised and enlarged version. New preface by 
the author. 5 appendices (Differential operators: Vector Forrhulas and Identities, etc.}. 
Problems. Indexes. Bibliography, xvi + 580pp. 5% x 8^. S1023 Paperbound $3.d0 


Hydrodynamics 


A TREATISE OH HYDRODTNAMICS, A. B. Basset. Favorite text on hydrodynamics for 2 genera- 
tions of physicists, hydrodynamical engineers, oceanographers, ship designers, etc. Clear 
enough for the beginning student, and thorough source for graduate students and engineers on 
the work of d'Alembert, Euler, Laplace, Lagrange, Poisson, Green, Clebsch, Stokes, Cauchy, 
Helmholtz, J. J. Thomson, Love, Hicks, GreenhllT, Besant, Lamb, etc. Great amount of docu- 
mentation on entire theory of classical hydrodynamics. Vol I: theory of motion of friction! ess 
liquids, vortex, and cyclic irrotational motion, etc. 132 exercises. Bibliography. 3 Appendixes, 
xil -I- 264pp. Vol il: motion in viscous liquids, harmonic analysis, theory of tides, etc. 112 
exercises, Bibliography. 4 Appendixes, xv -H 328pp. Two volume set. 5% x 8. 

S724 Vol i Paperbound SI .75 
S725 Vol II Paperbound $1.75 
The set $3.50 

HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard refer- 
ence work on dynamics of liquids &. gases. Fundamenlal theorems, equations, methods, 
solutions, background, for classical hydrodynamics. Chapters include Equations of Motion, 
Integration of Equations in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimen- 
sions, Motion of Solids through Liquid-Dynamical Theory, Vortex Motion, Tidal Waves, Surface 
Waves, .Waves of Expansion, Viscosity, Rotating Masses of liquids. Excellently planned, ar- 
'^anged; clear, lucid presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, 
lostly bibliographical. 119 figures, xv + 738pp. 6Vb x QVa. S256 Paperbound $3J5 
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HYDRODYNAMICS. H. Dryden, F. Murnaghan, Harry Bateman. Published by the National 
Research Council in 1932 this enormous volume offers a complete coverage of classical 
hydrodynamics. Encyclopedic in quality. Partial contents: physics of fluids, motion, turbulent 
flow, compressible fluids, motion in 1, 2, 3 dimensions; viscous fluids rotating, laminar 
motion, resistance of motion through viscous fluid, eddy viscosity, hydraulic flow in channels 
of various shapes, discharge of gases, flow past obstacles, etc. Bibliography of over 2,900 
items, indexes. 23 figures. 634pp. 54b x 8. S303 Paperbound $2.75 


Mechanics, dynamics, thermodynamics, elasticity 


MECHANICS, J. P. Den Hartog. Already a classic among introductory texts, the M.I.T. profes* 
sor’s lively and discursive presentation is equally valuable as a beginner’s text, an engineering 
student’s refresher, or a practicing engineer’s reference. Emphasis in this highly readable text 
is on illuminating fundamental principles and showing how they are embodied In a great 
number of real engineering and design problems: trusses, loaded cables, beams, Jacks, hoists, 
etc. Provides advanced material on relative motion and gyroscopes not usual in introductory 
texts. “Very thoroughly recommended to ail those anxious to Improve their real understanding 
of the principles of mechanics.’’ MECHANICAL WORLD, index. List of equations. 334 problems, 
all with answers. Over 550 diagrams and drawings, lx + 462pp. 54b x 8. 

S754 Paperbound $2.00 

THEORETICAL MECHANICS: AN INTRODUCTION TO MATHEMATICAL PHYSICS, J. S. Ames, F. 0. 
Murnaghan. A mathematically rigorous development of theoretical mechanics for the ad- 
vancea student, with constant practical applications. Used in hundreds of advanced courses. 
An unusually thorough coverage of gyroscopic and baryscopic material, detailed analyses of 
the Coriolis acceleration, applications of Lagrange’s equations, motion of the double pen- 
dulum, Hamllton-Jacobi partial differential equations, group velocity and dispersion, etc. 
Special relativity Is also included. 159 problems. 44 figures, lx + 462pp. 54b x 8. 

S461 Paperbound $2.25 

THEORETICAL MECHANICS: STATICS AND THE DYNAMICS OF A PARTICLE, W. D. MacMillan. 
Used for over 3 decades as a self-contained and extremely comprehensive advanced under- 
graduate text in mathematical physics, physics, astronomy, and deeper foundations of engi- 
neering. Early sections require only a knowledge of geometry: later, a working knowledge 
of calculus. Hundreds of basic problems, including projectiles to the moon, escape velocity, 
harmonic motion, ballistics, falling bodies, transmission of power, stress and strain, 
elasticity, astronomical problems. 340 practice problems plus many fully worked out examples 
make it possible to test and extend principles developed In the text 200 figures, xvii -I- 
430pp. 54b X 8. S467 Paperbound $2.25 

THEORETICAL MECHANICS: THE THEORY OF THE POTENTIAL, W. D. MacMillan. A comprehensive, 
well balanced presentation of potential theory, serving both as an introduction and a refer- 
ence work with regard to specific problems, for physicists and mathematicians. No prior 
knowledge of integral relations Is assumed, and all mathematical material is developed as it 
becomes necessary. Includes: Attraction of Finite Bodies; Newtonian Potential Function; 
Vector Fields, Green and Gauss Theorems: Attractions of Surfaces and Lines; Surface Distri- 
bution of Matter; Two-Layer Surfaces; Spherical Harmonics; Ellipsoidal Harmonics; etc. “The 
great number of particular cases . . . should make the book valuable to geophysicists and 
others actively engaged in practical applications of the potential theory,’’ Review of Scientific 
Instruments, Index. Bibliography, xiii + 469pp. 54b x 8. S486 Paperbound $2.50 


THEORETICAL MECHANICS: DYNAMICS OF RIGID BODIES, W. D. MacMillan. Theory of dynamics 
of a rigid body is developed, using both the geometrical and analytical methods of instruc- 
tion. Begins with exposition of algebra of vectors, it goes through momentum principles, 
motion in space, use of differential equations and Infinite series to solve more sophisticated 
dynamics problems. Partial contents: moments of inertia, systems of free particles, motion 
parallel to a fixed plane, rolling motion, method of periodic solutions, much more. 82 figs. 
199 problems. Bibliography. Indexes, xli + 476pp. 54b x 8. S641 Paperbound $2.SQ 


MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khlncltln. Offering a precise 
and rigorous formulation of problems, this book supplies a thorough and up-to-date exposi- 
tion. It provides analytical ioo\s needed to replace cumbersome concepts, and furnishes 
for the first time a logical step-by-step introduction to the subject. Partial contents: geom- 
etry & kinematics of the phase space, ergodic problem, reduction to theory of probability, 
application of central limit problem, ideal monatomic gas, foundation of thermo-dynamics, 
dispersion and distribution of sum functions. Key to notations, index, viil -I- 179pp. 5% x 8. 

S147 Paperbound $1.50 


ELEMENTARY PRINCIPLES IN STATISTICAL MECHANICS, J. W. Glhbs. La^ work of tte great 
Yale mathematical physicist, still one of the most fundamental treatments avallabe for 
advanced students and workers In the field. Covers the basic principle of conservation of 
probability of phase, theory of errors in the calculated phases of a system, the contribu- 
tions of Clausius, Maxwell, Boltzmann, and Gibbs himself, and much more. Includes valuable 
comparison of statistical mechanics with thermodynamics: Carnot’s cycle, mechwical defini- 
tions of entropy, etc. xvl + 208pp. 54b x 8. S707 Paperbound $1.45 
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», Sir william Thomson (Lord Kelvin) and Peter 
of fundamental branches of classical physics 
of all time. A broad survey of mechanics, with 
:lai theoryi and what is now standard mechanics 
^ examples, derivations, and topics not included 
if calculus is needed to work through this book. 
Laws and Principles; Experience (observation, 
scientific method); Measures and Instruments; 
(Abstract Dynamics): Statics of a Particle— 
irmerly Titled “Treatise on Natural Philosophy.” 
168 diagrams. Total of xlli + 1035pp. 5^ x 8V^. 

Vol. I: S966 Paperbound S2.35 
Vol. II: S967 Paperbound S2.35 
Two volume Set Paperbound $4.70 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT. Albert Einstein. Reprints 
from rare European Journals. 5 basic papers, Including the Elementary Theory of the 
Brownian Movement, written at the request of Lorentz to provide a simple explanation. 
Translated by A. D. Cowper. Annotated, edited by R. FQrth. 33pp. of notes elucidate, give 
history of previous investigations. Author, subject indexes. 62 footnotes. 124pp. 5% x 8. 

S304 Paperbound $1.25 

MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Covers almost everything, from 
linear motion to vector analysis: equations determining motion, linear methods, compounding 
of simple harmonic motions. Newton's laws of motion, Hooke's law, the simple pendulum, 
motion of a particle In 1 plane, centers of gravity, virtual work, friction, kinetic energy of 
rotating bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. 550 
problems. 3rd revised edition, xii + 367pp. 6x9. S207 Ciothbound $4.95 

THE DYNAMICS OF PARTICLES AND OF RIGID, EUSTIC, AND FLUID BODIES; BEING LECTURES 
ON MATHEMATICAL PHYSICS. A. G. Webster. The reissuing of this classic fills the need for 
a comprehensive work on dynamics. A wide range of topics is covered in unusually great 
depth, applying ordinary and partial differential equations. Part I considers laws of motion 
and methods applicable to systems of all sorts; oscillation, resonance, cyclic systems, etc. 
Part 2 is a detailed study of the dynamics of rigid bodies. Part 3 introduces the theory of 
potential; stress and strain, Newtonian potential functions, gyrostatics, wave and vortex 
motion, etc. Further contents: Kinematics of a point; Lagrange^s equations; Hamilton’s prin- 
ciple; Systems of vectors; Statics and dynamics of deformable bodies; much more, not easily 
found together In one volume. Unabridged reprinting of 2nd edition. 20 pages of notes on 
differential equations and the higher analysis. 203 illustrations. Selected bibnography. Index, 
xl + 588pp. 5H X 8. S522 Paperbound $2.45 

A TREATISE ON DYNAMICS OF A PARTICLE, E. J. Routh. Elementary text on dynamics for 
beginning mathematics or physics student. Unusually detailed treatment from elementary defi- 
nitions to motion in 3 dimensions, emphasizing concrete aspects. Much unique material im- 
portant in recent applications. Covers impulsive forces, rectilinear and constrained motion in 
2 dimensions, harmonic and parabolic motion, degrees of freedom, closed orbits, the conical 
pendulum, the principle of least action, Jacobi’s method, and much more. Index. 559 problems, 
many fully worxed out, incorporated into text, xiii + 418pp. 5 ^ x 8. 

S696 Paperbound $2.25 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Elementary Section), E. J. Routh. Revised 7th edi- 
tion of this standard reference. This volume covers the dynamical principles of the subject, 
and Its more elementary applications: finding moments of inertia by Integration, foci of 
inertia, d’Alembert’s principle, impulsive forces, motion in 2 and 3 dimensions, Lagrange's 
equations, relative indicatrix, Euler's theorem, large tautochronous motions, etc. Index. 55 
figures. Scores of problems, xv + 443pp. 5% x 8. S664 Paperbound $2.50 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edi- 
tion of a classic reference aid. Much of its material remains unique. Partial contents: moving 
axes, relative motion, oscillations about equilibrium, motion. Motion of a body under no 
forces, any forces. Nature of motion given by linear equations and conditions of stability. 
Free, forced vibrations, constants of integration, calculus of finite differences, variations, 
precession and nutation, motion of the moon, motion of string, chain, membranes. 64 figures. 
498pp. 5% x 8. 8229 Paperbound $2.45 

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical and physical chapters 
for the convenience of those not expert in mathematics, this volume discusses the mathe- 
matical theory of gas In a steady state, thermodynamics. Boltzmann and Maxwell, kinetic 
theory, quantum theory, exponentials, etc. 4th enlarged edition, with new material on quan- 
tum theory, quantum dynamics, etc. Indexes. 28 figures. 444pp. eVe x 9V4. 

S136 Paperbound $2.75 

THE THEORY OF HEAT RADIATION, Max Planck. A pioneering work In thermodynamics, provid- 
ing basis for most later work, Nobel laureate Planck writes on Deductions from Electro- 
dynamics and Thermodynamics. Entropy and Probability, Irreversible Radiation Processes, etc. 
'tarts with simple experimental laws of optics, advances to problems of spectral distrlbu- 
m of energy and Irreversibility. Bibliography. 7 illustrations, xiv -I- 224pp. 5% x 8. 

S546 Paperbound $1.75 


PRINCIPLES OF MECHANICS AND DYNAMICS 
Guthrie Talt The principles and theories 
explained by two of the greatest physicists 
material on hydrodynamics, elasticity, potent 
Thorough and detailed coverage, with many 
In more recent studies. Only a knowledge 0 
Vol. I (Pr^ellminarv): Kinematics; Dynamical 
experimentation, formation of hypotheses. 
Continuous Calculating Machines. Vol. li 
Attraction; Statics of Solids and Fluids. Fo 
Unabridged reprint of revised edition. Index. 
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FOUNDATIONS OF POTENTIAL THEORY, 0. 0. Kellogg. Based on courses given at Harvard this 
IS suitable for both advanced and beginning mathematicians. Proofs are rigorous, and much 
material not generally available elsewhere is included. Partial contents; forces of gravity, 
fields of force, divergence theorem, properties of Newtonian potentials at points of free 
space, potentials as solutions of Laplace’s equations, harmonic functions, electrostatics, 
electric images, logarithmic potential, etc. One of Grunalehren Series, ix + 384pp. 5% x 8. 

S144 Paperbound $2.00 


THERMODYNAMICS, EnrIco Fermi. Unabridged reproduction of 1937 edition. Elementary In 
treatrn^ent: remarkable for clarity, organization. Requires no knowledge of advanced math 
beyond calculus, only familiarity with fundamentals of thermometry, calorimetry. Partial 
Contents; Thermodynamic systems; First & Second laws of thermodynamics; Entropy; Thermo- 
dynamic potentials: phase rule, reversible electric cell; Gaseous reactions: van't Hofr reaction 
box, principle of LeChatelier; Thermodynamics of dilute solutions: osmotic & vapor pressures, 
boiling & freezing points; Entropy constant. Index. 25 problems. 24 illustrations, x + 160pp. 
5% X & S361 Paperbound $1.75 

THE THERMODYNAMICS OF ELECTRICAL PHENOMENA IN METALS and A CONDENSED COLLEC- 
TION OF THERMODYNAMIC FORMULAS, P. W. Bridgman. Major work by the Nobel Prizewinner; 
stimulating conceptual introduction to aspects of the electron theory of metals, giving an 
intuitive understanding of fundamental relationships concealed by the formal systems of 
Onsager and others. Elementary mathematical formulations show clearly the fundamental 
thermodynamical relationships of the electric field, and a complete phenomenological theory 
of metals is created. This is the work in which Bridgman announced his famous "thermo- 
motive force” and his distinction between “driving" and “working” electromotive force. 
We have added in this Dover edition the author^s long unavailable tables of thermo- 
dynamic formulas, extremely valuable for the speed of reference they allow. Two works 
bound as one. Index. 33 figures. Bibliography, xviii + 256pp. 5^ x 8. S723 Paperbound $1.75 


TREATISE ON THERMODYNAMICS, Max Planck. Based on Planck’s original papers this offers 
a uniform point of view for the entire field and has been used as an introduction for 
students who have studied elementary chemistry, physics, and calculus. Rejecting the earlier 
approaches of Helmholtz and Maxwell, the author makes no assumptions regarding the 
nature of heat, but begins with a few empirical facts, and from these deduces new physical 
and chemical laws. 3rd English edition of this standard text by a Nobel laureate, xvl + 
297pp. 5% X 8. S219 Paperbound $1.85 


THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. A wealth of practical illustration 
combined with thorough discussion of fundamentals — ^theory, application, special problems 
and solutions. Partial Contents: Analysis of Strain & Stress, Elasticity of Solid Bodies. 
Elasticity of Crystals, Vibration of Spheres, Cylinders, Propagation of Waves In Elastic Solid 
Media, Torsion, Theory of Continuous Beams, Plates. Rigorous treatment of Volterra’s theory 
of dislocations, 2-dlmensional elastic systems, other topics of modern Interest. “For years 
the standard treatise on elasticity,” AMERICAN MATHEMATICAL MONTHLY. 4th revised edi- 
tion, Index. 76 figures, xviii + 643pp. 6^ x SVa. S174 Paperbound $3.25 


STRESS WAVES IN SOLIDS, H. Kolsky, Professor of Applied Physics, Brown University. The 
most readable survey of the theoretical core of current knowledge about the propagation of 
waves in solids, fully correlated with experimental research. Contents: Part I — Elastic Waves: 
propagation in an extended plastic medium, propagation in bounded elastic media, experi- 
mental investigations with elastic materials. Part II— Stress Waves in Imperfectly Elastic 
Media: internal friction, experimental investigations of dynamic elastic properties, plastic 
waves and shock waves, fractures produced by stress waves. List of symbols. Appendix. 
Supplemented bibliography. 3 full-page plates. 46 figures, x ■¥ 213pp. 5% x 8Vb. 

S1098 Paperbound $1.75 


Relativi^, quantum theory, atomic and nuclear physics 


SPACE TIME MATTER, Hermann Weyl. “The standard treatise on the general theory of rela- 
tivity” (Nature), written by a world-renowned scientist, provides a deep clear discussion of 
the logical coherence of the general theory, with introduction to all the mathematical tools 
needed: Maxwell, analytical geometry, non-Eucildean geometry, tensor calculus, etc. Basis Is 
classical space-ilme, before absorption of relativity. Partial contents; Euclidean space, 
mathematical form, metrical continuum, relativity of time and space, general theory. 15 dia- 
grams. Bibliography. New preface for this edition, xviii + 330pp. 5% x 8. . 

* S267 Paperbound $2JI5 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, 6. Herzberg. Excellent general survey for chemlste, 
physicists specializing in other fields. Partial contents: simplest line spectra and elements 
of atomic theory, building-up principle and periodic system of elements, hyperfine structure 
of spectral lines, some experiments and applications. Bibliography. 80 figures. Index, xll 
-I- 257pp. 5% X 8. S115 Paperbound $2.00 



Catalogue of Dover Books 


THE PRINCIPLE OF RELATIVITY, A. Einstein, H. Lorentz, H. Minkowski. H. Weyl. These are 
the 11 basic papers that founded the general and special theories of reiativity. aii trans- 
iated into English. Two papers by Lorentz on the MIchelson experiment electromagnetic 
phenomena. Minkowski’s SPACE & TIME, and Weyi’s GRAVITATION & ELECTRICITY. 7 epoch- 
making papers by Einstein: ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVI- 
TATION IN PROPAGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and 
3 others. 7 diagrams. Special notes by A. Sommerfeld. 224pp. 5% x 8. 

S81 Paperbound $2.00 


EINSTEIN'S THEORY OF RELATIVITY, Max Bom. Revised edition prepared with the collabora- 
tion of Gunther Leibfrled and Walter Biem. Steering a middle course between superficial 
popularizations and complex analyses, a Nobel laureate explains Einstein's theories clearly 
and with special insight Easily followed by the layman with a knowledge of high school 
mathematics, the book has been thoroughly revised and extended to modernize those sec- 
tions of the well-known original edition which are now out of date. After a comprehensive 
review of classical physics. Born’s discussion of special and general theories of relativity 
covers such topics as simultaneity, kinematics, Einstein's mechanics and dynamics, relativity 
of arbitrary motions, the geometry of curved surfaces, the space-time continuum, and many 
others. Index. Illustrations, vii + 376pp. 5% x 8. S769 Paperbound $2.00 


ATOMS, MOLECULES AND OUANTA, Arthur E. Ruark and Harold C. Urev. Revised (1963) and 
corrected edition of a work that has been a favorite with physics students and teachers for 
more than 30 years. No other work offers the same combination of atomic structure and 
molecular physics and of experiment and theory. The first 14 chapters deal with the oripns 
and major experimental data of quantum theory and with the development of conceptions 
of atomic and molecular structure prior to the new mechanics. These sections provide a 
thorough Introduction to atomic and molecular theory, and are presented lucidly and as 
simply as possible. The six subsequent chapters are devoted to the laws and basic Ideas of 
quantum mechanics; Wave Mechanics, Hydrogenic Atoms In Wave Mechanics, Matrix Mechan- 
ics, General Theory of Quantum Dynamics, etc. For advanced college and graduate students 
In physics. Revised, corrected republlcatlon of original edition, with supplementary notes 
by the authors. New preface by the authors. 9 appendices. General reference list. Indices. 
228 figures. 71 tables. Bibliographical material In notes, etc. Total of xxlll + 810pp. 
5% X 8%. S1106 Vol. I Paperbound $2.50 

S1107 Vol. II Paperbound $2.50 
Two volume set Paperbound $5.00 


WAVE MECHANICS AND ITS APPLICATIONS, N. F. Mott and I. N. Sneddon. A comprehensive 
Introduction to the theory of quantum mechanics; not a rigorous mathematical exposi- 
tion It progresses, instead, in accordance with the physical problems considered. Many topics 
difficult to find at the elementary level are discussed In this book. Includes such matters 
as: the wave nature of matter, the wave equation of SchrOdinger, the concept of stationary 
states, properties of the wave functions, effect of a magnetic field on the energy levels of 
atoms, electronic spin, two-body problem, theory of solids, cohesive forces In ionic crystals, 
collision problems, interaction of radiation with matter, relativistic quantum mechanics, etc. 
All are treated both physically and mathematically. 68 Illustrations. 11 tables. Indexes, 
xll + 393pp. 5% X 8%. S1070 Paperbound $2.35 


BASIC METHODS IN TRANSFER PROBLEMS, V. Kourganoff, Professor of Astrophysics, U. of 
Paris. A coherent digest of all the known methods which can be used for approximate or 
exact solutions of transfer problems. All methods demonstrated on one particular problem 
— Milne’s problem for a plane parallel medium. Three main sections: fundamental concepts 
(the radiation field and its interaction with matter, the absorption and emission coefficients, 
etc.): different methods by which transfer problems can be attacked; and a more general 
problem — the non-grey case of Milne’s problem. Much new material, drawing upon declassi- 
fied atomic energy reports and data from the USSR. Entirely understandable to the student 
with a reasonable knowledge of analysis. Unabridged, revised reprinting. New preface by 
the author. Index. Bibliography. 2 appendices, xv + 281pp. 5% x 8V^. 

S1074 Paperbound $2.00 


PRINCIPLES OF QUANTUM MECHANICS, W. V. Houston. Enables student with working knowl- 
edge of elementary mathematical physics to develop facility in use of quantum mechanics, 
understand published work in field. Formulates quantum mechanics in terms of Schroedinger's 
wave mechanics. Studies evidence for quantum theory, for inadequacy of classical me- 
chanics, 2 postulates of quantum mechanics; numerous important, fruitful applications of 
quantum mechanics in spectroscopy, collision problems, electrons in solids; other topics. 
"One of the most rewarding features ... is the interlacing of problems with text," Amer. 
J. of Physics. Corrected edition. 21 illus. Index. 296pp. 5% x 8. S524 Paperbound $2.00 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. A Nobel laureate dis- 
cusses quantum theory; Heisenberg’s own work, Compton, Schroedinger, Wilson, Einstein, 
many others. Written for physicists, chemists who are not specialists in quantum theory, 
-tnly elementary formulae are considered in the text: there Is a mathematical appendix 
r specialists. Profound without sacrifice of clarity, translated by C. Eckart, F. Hoyt. 18 
ures. ig2pp. 5% x 8. S113 Paperbound $1.35 
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PHYSICS, HISTORIES AND CLASSICS 


A HISTORY OF PHYSICS: IN ITS ELEMENTARY BRANCHES (THROUGH 1925), INCLUDING THE 
EVOLUTION OF PHYSICAL LABORATORIES. Florlan Cajorl. Revised and enlarged edition. The onl> 
first-rate brief history of physics. Still The best entry for a student or teacher Into the ante- 
cedents of modern theories of physics. A clear, non-mathematical, handy reference work which 
traces in critical fashion the developments of ideas, theories, techniques, and apparatus from 
the Greeks to the 1920's. Within each period he analyzes the basic topics or mechanics, 
light, electricity and magnetism, sound, atomic theory and structure of matter, radioactivity, 
etc. A chapter on modern research: Curie, Kelvin, Planck’s quantum theory, thermodynamics, 
Fitzgerald and Lorentz, special and general relativity, J. J. Thomson’s model of an atom, 
Bohr's discoveries and later results, wave mechanics, and many other matters. Much biblio- 
graphic detail in footnotes. Index. 16 figures, xv + 424pp. 5% x 8. T970 Paperbound $2.00 


A HISTORY OF THE MATHEMATICAL THEORIES OF ATTRACTION AND THE FIGURE OF THE EARTH: 
FROM THE TIME OF NEWTON TO THAT OF LAPLACE, I. Todhunter. A technical and detailed review 
of the theories concerning the shape of the earth and its gravitational pull, from the earliest 
investigations in the seventeenth century up to the middle of the nineteenth. Some of the 
greatest mathematicians and scientists in history applied themselves to these questions: 
Newton ("Principia Mathematica”), Huygens, Maupertuis, Simpson, d’Alembert, etc. Others dis- 
cussed are Poisson, Gauss, Plana, Lagrange, Bolt, and .many more. Particular emphasis Is 
placed on the theories of Laplace and Legendre, several chapters being devoted to Laplace’s 
'’Mdcanique Cdleste” and his memoirs, and several others to the memoirs of Legendre. Impor- 
tant to historians of science and mathematics and to the specialist who desires background 
information in the field. 2 volumes bound as 1. Index, xxxvi + 984pp. 5% x 8. 

S148 Clothbound $7.50 


OPTICKS, Sir Isaac Newton. In its discussions of light, reflection, color, refraction, theories 
of wave and corpuscular theories of light, this work is packed with scores of nsights and 
discoveries. In its precise and practical discussion of construction of optical apparatig, 



TREATISE ON LIGHT, Christiaan Huygens. The famous original formulation of the wave 
theory of light, this readable book is one of the two decisive and definitive works In the 
field of light (l^ewton's "Optics" Is the other). A scientific giant whose researches ranged 
over mathematics, astronomy, and physics, Huygens, in this historic work, covers such 
topics as rays propagated In straight lines, reflection and refraction, the spreading and 
velocity of light, the nature of opaque bodies, the non-spherical nature of light in the 
atmosphere, properties of Iceland Crystal, and other related i^atters. Unabridged republi- 
cation of original (1912) English edition. Translated and Introduced by Silvanus P. Thomoson. 
52 illustrations, xii + 129pp. 5% x 8. S179 Paperbound $1.50 


FARADAY’S EXPERIMENTAL RESEARCHES IN ELECTRICITY. Faraday’s historic series of papers 
containing the fruits of years of original experimentation in electrical theory and electro 
chemistry. Covers his findings in a variety of areas: Induction of electric currente. Evolu- 
tion of electricity from magnetism, New electrical state or condition 
of Arago’s magnetic phenomena. New law of electric conduction, J^actro-chemical ^ 
compUltion, Electricity of the Voltaic Pile, Static Induction, Nature of the electric force 
or forces. Nature of electric current, The character and direction of the a*®pt^, torce of 
the Gymnotus, Magneto-electric spark. The magnetization of light and the Illumination of 
rnlgne^tic lines of force, The possible relation of gravity to electricity, Sub-terraneous electro- 
telegraph wires. Some points of magnetic philosophy, pe diamagnetic 
and gases, and rnany other matters. Complete and unabridged 
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groundwork of modern thermodynamics. Its non-technical, mostly 

Thp rpifttinns between heat and the work done by heat in engines, establishing conditions for 
Irrfnmnirai working of these “nglnes. The papers by Clapeyron and Clausius here reprinted 

tlons from posthumous manuscripts of Carnot .freals® included. All papers in English. New 
introduction by E. Mendoza. 12 Illustrations, xxll + 152pp. 5% x 8. Paperbound $1.50 


niAinriiP^ CONCERNING TWO NEW SCIENCES, Galileo Galilei. This classic of experimental ' 

»iMghts^ 

Trans, by H. Crew, A. Salvio. 126 diagrams. Index, xxi + 288pp. 5% x 8.^^ ,,.,5 
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.‘REATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years 
1 seemingly Inexhaustible source of leads for physicists, mathematicians, engineers. Tptel 
of 1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe- 
matical Theory of Electricity, Electrical Work and Energy In a System of Conductors, General 
Theorems, Theory of Electrical images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, etc. “The greatest mathematical physicist since Newton," Sir James Jeans. 3rd 
edition. 107 figures, 21 plates. 1082pp. 5% x 8. S636-7, 2 volume set, paperbound ?4.00 


A HISTORY OF THE THEORY OF ELASTICITY AND THE STRENGTH OF MATERIALS, I. Todhunter and 
K. Pearson. For over 60 years a basic reference, unsurpassed in scope or authority. Both a 
history of the mathematical theory of elasticity from Galileo, Hooke, and Mariotte to Saint 
Venant, KirchhofF, Clebsch, and Lord Kelvin and a detailed presentation of every important 
mathematical contribution during this period. Presents proofs of thousands of theorems and 
laws, summarizes every relevant treatise, many unavailable elsewhere. Practically a book apiece 
is devoted to modern founders: Saint Venant, Lam6, Boussinesq, Rankine, lord Kelvin, F. 
Neumann, KirchhofF, Clebsch. Hundreds of pages of technical and physical treatises on specific 
applications of elasticity to particular materials. Indispensable for the mathematician, 
physicist, or engineer working with elasticity. Unabridged, corrected reprint of original 3- 
volume 1886-1893 edition. Three volume set. Two indexes. Appendix to Voi. I. Total of 2344pp. 
5% X 8%. S914-916 The set, Clothbound $15.00 

DE MA6NETE, William Gilbert. This classic work on magnetism founded a new science. Gilbert 
was the first to use the word "electricity", to recognize mass as distinct from weight, to 
discover the effect of heat on magnetic bodies; invent an electroscope, differentiate 
between static electricity and magnetism, conceive of the earth as a magnet. Written by 
the first great experimental scientist, this lively work is valuable not only as an historical 
landmark, but as the delightfully easy to follow record of a perpetually searching, Ingenious 
mind. Translated by P. F. Mottelay. 25-page biographical memoir. 90 figures, lix -h368pp. 
5% X 8. S470 Paperbound $2.00 


ASTRONOMY 


THE INTERNAL CONSTITUTION OF THE STARS, Sir A. S. Eddington. Influence of this has been 
enormous; first detailed exposition of theory of radiative equilibrium for stellar interiors, 
of all available evidence for existence of diffuse matter in interstellar space. Studies quantum 
theory, polytropic gas spheres, mass-luminosity relations, variable stars, etc. Discussions of 
equations paralleled with informal exposition of Intimate relationship of astrophysics with 
great discoveries in atomic physics, radiation. Introduction. Appendix. Index. 421pp. 5^ x 8. 

S563 Paperbound $2.75 

PLANETARY THEORY, E. W. Brown and C. A. Shook. Provides a clear presentation of basic 
methods for calculating planetary orbits for today’s astronomer. Begins with a careful expo- 
sition of specialized mathematical topics essential for handling perturbation theory and then 
goes on to indicate how most of the previous methods reduce ultimately to two general 
calculation methods: obtaining expressions either for the coordinates of planetary positions 
or for the elements which determine the perturbed paths. An example of each is given and 
worked in detail. Corrected edition. Preface. Appendix. Index, xii + 302pp. 5% x SVt^. 

S1133 Paperbound $2.25 

CANON OF ECLIPSES (CANON DER FINSTERNISSE), Prof. Theodor Ritter von Oppolzer. Since 
Its original publication in 1887, this has been the standard reference and the most exten- 
sive single volume of data on the calculation of solar and lunar eclipses, past and future. 
A comprehensive introduction gives a full explanation of the use of the tables for the 
calcuiaxions of the exact dates of eclipses, etc. Data furnished for the calculation of 8,000 
solar and 5,200 lunar eclipses, going back as far as 1200 B.C. and giving predictions up to 
the year 2161. Information is also given for partial and ring eclipses. All calculations based 
on Universal (Greenwich) Time. An unsurpassed reference work for astronomers, scientists 
engaged in space research and developments, historians, etc. Unabridged republication, with 
corrections. Preface to this edition by Donald Menzel and Owen GIngerich of the Harvard 
College Observatory. Translated by Owen GIngerich. 160 charts, ixx 4- 538pp. 8% x 11V4. 

S114 Clothbound $10.00 

THEORY OF THE MOTION OF THE HEAVENLY BODIES MOVING ABOUT THE SUN IN CONIC 
SECTIONS, Karl Friedrich Gauss. A landmark of theoretical astronomy by the great German 
scientist. Still authoritative and Invaluable to the practicing astronomer. Part I develops the 
relations between the quantities on which the motion about the sun of the heavenly bodies 
depends — relations pertaining simply to position in the orbit, simply to position in space, 
between several places In orbit, and between several places in space. The calculation meth- 
ods of Part II based on the groundwork of Part I include: determination of an orbit from 
3 complete observations, from 4 observations (of which only two are complete), determina- 
tion of an orbit satisfying as nearly as possible any number of observations whatever, and 
determination of orbits, taking into account the perturbations. Translation of "Theoria 
Motus" and with an appendix by C. H. Davis. Unabridged republication. Appendices and 
'ables. 13 figures, xvili + 376pp. 6Vtt x 9V4. S1056 Paperbound $2.95 
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THE GALACTIC NOVAE, C. Payne-Gaposchkin, Prof, of Astronomy, Harvard Univ. A work that 
will be the standard reference source for years to come. Gathers together all the pertinent 
data, results recorded by countless observers of ealactic novae over the centuries, in order 
to formulate a valid starting point for an interpreution of the nova process. Covers informa- 
tion and statistics on known novae, their variations in luminosity, distribution In the sky, 
spectral changes, etc.: symbiotic novae; frequently-recurring variables of the U Geminorum 
and Z Cameiopardis class; supernovae; comparison of spectral changes; theories and inter- 
pretations of these phenomena, etc. ‘‘A comprehensive summary of everything that is now 
known about these stars,” SCIENCE. Bibliographical references. Preface. Indices. 49 figures. 
6 plates. 101 tables, x + 336pp, 5% x 8%. S1170 Paperbound 92-45 

BINARY STARS, R. G. Altken. Still the definitive work in the field of double star astronomy. 
Written by the director of the Lick Observatory (considered the father of the modern study 
of binary star systems), this book sums up the results of 40 years of experience in the 
field, plus the work of centuries of research. Includes historical survey of major discoveries 
and contributions of the past, observational methods for visual binary stars, the radial 
velocity of a star (by Dr. J. H. Moore), eclipsing binary stars, known orbits of binary 
stars, some binary systems of special interest, the origin of binary stars. Much information 
on methods of spectrum analysis, orbit plotting, use of the telescope, and other practical 
matters. Useful for classroom study and advanced hobbyists, etc. Revised edition, cor- 
rected and with additional notes by Prof. J. T. Kent. New preface. 50 tables, 13 figures, 
4 full-page plates. Bibliographies. Appendix. Indices, xii -h 309pp. 5H x ZVi. 

S1102 Paperbound $2.00 


THE NATURE OF COMETS, N. B. Richter. An authorily on comets presents a concise, but 
thorough survey of the state of our present-day knowledge of comets and cometary activity. 
Based on over 20 years of research, this is a middle-level account that even the layman 
can appreciate, providing a fund of information on historical theories (from 1700 to the 
present); statistical research on total number of comets, orbital forms, perturbations caused 
by Jupiter, comet groups, etc.; the structure of a comet; comets as processes of cosmic 
decay; origin and formation of comets: etc. Also: a lengthy introduction on modem theories 
by Dr. R. A. Lyttleton, much technical data and observational material of specific comets, 
supplementary tables, and the like. Revised (1963) edition. Translated and revised by Arthur 
Beer. 69 Illustrations, including 54 photogfaphs or comets, tails, spectra. 41 tables. Bibliog- 
raphy. index, xii + 221pp. Sllll Clothbound $10.00 


CELESTIAL OBJECTS FOR COMMON TELESCOPES, Rev. T. W. Webb. Classic handbook for the 
use and pleasure of the amateur astronomer. Of inestimable aid in locating and identifying 
thousands of celestial objects. Yoi. i, The Solar System: discussions of the principle and 
operation of the telescope, procedures of observations and telescope-photography, spectros- 
copy, etc., precise location Information of sun, moon, planets, meteors. Vol. 11, The Stars*, 
alphabetical listing of constellations. Information on double stars, clusters, stars with un- 
usual spectra, variables, and nebulae, etc. Nearly 4,000 objects noted. Edited and exten- 
sively revised by Margaret W. Mayall, director of the American Assn, of Variable Star 
Observers. New Index by Mrs. Mayall giving the location of all objects mentioned In the 
text for Epoch 2000. New Precession Table added. New appendices on the planetary satel- 
lites, constellation names and abbreviations, and solar system data. Total of 46 illustra- 
tions. Total of xxxix + 606pp. 5% x 8. Yoi. I: T917 Paperbound $2.25 

Vol. II: T918 Paperbound $2.25 
Two Volume Set Paperbound $4.50 


ASTRONOMY AND COSMOGONY, Sir James Jeans. A modern classic which is still of enormous 
value to everyone in astronomy, etc., this is Jean’s last and most famous exposition. The 
summation of a lifetime’s devotion to science, it presents his final conclusions on a host 
of problems ranging over the whole of descriptive astronomy, astrophysics, stellar dynamics, 
and cosmology. Contents: The Light from the Stars, Gaseous Stars, the Source of Stellar 
Energy, Liquid Stars, The Evolution of the Stars, The Configuration of Rotating Masses, The 
Evolution of Binary Systems, The Ages of the Stars, The Great Nebulae, The Galactic Systems, 
Variable Stars, etc. New preface by L. Motz, Columbia U. 16 full-page photographic illustra- 
tions. XV + 428pp. 5% X 8%. S923 Paperbound $2.45 

ASTRONOMY OF STELLAR ENERGY AND DECAY, Martin Johnson. Middle level treatment of 
astronomy as Interpreted by modern atomic physics. Part One Is non-technical, examines 
physical properties, source of energy, spectroscopy, fluctuating stars, various tnodels and 
theories, etc. Part Two parallels these topics, providing their mathematical foundation. 
“Clear, concise, and readily understandable,” American Library Assoc. Bibliography. 3 Indexes. 
29 illustrations. 216pp. 5% x 8. S537 Paperbound $1.50 


MATHEMATICAL THEORIES OF PUHETARY MOTIOHS, Otto Dl lohek. Transited by M^ 
Harrington and William J. Hussey. Lucid account of the principles of mathematical astronomy, 
it examines that part of celestial mechanics which deals with the motions of heavenly bodies 
considered as material points. Contents: Solution of the Problem of Two Bodies; Jorm^bon 
of the General Integrals for Problem of n Bodies . . . Including discussions of elliptic, 
parabolic, and hyperbolic orbits, the solution of Kepler’s equation, etc ; and sections headed 
The General Properties of the Integrals and The Theory of Perturbations ... which ^ 
With the theory of absolute perturbations, analytical development of fhe perturbing funcbon, 
t^ elements, the secular variation of the mean Paperbound^$2% 
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spherical astronomy, S. Newcomb. Long a standard collection of basic 
Jhf most useful to the working astronomer, and clear full text for students. 

common approximations! 40 pages on the method of least squares; 
spherical coordinates; parallax; aberration; astronomical refraction; theory 
of the stars; methods of deriving positions of stars; and much 
more. Index. 9 Appendices of tables, formulas, etc. 36 figures, xvlii + 444pp. 5% x 8. 

S690 Paperbound $2.25 

DYNAMICS, S. Chandrasekhar. A leading astrophysicist here presents 
tne theory of stellar dynamics as a branch of classical dynamics, clarifying the fundamental 
Issues and the underlying motivations of the theory. He analyzes the effects of stellar en- 
classical 2-body problem, and Investigates problems centering about 
i rSyi’ theorem and the solutions of the equations of continuity. This edition also includes 
4 mportant papers by the author published since “Stellar Dynaimcs,'’ and equally indispens- 
f ' fl®*'*- “New Methods in Stellar Dynamics" and "Dynamical Friction,” 

Parts I, II, and III. Index. 3 Appendixes. Bibliography. 50 Illustrations, x + 313pp. 5% x8. 

S659 Paperbound $2.25 


introduction to the study of STELUR structure, Subrahmanyan Chandrasekhar. Out- 
standing treatise on stellar dynamics by one of world’s greatest astrophysicists. Uses classical 
& modern math methods to examine relationship between loss of energy, the mass, and 
radius of stars in a steady state. Discusses thermodynamic laws from Carathfiodory’s axio- 
matic standpoint; a^dlabatlc, polytropic laws; work of Ritter, Emden, Kelvin, others; Stroemgren 
envelopes as starter for theory of gaseous stars; Gibbs statistical mechanics (quantum); 
degenerate stellar configuration & theory of white dwarfs, etc. "Highest level of sclentlnc 
ESf -B ulletin, AMER. math. SOC. Bibliography. Appendixes. Index. 33 figures. 509pp. 
5% X 8. S413 Paperbound $2.75 


STATISTICAL ASTRONOMY, Robert J. Trumpler and Harold F. Weaver, University of California. 
Standard introduction to the principles and techniques of statistical astronomy, a field of 
rapidly growing importance in this space age. An extensive section, "Elements of Statistical 
Theory,”^ provides the astronomer with the tools for solving problems of descriptive astron- 
omy. observational errors, constitution of extra-galactic nebulae, etc. Procedures used in 
statistical astronomy are related to basic mathematical principles of statistics such as 
unvarlate distribution. Integral equations, general theory of samples, etc. Other sections 
deal with: Statistical Description of the Galactic Astern; Stellar Motions in the Vicinity of 
the Sun; Luminosity — Spectral Type Distribution; Space Distribution of Stars; and Galactic 
Rotation. List of symbols. Appendix (10 tables). 2 Indexes. Extensive bibliography. 31 tables. 
97 figures, xxl + 644pp. 5% x 8V&. S301 Paperbound $3.00 


AN INTRODUCTORY TREATISE ON DYNAMICAL ASTRONOMY, H. C. Plummer. Unusually wide con- 
nected and concise coverage of nearly every significant branch of dynamical astronomy, stress- 
ing basic principles throughout: determinaiion of orbits, planetary theory, lunar theory, pre- 
cession and nutation, and many of their applications. Hundreds of formulas and theorems 
worked out completely. Important methods thoroughly explained. Covers motion under a 
central attraction, orbits of double stars and spectroscopic binaries, the libratlon of the mqonj 
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and much more. Index. 8 diagrams, xxi + 343pp. 54^ x 846. 
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S689 Paperbound $2.35 


AN INTRODUCTORY TREATISE ON THE LUNAR THEORY, E. W. Brown. Indispensable for all 
scientists and engineers interested In orbital calculation, satellites, or navigation of space. 
Only work in English to explain In detail 5 major mathematical approaches to the problem of 
3 bodies, those of Laplace, de Pontdcoulant, Hansen, Delaunay, and Hill. Covers expressions 
for mutual attraction, equations of motion, forms of solution, variations of the elements in 
disturbed motion, the constants and their interpretations, planetary and other disturbing 
influences, etc. Index. Bibliography. Tables, xvi + 292pp. 5% x 846. 

S666 Paperbound $2.00 


SPHERICAL AND PRACTICAL ASTRONOMY, W. Chauvenet. First book In English to apply mathe- 
matical techniques to astronomical problems is still standard work. Covers almost entire 
field, rigorously, with over 300 examples worked out. Yol. l, spherical astronomy, applications 
to nautical astronomy; determination of hour angles, parallactic angle for known stars: 
Interpolation; parallax; laws of refraction; predicting eclipses; precession, nutation of fixed 
stars; etc. Vol. 2, theory, use, of instruments; telescope-, measurement of arcs, angles in 
general: electro-chronograph; sextant, reflecting circles; zenith telescope; etc. 100-page 
appendix of detailed proof of Gauss' method of least squares. 5th revised edition. Index. 15 
plates; 20 tables. 1340pp. 546 x 8. Vol. 1 S618 Paperbound $2.75 

Vol. 2 S619 Paperbound $2.75 
The set $5.50 


RADIATIVE TRANSFER, S. Chandrasekhar. Definitive work In field provides foundation for 
analysis of stellar atmospheres, planetary illumination, sky radiation; to physicists, a study 
of problems analogous to those In theory of diffusion of neutrons. Partial contents*, equation 
of transfer, isotropic scattering, H-functions, diffuse reflection and transmission, Rayleigh 
'‘scattering, X, Y functions, radiative equilibrium of stellar atmospheres. Extensive bibliog- 
phy. 3 appendices. 35 tables. 35 figures. 407pp. 546 x 846. S599 Paperbound $2.25 
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ENGINEERING AND TECHNOLOGY 


General and mathematical 

ENGINEERING MATHEMATICS, Kenneth S. Miller. A text for graduate students of engineering 
to strengthen their mathematical background In differential equations, etc. Mathematical 
steps very explicitly indicated. Contents*. Determinants and Matrices, Integrals, Linear Dif- 
ferential Equaiions, Fourier Series and Integrals, Laplace Transform, Network Theory, Random 
Function ... all vital requisites for advanced modern engineering studies. Unabridged 
republication. Appendices: Borel Sets; Riemann-Stleitjes integral; Fourier Series and Integrals. 
Index. References at Chapter Ends, xli + 417pp. 6 x SVls. S1121 Paperbound $2.00 

MATHEMATICAL ENGINEERING ANALYSIS, Rufus Oldenburger. A book designed to assist the 
research engineer and scientist In making the transition from physical engineering situations 
to the corresponding mathematics. Scores of common practical situations found in ail major 
fields of physics are supplied with their correct mathematical formulations— applications to 
automobile springs and shock absorbers, clocks, throttle torque of diesel engines, resistance 
networks, capacitors, transmission lines, mlcropnones, neon tubes, gasoline engines, refrigera- 
tion cycles, etc. Each section reviews basic principles of underlying various fields: mechanics 
of rigid bodies, electricity and magnetism, heat, elasticity, fluid mechanics, and aerodynamics. 
Comprehensive and eminently useful, index. 169 problems, answers. 200 photos and diagrams, 
xiv + 426pp. 5% x 8Viz. S919 Paperbound $2.90 

MATHEMATICS OF MODERN ENGINEERING, E. G. Keller and R. E. Doherty. Written for the 
Advanced Course in Engineering of the General Electric Corporation, deals with the engineer- 
ing use of determinants, tensors, the Heaviside operational calculus, dyadics, the calculus 
of variations, etc. Presents underlying principles fully, but purpose is to teach engineers to 
deal with modern engineering problems, and emphasis is on the perennial engineering attack 
of set-up and solve. Indexes. Over 185 figures and tables. Hundreds of exercises, problems, 
and worked-out examples. References. Two volume set. Total of xxxili -I- 623pp. 5% x 8. 

S734 Voi I Paperbound $1.89 
S735 Voi II Paperbound $1.85 
The set $3.70 

MATHEMATICAL METHODS FOR SCIENTISTS AND ENGINEERS, L. P. Smith. For scientists and 
engineers, as well as advanced math students. Full investigation of methods and practical 
description of conditions under which each should be used. Elements of real functions, 
differential and integral calculus, space geometry, theory of residues, vector and tensor 
analysis, series of Bessel functions, etc. Each method illustrated by completely-worked-out 
examples, mostly from scientific literature. 368 graded unsolved problems. 100 diagrams. 
X + 453pp. 5% x 8%. S220 Paperbound $2.00 


THEORY OF FUNCTIONS AS APPLIED TO ENGINEERING PROBLEMS, edited by R. ROthe, F. Ollen- 
dorff, and K. Pohihausen. A series of lectures given at the Berlin Institute of Technology mat 
shows the specific applications of function theory In electrical and allied fields of engineering. 
Six lectures provide the elements of function theory In a simple and practical form, covering 
complex quantities and variables, integration In the complex plane, residue theorems, etc. 
Then 5 lectures show the exact uses of this powerful mathematical tool, with full discussions 
of problem methods. Index. Bibliography. 108 figures, x + 189pp. 5% x 8^ d $1 35 


Aerodynamics and hydrodynamics 


AIRPLANE STRUCTURAL ANALYSIS AND DESIGN, E. E. Ssehler and L. G. Dunn. Systenutic 
authoritative book which summarizes a large amount of theoretical and experimental work 
on structural analysis and design. Strong on classical subsonic material still basic to much 
aeronautic design . . . remains a highly useful source of information. Covers such areas 
as layout of the airplane, applied and design loads, stress-strain relationships for steble 
structures, truss and frame analysis, the problem of instability, the ultimate strength of 
stiffened flat sheet, analysis of cylindrical structures, wings and control surfaces, fuselMe 
analysis, engine mounh, landing gears, etc. Oi ^.nally published as part of the CALC IT 
Aeronautical Series. 256 Illustrations. 47 study problems. Indexes, xi -I- 420pp. 5% x 8%. 

S1043 Paperbound $2.25 

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L Pnindtl and 0. G. TletJens. The well- 
known standard work based upon PrandtI's lectures at Goettingen. Wherever possible hydro- 
dynamics theory Is referred to practical considerations in hydraulics, wito the view of 
unifying theory and experience. Presentation Is extremely clear and though primarily physical, 
mathematical proofs are rigorous and use vector analysis to a considerable extent An 
Enginering Society Monograpli, 1934. 186 figures. Index, xvl + 270p|L 5% x 
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FLUID MECHANICS FOR HYDRAULIC ENGINEERS, H. Rouse. Standard work that gives a coherent 
picture of fluid mechanics from the point of view of the hydraulic engineer. Based on courses 
given to civil and mechanical engineering students at Columbia and the California Institute 
of Technolo^, this work covers every basic principle, method, equation, or theory of 
Interest to the hydraulic engineer. Much of the material, diagrams, charts, etc., in this 
self-contained text are not duplicated elsewhere. Covers irrotational motion, conformal map- 
ping, problems in laminar motion, fluid turbulence, flow around immersed bodies, transporta- 
tion of sediment, general charcteristics of wave phenomena, gravity waves In open channels, 
etc. Index. Appendix of physical properties of common fluids. Frontispiece + 245 figures and 
photographs, xvi -i- 422pp. 5% x 8. 3729 Paperbound $2.25 


WATERHAMMER ANALYSIS, John Parmaklan. Valuable exposition of the graphical method of 
solving waterhammer problems by Assistant Chief Designing Engineer, U.S. Bureau of 
Reclamation. Discussions of rigid and elastic water column theory, velocity of waterhammer 
waves, theory of graphical waterhammer analysis for gate operation, closings, openings, 
rapid and slow movements, etc., waterhammer in pump discharge caused by Power failure, 
waterhammer analysis for compound pipes, and numerous related problems. With a concise 
and lucid style, clear printing, adequate bibliography and graphs for approx mate solutions 
at the project stage, it fills a vacant place in waterhammer literature, WATER POWER. 
43 problems. Bibliography. Index. 113 Illustrations, xlv + 161pp. 5% x 8%. 

S1061 Paperbound $1.65 

AERODYNAMIC THEORY: A GENERAL REVIEW OF PROGRESS, William F. Duran**. eiHtor-ln-chief. 
A monumental joint effort by the world’s leading authorities prepared under a grant of 
the Guggenheim Fund for the Promotion of Aeronautics. Intended to provide the student 
and aeronautic designer with the theoretical and experimental background of aeronaut cs. 
Never equalled for breadth, depth, reliability. Contains discussions of special mathematical 
topics not usually taught in the engineering or technical courses. Also: an extended two-part 
treatise on Fluid Mechanics, discussions of aerodynamics of perfect fluids, analyses of 
experiments with wind tunnels, applied airfoil theory, the non-lifting system of the airplane, 
the air propeller, hydrodynamics of boats and floats, the aerodynamics of cooling, etc. 
Contributing experts Include Munk, Giacomelll, Prandtl, Toussaint, Von farman, Klemperer, 
among others. Unabridged republicatlon. 6 volumes bound as 3. Total of 1,012 figures, 12 
plates. Total of 2,186pp. Bibliographies. Notes. Indices. 5% x 8. ^ .n. — 

. I-.- r S328-S330 Paperbound The Set $ia. 50 


APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl and 0. G. Tletjens. Presents, for the most 
part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
airfoil theory, entry conditions, turbulent flow in pipes, and the boundary layer, determining 
drag from measurements of pressure and velocity, etc. “Will be welcomed by all students 
of aerodynamics,” NATURE. Unabridged, unaltered. An Engineering Society Monograph, 1934. 
Index. 226 figures, 28 photographic plates Illustrating flow patterns, xvi + 311pp. 5^ x 8. 

$375 Paperbound $2.00 

SUPERSONIC AERODYNAMICS, E. R. C. Miles. Valuable theoretical introduction to the super- 
sonic domain, with emphasis on mathematical toots and principles, for practicing aerody- 
namlcists and advanced students in aeronautical engineering. Covers fundamental theory, 
divergence theorem and principles of circulation, compressible flow and Helmholtz laws, the 
Prandti-Busemann graphic method for 2-dimensionai flow, oblique shock waves, the Taylor- 
Maccoll method for cones in supersonic flow, the Chaplygin method for 2-dImensional flow, etc. 
Problems range from practical engineering problems to development of theoretical results. 
“Rendered outstanding by the unprecedented scope of its contents ... has undoubtedly filled 
a vital gap,” AERONAUTICAL ENGINEERING REVIEW. Index. 173 problems, answers. 106 dia- 
grams. 7 tables, xil + 255pp. 5% x 8. S214 Paperbound $1.45 


HYDRAULIC TRANSIENTS, G. R. Rich. The best text In hydraulics ever printed in English . . . 
by one of America's foremost engineers (former Chief Design Engineer for T.V.A.). Provides 
a transition from the basic differential equations of hydraulic transient theory to the 
arithmetic intergratlon computation required by practicing engineers. Sections cover Water 
Hammer, Turbine Speed Regulation, Stability of Governing, Water-Hammer Pressures In Pump 
Discharge Lines, The Differential and Restricted Orifice Surge Tanks, The Normalized Surge 
Tank Charts of Caiame and Gaden, Navigation Locks, Surges in Power Canals— Tidal Harmonics, 
etc. Revised and enlarged. Author’s prefaces. Index, xiv -h 409pp. 5% x 8V^. 

S116 Paperbound $2.50 


HYDRAULICS AND ITS APPLICATIONS, A. H. Gibson. Excellent comprehensive textbook for the 
student and thorough practical manual for the professional worker, a work of great stature 
in its area. Half the book is devqted to theory and half to applications and practical prob- 
lems met in the field. Covers modes of motion of a fluid, critical velocity, viscous flow, eddy 
formation, Bernoulli’s theorem, flow in converging passages, vortex motion, form of effluent 
streams, notches and weirs, skin friction, losses at valves and elbows, siphons, erosion of 
chanriels. Jet propulsion, waves of oscillation, and over 100 similar topics. Final chapters 
(nearly 400 Mges) cover more than 100 kinds of hydraulic machinery: Pelton wheel, speed 
regu ators, the hydraulic ram, surge tanks, the scoop wheel, the Venturi meter, etc. A 
special chapter treats methods of testing theoretical hypotheses: scale models of rivers, 
Mai estuaries, siphon spillways, etc. 5th revised and enlarged (1952) edition. Index. Ap- 
ndix. 427 photographs and diagrams. 95 examples, answers, xv -H 813pp. 6x9. 

S791 Clothbound $8.00 
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" ^^^2LES AND RECREATIONS 

Henry Ernest Dudeney. The foremost British originator of 
rri^^ays intriguing, witty, and paradoxicai In this classic, one of the 
amusements. More than 430 puzzles, problems, and 
rn^^s, problems on number manipulation, unfcursal and other route 


tn * 

^ ligu^^surlhg, weighing, packing, age, 

^ Hieearfinn onH manu A^h^ra Cj 


tuMiis, wBiKiiiliji, patiMriK, «iKi9, kinship, chessboards, juhuhb, 
_ dissection, and many others. Solutions. More than 450 lllustra- 
a. T473 Paperbound $1JI5 


<* The 


ic^.^AME OF LOGIC, Lewis Carroll. ‘'Symbolic Logic" is not concerned 
4^1). but is instead a collection of over 380 problems posed with 

syllogism, and a fascinating diagrammatic, method of draw- 
of Logic," Carroll’s whimsical imagination devises a logical 
and counters (included) to manipulate hundreds of tricky syl- 
^ lagniapoe^^of^K)! additional puzzles in the 
i. SyrAft^^ntil this reprint edition, botn of these books were rarities cost- 
xi*^oiic Logic; Index, xxxl + 199pp. The Game of Logic; '96pp. Two 
^ a. T492 Paperbound ft.S0 

NTMSi 

are^ A BOOK OF PUZZLES, W. Shepherd. Mazes, formerly associated with 
con-.^’yil among the most intriguing of intellectual puzzles. This is a 
4l <3f 50 amusements that embody the principle of the maze; 

3-dimensIonal, ribbon, and Mobius-strlp mazes; hldden mes- 
etc.— almost all built on amusing story situations. 84 illustra- 
^ y^hology. Solutions, xv + 122pp. 5% x 8. T731 Paperbound $1.00 

Kraltchik. Some 250 puzzles, problems, demonstrations of 
^or beginners & advanced mathematicians. Unusual historical prob- 
Arabic, Hindu sources; modern problems based on "mathematics 
JJJLvJ^xry, topology, arithmetic, etc. Pastimes derived from figurative 
Fermat numbers; fairy chess, latruncles, reversi, many topics. 
fQr insights Into special fields of math. 181 Illustrations. 330pp. 

T163 Paperbound $1.78 

OF SAM LOYD, Voi. I, selected and edited by M. Gardner. Puzzles 
j A frh Creator and innovator. Selected from his famous "Cyclopedia ot 

til Unique style and historical flavor of the originals. There are posers 

®«€Eebra, probability, game theory, route tracing, topology, counter, 
- research, geometrical dissection. Includes nis famous "14-15” 

• naxional craze, and his "Horse of a Different Color" which sold millions 
>Tio3t ingenious puzzles In all, 120 line drawings and diagrams. Solu- 
«r«nces. xx 4- 167pp. 5% x 8. T498 Paperbound $1.00 

*M MATHEMATICS, Hubert Phillips ("Caliban"). Caliban is generally con- 
modern problemists. Here are 100 of his best and wittiest puzzles, 
Mthor himself trom such publications as the London Daily Telegraph, and 
itenteecl to put even the sharpest puzzle detective through his paces. Per- 
typinent of clear thinking and a logical mind. Complete solutions are pro- 
ijriie. x •+ 107pp. 5$b x 8V&. T91 Paperbound $1.00 


i IN LOGIC AND REASONING, H. Phillips ("Caliban"). 100 choice, hitherto 
^ l>y England’s best-known problemist. No special knowledge needed to 
iil or inferential problems, just an unclouded mind, nerves of steel, and 
I presented are both necessary and just sufficient to allow one unambiguous 
n 30 different types of puzzles, all ingenious and varied, many one of a 
little nse the expert, please the beginner. Original publication. 100 puzzles, 
F' 1.07pp. 54^ X 8^. T119 Paperbound $1.00 


i3ZI.ES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
rntal ability. Inference, Interpretation, algebra, dissection of plane figures, 
$ 10 !^ of numbers, decimation, permutations, probability, all enter these 
Puzzles like the Odic Force, How to Draw an Ellipse, Spider's Cousin, 
llmrs. Detailed solutions. Appendix with square roots, triangular numbers, 
llusstratlons. 2nd revised edition. 248pp. 54^ x 8. T198 Paperbound $1.00 

(AGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe- 
itid-reading, other "magic" explained as applications of probability, sets, 
topology, various branches of mathematics. Creative examination of laws 
tfions with scores of new tricks and Insights. 115 sections discuss tricks 
coins; geometrical vanishing tricks, dozens of others. No sleight of hand 
rttcs guarantees success. 115 Illustrations, xll -P 174pp. 5$b x 8. 

T335 Paperbound $1.00 
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RECREATIONS IN THE THEORY OF NUMBERS: THE QUEEN OF MATHEMATICS ENTERTAINS. Albert 
H. Beller. The theory of numbers Is often referred to as the “Queen of Mathematics." in 
this book Mr. Beller has compiled the first English volume to deal exclusively with the 
recreational aspects of number theory, an inherently recreational branch of mathematics. 
The author’s clear style makes for enjoyable reading as he deals with such topics as: 
perfect numbers, amicable numbers, Fermat’s theorem, Wilson's theorem, interesting proper- 
ties of digits, methods of factoring, primitive roots, Euler’s function, polygonal and ftgurate 
numbers, Mersenne numbers, congruence, repeating decimals, etc. Countless puzzle problems, 
with full answers and explanations. For mathematicians and mathematically-inclined laymen, 
etc. New publication. 28 figures. 9 illustrations. 103 tables. Bibliography at chapter ends. 
Vi + 247pp. 5% X 8V^. T1096 Paperbound $1.85 


PAPER F0LDIH6 FOR BEGINNERS, W. D. Mumy and F. J. RlBiey. A liellgh'tt'*' to 

the varied and entertaining Japanese art of origami (paper foidinA, with a fuii crystai-clear 
text that anticipates every difficulty; over 275 clearly labeled diagrams of all Important 
stages In creation. You get results at each stage, since complex figures are logically devel- 
oped from simpler ones. 43 different pieces are explained; pla« mats, drinking cups, bonbon 
boxes, sailboats, frogs, roosters, etc. 6 photographic plates. 279 diagr^s^ Paperbound^^lloo 


1800 RIDDLES, ENIGMAS AND CONUNDRUMS, Darwin A. Hindman. Entertaining collection rang- 
ing from hilarious gags to outrageous puns to sheer nonsense— a vvelcome respite from 
sophisticated humor. Children, toastmasters, and practically anyone with a funny bone will 
find these zany riddles tickling and eminently repeatable. Sample; “Why does Santa Claus 
always go down the chimney?" “Because It soots him." Some old, some J'®'^";"po''®ring a 
wide variety of subjects. New publication. Hi -1- lS4pp. 5% x 8Vi. T1059 Paperbound $1.00 


EASY-TO-DO ENTERTAINMENTS AND DIVERSIONS WITH CARDS, STRING, COINS, PAPER AND 
MATCHES, R. M. Abraham. Over 300 entertaining games, tricks, puzzles, and pastimes for 
children and adults. Invaluable to anyone In charge of groups of youngsters, for party givers, 
etc. Contains sections on card tricks and games, making things by paperfolding— toys, deco- 
rations, and the like; tricks with coins, matches, and pieces of string; descriptions of games; 
toys that can be made from common household objects; mathematical recreations; word 
games; and 50 miscellaneous entertainments. Formerly “Winter Nights Entertainments." 
Introduction by Lord Baden Powell. 329 Illustrations, v -I- 186pp. 5% x 8. 

T921 Paperbound $1.00 


DIVERSIONS AND PASTIMES WITH CARDS, STRING, PAPER AND MATCHES, R. M. Abraham. 
Another collection of amusements and diversion for game and puzzle fans of all ages. 
Many new paperfolding ideas and tricks, an extensive section on amusements with knots 
and splices, two chapters of easy and not-so-easy problems, coin and match tricks, and 

■|e mind of the late British oroble ' 


Corrected and revised version. Illustrations. 160pp. 5% x 8V&. T1127 Paperbound $1.00 


STRING FIGURES AND HOW TO MAKE THEM: A STUDY OF CAT’S-CRADLE IN MANY LANDS, 
Caroline Furness Jayne. In a simple and easy-to-follow manner, this book describes how to 
make 107 different string figures. Not only is looping and crossing string between the 
fingers a common youthful diversion, but it Is an ancient form of amusement practiced in 
ail parts of the globe, especially popular among primitive tribes. These games are fun for 
all ages and offer an excellent means for developing manual dexterity and coordination. 
Much insight also for the anthropological observer on games and diversions in many different 
cultures. Index. Bibliography. Introduction by A. C. Haddon, Cambridge University. 17 full- 
page plates. 950 illustrations, xxiii + 407pp. 5% x 8V&. T152 Paperbound $2.00 

CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele- 
mentary and intermediate text for serious students, it does not confine Itself to old material, 
but contains much that Is not generally known, except to experts. Concealment, Transposi- 
tion, Substitution ciphers; Ylgenere, KasIskI, Playfair, multafid, dozens of other techniques. 
Appendix with sequence charts, letter frequencies In English, 5 other languages, English 
word frequencies. Bibliography. 167 codes. New to this edition; solution to codes, vi -4- 
230pp. 5% X 8. T97 Paperbound $2.00 

MAGIC SQUARES AND CUBES, W. S. Andrews. Only book-length treatment in English, a thor- 
ough non-technical description and analysis. Here are nasi^ overlapping, pandiagonal, ser- 
rated squares; magic circles, cubes, spheres, rhombuses. Try your hand at 4-dlmensional 
magical figures! Much unusual folklore and tradition included. High school algebra is suffi- 
cient. 754 diagrams and illustrations, vill + 419pp. 5% x 8. T658 Paperbound $1.85 


MATHEMATICAL, INFERENTIAL, AND CRYPTOGRAPHIC PUZZLES, 
H. Phillips ( Caliban ’), S. T. Shovelton, G. S. Marshall. 105 ingenious problems by the great- 
est living creator of puzzles based on logic and inference. Rigorous, modern, piquant, and 
reflecting their author’s unusual personality, these Intermediate and advanced puzzles all 
Involve the ability to reason clearly through complex situations; some call for mathematical 
nowiedge, ranging from algebra to number theory. Solutions, xi + 180pp. 5% x 8. 


T736 Paperbound $1.25 
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THE LAND THAT TIME FORGOT and THE MOON MAID, Edgar Rice Burroughs. In the opinion of 
many, Burroughs’ best work. The first concerns a strange island where evolution is indi- 
vidual rather than phylogenetic. Speechless anthropoids develop into intelligent human 
beings within a single generation. The second projects the reader far Into the future and 
describes the first voyage to the Moon (in the year 2025), the conquest of the Earth by the 
Moon, and years of violence and adventure as the enslaved Earthmen try to regain posses- 
sion of their planet. “An imaginative tour de force that keeps the reader keyed up and 
expectant," NEW YORK TIMES. Complete, unabridged text of the original two novels (three 
parts In each). 5 illustrations by J. Alien St. John, vi + 552pp. 5^ x 8^. 

T1020 Clothbound f3.75 
T358 Paperbound $2.00 


AT THE EARTH’S CORE. PELLUCIDAR, TANAR OF PELLUCIDAR: THREE SCIENCE FICTION NOVELS 
BY EDGAR RICE BURROUGHS. Complete, unabridged texts of the first three Pellucidar novels. 
Tales of derring-do by the famous master of science fiction. The locale for these three 
related stories is the inner surface of the hollow Earth where- we discover the world of 
Pellucidar, complete with all types of bizarre, menacing creatures, strange peoples, and 
alluring maidens— guaranteed to delight all Burroughs fans and a wide circle of advenutre 
lovers. Illustrated by J. Allen St. John and P. F. Berdanier. vl + 433pp. 5% x 8Vb. 

T1051 Paperbound $2.00 


THE PIRATES OF VENUS and LOST ON VENUS: TWO VENUS NOVELS BY EDGAR RICE BURROUGHS. 
Two related novels, complete and unabridged. Exciting adventure on the planet Venus with 
Earthman Carson Napier broken-field running through one dangerous episode after another. 
Ali lovers of swashbuckling science fiction will enjoy these two stories set in a world of 
fascinating societies, fierce beasts, 5000-ft. trees, lush vegetation, and wide seas. Illustra- 
tions by Fortunino Matania. Total of vi + 340pp. 5% x 8^. T1053 Paperbound $1.75 


A PRINCESS OF MARS and A FIGHTING MAN OF MARS: TWO MARTIAN NOVELS BY EDGAR 
RICE BURROUGHS. “Princess of Mars" is the very first of the great Martian novels written 
by Burroughs, and it is probably the best of them all; it set the pattern for all of his later 
fantasy novels and contains a thrilling cast of strange ^peoples and creatures and the 
formula of Olympian heroism amidst ever-fluctuating fortunes Which Burroughs carries off 
so successfully. “Fighting Man" returns to the same scenes and cities— many years later. 
A mad scientist, a degenerate dictator, and an indomitabie defender of the right ciash — 
with the fate of the Red Planet at stakel Complete, unabridged reprinting of original edi- 
tions. Illustrations by F. E. Schoonover and Hugh Hutton, v -1- 356pp. 5% x BVb. 

T1140 Paperbound $1.75 


THREE MARTIAN NOVELS, Edgar Rice Burroughs. Contains: Thuvia, Maid of Mars; The Chessmen 
of Mars; and The Master Mind of Mars. High adventure set in an imaginative and intricate 
conception of the Red Planet. Mars is peopled with an intelligent, heroic human race which 
lives In densely populated cities and with fierce barbarians who inhabit dead sea bottoms. 
Other exciting creatures abound amidst an inventive framework of Martian history and 
geography. Complete unabridged reprlntlngs of the first edition. 16 Illustrations by J. Allen 
St. John, vi + 499pp. 5% x 8Vi. T39 Paperbound $1.85 


THREE PROPHETIC NOVELS BY H. G. WELLS, edited by E. F. BIeiler. Complete^ texts of 
“When the Sleeper Wakes" (1st book printing in 50 years), “A Story of the Days to CJome, 
“The Time Machine" (1st complete printing in book form). Exciting adventures in the 
future are as enjoyable today as 50 years ago when first printed. Predict TV movies. 
Intercontinental airplanes, prefabricated houses, air-conditioned cities, etc- First important 
author to foresee problems of mind control, technological dictatorships. “Absolute best of 
imaginative fiction," N. Y. Times. Introduction. 335pp. 5% x 8. T605 Paperbound $1.50 

28 SCIENCE FICTION STORIES OF H. G. WELLS. Two full unabridged novels, MEN LIKE GODS 
and STAR BEGOHEN, plus 26 short stories by the master science-fiction writer of all time. 
Stories of space, time, invention, exploration, future adventure — an Indispensable part of 
the library of everyone interested in science and ladventure. PARTIAL CONTENTS; Men Like 
Gods, The Country of the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work 
Miracles, A Story of the Days to Come, The Valley of Spiders, and 21 morel 928pp. 5% x 8. 

T265 Clothbound $4.50 


THE WAR IN THE AIR, IN THE DAYS OF THE COMET, THE FOOD OF THE GODS: THREE SCIENCE 
FICTION NOVELS BY H. G. WELLS. Three exciting Wells offerings bearing on vital social and 
philosophical issues of his and our own day. Here are tales of air power, strategic bomb- 
ing, East vs. West, the potential miracles of science, the potential disasters from outer 
space, the relationship between scientific advancement and moral progress, etc. First 
reprinting of “War in the Air" in almost 50 years. An excellent sampling of Weils at his 
storytelling best. Complete, unabridged reprlntlngs. 16 illustrations. 645pp. 5% x 8V^. 

T1135 Paperbound $2.00 
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SEVEN SCIENCE FICTION NOVELS, H. G. Wells. Full unabridged texts of 7 science-fiction 
novels of the master. Ranging from biology, physics, chemistry, astronomy to sociology and 
other studies, Mr. Wells extrapolates whole worlds of strange and Intriguing character. 

"One will have to go far to match this for entertainment, excitement, and sheer pleas^ 

ure . . . NEW YORK TIMES. Contents*. The Time Machine, The Island of Dr. Moreau, 

First Men in the Moon, The Invisible Man, The War of the Worlds, The Food of the 

Gods, In the Days of the Comet. 1015pp. 5% x 8. T264 Clothbound $4.50 

BEST GHOST STORIES OF J. S. LE FANU, Selected and Introduced by E. F. Bleller. LeFanu Is 
deemed the greatest name In Victorian supernatural fiction. Here are 16 of his best horror 
stories, including 2 nouvelles*. "Carmilla," a classic vampire tale couched in a perverse 
eroticism, and "The Haunted Baronet." Also; "Sir Toby’s Will," "Green Tea," "Schalken the 
Painter," "Ultor de Lacy," "The Familiar," etc. The first American publication of about half 
of this material: a long-overdue opportunity to get a choice sampling of LeFanu’s work. New 
selection (1964). 8 Illustrations. 5% x 8%. T415 Paperbound $1.85 


THE WONDERFUL WIZARD OF OZ. L. F. Baum. Only edition in print with all the original W. W. 
Denslow illustrations In full color— as much a part of "The Wizard" as Tenniel’s drawings 
are for "Alice in Wonderland." "The Wizard" is still America's best-loved fairy tale, in 
which, as the author expresses it, "The wonderment and Joy are retained and the heartaches 
and nightmares left out." Now today’s young readers can enjoy every word and wonderful 
picture of the original book. New introduction by Martin Gardner. A Baum bibliography. 23 
full-page color plates, viil -H 268pp. 5% x 8. T691 Paperbound $1.50 


GHOST AND HORROR STORIES OF AMBROSE BIERCE, Selected and introduced by E. F. Bleller. 
24 morbid, eerie tales — the cream of Bierce's fiction output. Contains such memorable 
pieces as "The Moonlit Road,” "The Damned Thing," "An Inhabitant of Carcosa," "The Eyes 
of the Panther," "The Famous Gilson Bequest," "The Middle Toe of the Right Foot," ana 
other chilling stories, plus the essay, "Visions of the Night" in which Bierce gives us a 
kind of rationale for his aesthetic of horror. New collection (1964). xxii + 199pp. 5% x 
8%. T767 Paperbound $1.00 


HUMOR 


MR. DOOLEY ON IVRYTHING AND IVRYBODY, Finley Peter Dunne. Since the time of his appear- 
ance in 1893, "Mr. Dooley," the fictitious Chicago bartender, has been recognized as Amer- 
ica’s most humorous social and political commentator. Collected In this volume are 102 of 
the best Dooley pieces— all written around the turn of the century, the height of his popu- 
larity. Mr. Dooley’s Irish brogue is employed wittily and penetratingly on subjects which are 
Just as fresh and relevant today as they were then: corruption and hypocrisy of poilticans, 
war preparations and chauvinism, automation, Latin American affairs, superbombs, etc. Other 
articles range from Rudyard Kipling to football; Selected with an introduction by Robert 
Hutchinson, xli + 244pp. 5^ x 8^. T626 Paperbound $1.00 


RUTHLESS RHYMES FOR HEARTLESS HOMES and MORE RUTHLESS RHYMES FOR HEARTLESS 
HOMES, Harry Graham ("Col. D. Streamer"). A collection of Little Willy and 48 other poetic 
“disasters." Graham’s funniest and most disrespectful verse, accompanied by original Illus- 
trations. Nonsensical, wry humor which employs stern parents, careless nurses, uninhibited 
children, practical jokers, single-minded golfers, Scottish lairds, etc. in the leading roles. 
A precursor of the "sick joke" school of today. This volume contains, bound together for 
the first time, two of the most perennially popular books of humor in England and America. 
Index, vl + 69pp. 5% x 8. T930 Paperbound 75« 


A WHIMSEY ANTHOLOGY, Collected by Carolyn Wells. 250 of the most amusing rhymes ever 
written. Acrostics, anagrams, palindromes, alphabetical jingles, tongue twisters, echo verses, 
alliterative verses, riddles, mnemonic rhymes, interior rhymes, over 40 limericks, etc. by 
Lewis Carroll, Edward Lear, Joseph Addison, W. S. Gilbert, Christina Rossetti, Chas. Lamb, 
James Boswell, Hood, Dickens, Swinburne, Leigh Hunt, Harry Graham, Poe, Eugene Field, 
and many others, xlv + 221pp. 5% x 8%. T195 Paperbound $1.25 


MY PIOUS FRIENDS AND DRUNKEN COMPANIONS and MORE PIOUS FRIENDS AND DRUNKEN 
COMPANIONS, Songs and ballads of Conviviality Collected by Frank Shay. Magnificently 
Illuminated by John Held, Jr. 132 ballads, blues, vaudeville numbers, drinking songs, cow- 
boy songs, sea chanties, comedy songs, etc. of the Naughty Nineties and early 20th century. 
Over a third are reprinted with music. Many perennial favorites such as: The Band Played On, 
Frankie and Johnnie, The Old Grey Mare, The Face on the Bar-room Floor, etc. Many others 
unlocatable elsewhere: The Dog-Catcher’s Child, The Cannibal Maiden, Don't Go In the 
Lion's Cage Tonight, Mother, etc. Complete verses and introductions to songs. Unabridged 
’epubllcation of first editions, 2 Indexes (song titles and first lines and choruses). Intro- 
ictlon by Frank Shay. 2 volumes bounds as 1. Total of xvl -{- 235pp. 5% x 8V^. 

T946 Paperbound $1.25 
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H and MORITZ, Wilhelm Busch. Edited and annotated by H. Arthur Klein. Translated by 
pl+^i’thur Klein, M. C. Klein, and others. The mischievous high jinks of Max and Moritz, 
oair*" Plunk, etc. are delightfully captured In sketch and rhyme. (Com- 

volume to “Hypocritical Helena.") In addition to the title piece, it contians: Ker and 
Two Dogs and Two Boys; The Egghead and the Two Cut-ups of Corinth; Deceitful 
3nd the Pipe; Cat and Mouse; and others. (Original German text with accom- 
K'anying English translations.) Afterword by H. A. Klein, vl + 216pp. 5% x 8V^. 

T181 Paperbound $1.15 


T^.PPUGH THE ALIMENTARY CANAL WITH GUN AND CAMERA: A FASCINATING TRIP TO THE 
i^^CRIOR, Personally Conducted by George S. Chappell. In mock-travelogue style, the amus- 
account of an imaginative journey down the alimentary canal. The “explorers*’ enter the 
F^^^Pnagus, round the Adam’s Apple, narrowly escape from a fierce Amoeba, struggle through 
irnjpenetrable Nerve Forests of the Lumbar Region, etc. Illustrated by the famous cartoonist, 
Soglow, the book is as much a brilliant satire of academic pomposity and pro- 
!,®®sional travel literature as it is a clever use of the facts of physiology for supremely 
purposes. Preface by Robert Benchley. Author’s Foreword. 1 Photograph. 17 lllustra- 
1*1 ons by 0. Soglow. xii + 114pp. 5% x 8VSi. T376 Paperbound $1.00 


JHE bad CHILD’S BOOK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, and A MORAL 
"^■*HABET, H. Belloc. Hardly an anthology of humorous verse has appeared in the last 50 
without at least a couple of these famous nonsense verses. But one must see the 
volumes— with all the delightful original illustrations by Sir Basil Blackwood— to 
appreciate fully Belloc's charming and witty verses that play so subacidly on the platitudes 
®nd morals that beset his day — and ours. A great humor classic. Three books in one. 
Total of 157pp. 5% X 8. T749 Paperbound $1.00 

the DEVIL’S DICTIONARY, Ambrose Bierce. Sardonic and irreverent barbs puncturing the 
PPiTipositles and absurdities of American politics, business, religion, literature, and arts, 
py the country’s greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing 
Swift, American as Mark Twain, Will Rogers, and Fred Alien. Bierce will always remain 
favorite of a small coterie of enthusiasts, and of writers and speakers whom he supplies 
With “some of the most gorgeous witticisms of the English language." (H. L. Mencken) 
Over 1000 entries in alphabetical order. 144pp. 5^ x 8. T487 Paperbound $1.00 


the complete nonsense of EDWARD LEAR. This Is the onlv complete edition of this master 
of sentle madness available at a popular price. A BOOK OF NONSENSE, NONSENSE SONGS, 
More nonsense songs and stories in their entirety with all the old favorites that have 
OQ l ighted children and adults for years. The Dong With A Luminous Nose, The Jumblies, The 
Owl and the Pussycat, and hundreds of other bits of wonderful nonsense. 214 limericks, 3 sets 
2L Nonsense Botany, 5 Nonsense Alphabets. 546 drawings by Lear himself, and much more. 
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The equation of motion for the pendulum is of the form: 

5 (sine - sinO = 0 (2-34) 

dv I 

where the term mgk sin Be represents the constant perturbing 
torque, I is the moment of inertia, and oscillations occur about 
the equilibrium angle Be . If the perturbation is small relative 
to the maximum displacement, the angular frequency of oscil- 
lation is given, to a high degree of approximation, by: 

£0 = (2-35) 

The equation for phase oscillation is siimlar, with the phase 
angle in particle motion substituting for the angular displace- 
ment of the pendulum, the average accelerating energy per turn 
taking the place of the perturbing torque due to the weight, 
and the equilibrium phase substituting for equilibrium angle. 
To complete the analogy, however, the mass and length of the 
pendulum (its moment of inertia) should vary slowly to be 
equivalent to the increasing mass and energy of the particles. 

Derivation of the equations of phase oscillation from the 
equations of motion goes beyond the scope of tins monograph. 
However, the method will be described briefly, and the results 
given. The first two of the equations of motion are used, 
Eqs. 2-1 and 2-2. It is assumed that the phase oscillations are 
so slow and the amplitude of the associated radial oscillations 
so small, that we can neglect the radial acceleration term in 
Eq. 2-1. This is the basic assumption used by all writers 
utilizing the quasi-stationary theory; it is accomplished by 
letting dr/dt = 0 in Eq. 2-1. We also neglect the radiation loss 
term dL/dd, which is significant only for electrons at very high 
energy. The betatron induction term d^/dt is retained because 
it affects the oscillation energy associated with the changing 
orbit radius. 

With these simplifications, when the two equations of 



